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Absmct-In this work, we investigate an adaptive multigrid background (BG). A least squares solution is formulated for 
approach to improve the computational efficiency and the wan- the 2D inverse problem and a conjugate gradient method is 
titatiVe of Dm mconstNction. The idea employed at the relaxation stage of the multigrid solver, The 
is based on locally refined grid structure for region of interest 

for the inverse reconstruction results are presented to compare the quantitative 
problem. A Fast Adaptive Composite (FAC) V-Grid algorithm is accuracy and computational advantages ofthe proposed V-grid 
employed to solve the inverse problem. Same problem is also algorithm over fixed-grid and FAC 2-Grid algorithms. 
solved using a fued fine grid and FAC %Grid acheme for a 
2-level locallv refined erid. Our numerical studies demonstrate 

A Least squares w) solution is 

11. FORWARD MODEL 

constant diffusion coefficient D, we make use of the following 
frequency domain diffusion equation as the forward model: I. INTRODUCTION 

The propagation of light in the tissue is not restricted to a 
plane. This makes the diffuse optical image reconstruction a 
challenging 3D inverse problem with a relatively large number 
of unknowns and a limited number of measurements. Further- 
more, the diffuse nature of light photons, the spatial resolution 
of DOT is poor. In this study, we propose to balance these 
two opposing issues resolutiodaccuracy versus computational 
complexity within an adaptive multigrid framework. 

Standard multigrid methods have been applied to DOT 
image reconstruction problem recently [4], where the problem 
has been solved on a hierarchy of globally coarsened grids. 
However, one can prespecify a Region of Interest (ROI) that 
may contain diagnostically pertinent information by using 
geometric prior information. ