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ABSTRACT

We develop a new passive image formation method capable of
exploiting information about multiple scattering in the envi-
ronment using measurements from a sparse array of receivers
that rely on illumination sources of opportunity. We use a
physics-based approach to model wave propagation and de-
velop a statistical model that relates measurements at a given
receiver to measurements at other receivers. We formulate
the imaging problem as a spatially resolved binary hypothesis
testing problem using the model between the measurements at
different receivers, statistics of the objects to be imagedand
statistics of the additive noise and clutter. We address thespa-
tially resolved hypothesis testing problem by constraining the
associated discriminant functional to be linear and by max-
imizing the signal-to-noise-ratio of the test-statistic,and use
the resulting spatially resolved test-statistics to form the im-
age. We present numerical simulations to demonstrate the
performance of the passive imaging algorithm.

Index Terms— Passive imaging, multiple scattering, dis-
tributed apertures, binary hypothesis testing

1. INTRODUCTION

Passive imaging is performed by using a single or multiple
receivers measuring the scattered wave field from an object
to be imaged due to illumination sources of opportunity. Pas-
sive imaging covers a wide range of applications including
acoustic, seismic and radar imaging.

Passive radar imaging is of particular interest in urban ar-
eas due to increasing number of broadcasting stations, mo-
bile phone base stations, communication and navigation satel-
lites. However, single-scattering assumption, on which clas-
sical received signal processing methods are based on, is not
valid in urban areas. In this paper, we develop a passive

This work was supported by the Air Force Office of Scientific Research
(AFOSR) under the agreement FA9550-04-1-0223 and FA9550-07-1-0363.

** Corresponding author

image formation method capable of exploiting information
about multiple scattering in the environment using measure-
ments from a sparse array of receivers that rely on illumina-
tion sources of opportunity. The array of receivers can be dis-
tributed spatially in an arbitrary fashion with several hundred
wavelengths apart. Such an array is referred to as a distributed
aperture [1].

A number of passive imaging or detection approaches
have been presented in the literature [2–13]. Our method has
the following advantages as compared to the existing passive
imaging techniques: 1) We derive a data model suitable for
passive distributed sparse arrays which relates the statistics of
measurements at a given receiver to the statistics of the mea-
surements at other receivers, as well as the Green’s function
of the background environment. This model allows us to ex-
ploit multiple-scattering, as well as the a priori noise, clutter
and target statistics. With the exception of [4] and [3], exist-
ing passive imaging techniques rely on the single-scattering
assumption. 2) Our imaging method is formulated in an
estimation-theoretic framework, specifically as a Generalized
Likelihood Ratio Test (GLRT) [14]. We formulate the imag-
ing problem as a binary hypothesis test with unknown target
location. The GLRT is a particularly suitable framework for
the sparse arrays due to limited aperture available. 3) Our
approach does not necessarily require receivers with high
directivity. 4) Our approach can be used in the presence of
both cooperative and noncooperative sources of opportunity.

2. A PASSIVE MEASUREMENT MODEL FOR
DISTRIBUTED APERTURES

We reservex to denote location in 3D Euclidean space and
x to denote location in 2D space. We denote operators
(G,R, etc.) with calligraphic letters. For a functionf , f̂
denotes its Fourier transform andf∗ denotes its complex
conjugate. Bold font denotes vector quantities. Non-bold
italic font denotes scalar quantities.

The propagation of electromagnetic waves in a medium



due to distribution of sources can be adequately described by
the scalar wave equation:

(

∇2 −
1

c2
∂2

t

)

E(x, t) = s(x, t) (1)

wherec is the speed of electromagnetic waves in the medium,
which can be expressed in terms of the background propaga-
tion speed,cb(x), and the perturbation due to deviation from
the background reflectivity,V (x) as c2(x) = (1/c2

b(x) +
V (x))−1, E(x, t) is the electric field ands(x, t) is the source
term, at locationx ∈ R

3 and timet ∈ R
+. For an isotropic

point source located atx0, s(x, t) = p(t)δ(x − x0) where
p(t) is the transmitted waveform. The propagation medium is
characterized by theGreen’s functionsatisfying

(

∇2 −
1

c2
∂2

t

)

g(x,y, t) = δ(x − y)δ(t). (2)

For typical carrier frequencies used in surveillance radar
the incident field decays rapidly as it penetrates the ground.
We can then writeV (x) in terms of a 2-D function, as in
V (x) = V (x)δ(x3 − h(x)) wherex = (x, x3), x ∈ R

2 and
h : R

2 → R represents the known ground topography.
Since it is not reasonable to expect that the background

model can account for arbitrarily fine details of the back-
ground, the reflectivity functionV could be decomposed into
two parts,V = T + C whereT denotes the objects of inter-
est called target andC denotes heterogeneities that are neither
target nor a part of the background medium, called clutter.

Let E denote the total field in the medium. Then the scat-
tered field measurements at the receiver located atx0 can be
modeled as

m(t) =

∫

g(x0, y, t − τ)T (y)∂2
τ E(y, τ)dydτ + ñ(t) (3)

where

ñ(t) =

∫

g(x0, y, t − τ)C(y)∂2
τ E(y, τ)dydτ + n(t) . (4)

we defineg(x, y, t) as the 3D Green’s function equal to
g(x, (y, h(y)), t), y = (y1, y2). The first integral term in (4)
represents the measurement due to clutter. We denote it by
nC(t). Without loss of generality, we assume thatnC(t) has
zero-mean with finite variance and autocovariance function.
n(t) denotes the additive thermal noise at the receiver. we as-
sume thatn(t) is white with varianceσ2

n and is uncorrelated
with nC(t). Note that (3) can be linearized by the first Born
approximation, after which the total field on the right side
of (3) is replaced by the incident field.

In Fourier domain, (3) becomes

m̂(ω) =

∫

ĝ(x0, y, ω)T (y)ω2Ê(y, ω)dy + ˆ̃n(ω). (5)

For passive detection and imaging applications, the inci-
dent field is not known, since the information on the trans-
mitted waveforms and the location of the transmitters may

not be available. Here, we develop an alternative measure-
ment model that expresses measurements at each receiver
in terms of the measurements at a different receiver. The
model involves a back-propagation operation and a forward-
propagation operation.

The forward-propagation operator is an integral operator
that maps the total field and the target at a hypothetical target
locationy to the scattered field at theith receiver, i.e.,

[Gy,iu] (ω) =
∫

Ws(y
′, y)ĝ(xi, y

′, ω)u(y′, ω)dy
′ (6)

whereu(y, ω) = T (y)ω2Ê(y, ω) andWs(y
′, y) is a spatial

windowing function of unit amplitude centered at a hypothet-
ical target locationy. Note that the forward-propagation op-
erator isy dependent due to the spatial windowing function
Ws. We define the back-propagation operator as the inverse
of Gy,i, denote it withG−1

y,i . Since the operatorGy,i is applied
only at a single spatial locationxi, its inverse may not exist
for all locationsy′ ∈ DWs(y). G

−1
y,i may be replaced with its

pseudoinverse.
In an ideal scenario, where there is no noise or clutter

in the measurements, we can express theith measurement in
terms of thejth measurement as follows:

m̂
j(0)
i (ω) = Gy,iG

−1
y,jm̂

(0)
j (ω) (7)

wherem̂
(0)
j (ω) andm̂

j(0)
i are the noise and clutter-free mea-

surements at thejth and ith receivers, respectively. In the
presence of noise and clutter,ˆ̃nj is also back-propagated

along withm̂
(0)
j (ω). Therefore, if we denotêmj = m̂

(0)
j +ˆ̃nj ,

the full expression for an alternative measurement model at
theith receiver in terms of thejth measurement, i.e.,̂mj

i (ω),
becomes

m̂j
i (ω) = Gy,iG

−1
y,jm̂

(0)
j (ω) + Gy,iG

−1
y,j

ˆ̃nj(ω) + ˆ̃ni(ω)

= Gy,iG
−1
y,jm̂j(ω) + ˆ̃ni(ω). (8)

Suppose there areN receive antennas located atx1, . . .xN ,
indexed by1, . . . , N . A vector measurement model can be
formed by taking one of the receivers as a reference. Without
loss of generality, we take thejth receiver as a reference and
form the following measurement vector,

m =
[

m̂j
1 m̂j

2 · · · m̂j
N

]T
(9)

wherem̂j
i , i = 1, · · · , N andi 6= j, denotes the measurement

m̂i modeled in terms of the reference measurementm̂j . Sim-
ilarly, we can vectorize the “reference measurements”,m̂j ’s,
and the measurements due to noise and clutter:

mr =
[

m̂j m̂j · · · m̂j

]T
(10)

n =
[

ˆ̃n1
ˆ̃n2 · · · ˆ̃nN

]T
(11)

where inˆ̃ni, i 6= j as defined in (4) and (5). Note thatm,mr

andn are all vectors of length(N − 1).



The composition of the back-propagation and forward-
propagation operators can be represented as a diagonal matrix
given by

Gy = diag
[

Gy,1G
−1
y,j Gy,2G

−1
y,j · · · Gy,NG−1

y,j

]

(12)
wherei 6= j andGy is (N − 1) × (N − 1).

Using (8), (9)-(12), we form the vectorized passive mea-
surement model as follows:

m(ω) = Gymr(ω) + n(ω) (13)

for some range ofω. Note that in (13), all the operations are
understood to be elementwise.

3. PASSIVE IMAGING AS A SPATIALLY RESOLVED
BINARY HYPOTHESIS TESTING PROBLEM

We formulate the imaging problem as a binary hypothesis
testing problem which has its roots in the Generalized Likeli-
hood Ratio Test (GLRT) [14]. The application of the GLRT
formalism to imaging involves modeling of the scene as a col-
lection of point targets with unknown locations and settingup
a spatially resolved hypothesis testing problem to evaluate the
presence or absence of a target. The image is formed by the
spatially resolved test-statistic where the location and possi-
bly the shapes of the targets can be identified by thresholding
the image. Here, we determine the test-statistic by maximiz-
ing the SNR of the test-statistic while constraining the asso-
ciated discriminant functional to be linear.

The spatially resolved binary hypothesis test can be ex-
pressed as:

H0 : m = n ⇒ target absent

H1 : m = Gymr + n ⇒ target present
(14)

whereGy,mr,m andn are as defined in (9)-(13).
Using (7), (10), (11) and (14), we obtain

E [m|H0] = 0 (15)

Cov [m|H0] = Rn =: R0 (16)

E [m|H1] = GyE [mr|H1] = Gymr (17)

Cov [m|H1] = Gy(RT + Rn)GH
y

+ Rn =: R1(18)

wheremr denotesE [mr|H1], GH
y

denotes the Hermitian
transpose ofGy, RT denotes the autocovariance of the noise-
and clutter- free reference measurements in the presence of
a statistical target andRn denotes the autocovariance of the
measurements due to clutter and noise, i.e.,Rn(ω, ω′) =
E

[

n(ω)nH(ω′)
]

.
The linear discriminant functional involved in our prob-

lem has the form

λ = 〈m,w〉 :=

∫

wHmdω =
∑

i6=j

∫

wj∗
i (ω)m̂j

i (ω)dω

(19)

whereλ denote the the output of the discriminant functional,
which we call thetest-statisticandw is a template given by
w = [wj

1 wj
2 · · ·w

j
N ]T . We determine the template by max-

imizing the signal-to-noise ratio (SNR) ofλ [14]. The result-
ing optimal linear template is

w⋆ = R
−1

Gymr (20)

whereR is a non-negative definite symmetric operator with
the matrix kernel1/2(R1 + R0).

(20) shows that the optimal template is location depen-
dent. For deterministic targets, under the assumption thatthe
measurements due to clutter and noise are wide sense station-
ary and mutually uncorrelated, (20) becomes

w⋆ = S
−1

(ω)Gy(ω)mr(ω). (21)

where S is a diagonal matrix with elementsSi(ω), i =
1, · · · , N andi 6= j, which is a function of the power spectral
density function of the measurements at theith receiver due
to clutter and noise and the kernel ofGy.

4. NUMERICAL SIMULATIONS

We conducted numerical simulations to verify the our imag-
ing theory using a point target.

We assumed that the transmitted signal is continuous-
wave (CW) with 900 MHz carrier frequency and 10 ns dura-
tion. The sampling rate of the signal was chosen to be 5 GHz.
We assumed that all of transmitters are transmitting the same
waveform.

We consider a scene of size[0, 70] × [0, 100] m2 with
flat topography. The point target was assumed to be at
[45.34 45 1]T m with unit reflectivity. Both the receivers
and transmitters were assumed to be located on the samez-
plane,z = 6, and lie on a straight line, equidistant from each
other. The three receivers were located at[58.8 0 6]T ,
[28.3 0 6]T and [−2.1 0 6]T , all in meters. The
transmitter was located at[28.3 70 6]T m for the single-
transmitter case, and[36.6 0 6]T m and[20.1 0 6]T m
for the two-transmitter case.

For the multiple scattering environment, we used a
“shoot-and-bounce”, multi-path propagation model and con-
sidered a specular reflecting wall located atx = 0.

In all the experiments, the thermal noise is simulated as
the additive white Gaussian process.

Fig. 1 and Fig. 2 show the reconstructed images for the
point target model in free-space and multi-path environments,
respectively. Comparing Fig. 1(b) with Fig. 1(a), and Fig. 2(b)
with Fig. 2(a), we see that in both free-space and multi-path
propagation environments, the strength of the image at the tar-
get location increases with the increasing number of transmit-
ters. However, multiple transmitters also induce artifacts in
the images due to perfect cross-correlation between the trans-
mitted waveforms as predicted by the theory.
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Fig. 1. The reconstructed images of a point target in free-
space in the presence of 3 receivers and (a) a single transmit-
ter, and (b) 2 transmitters.
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Fig. 2. The reconstructed images of a point target in multi-
path propagation environments in the presence of 3 receivers
and (a) a single transmitter, and (b) 2 transmitters.

Note that looking at Fig. 2, we see that the strength of
the target increased by almost an order-of-magnitude when
we exploited the multi-path effect as compared to the image
reconstructed in free-space propagation environment shown
in Fig. 1. However, there are also additional artifacts.

5. CONCLUSION

In this work, we presented a new passive image formation
method using sparse distributed apertures, which is capable
of operating in both free-space and multiple-scattering en-
vironments. A detailed resolution analysis of the imaging
method will be presented in another paper. Finally, we note
that this imaging method is not limited to radar, and can easily
be adapted to similar passive imaging problems in acoustics,
geophysics or microwave imaging.
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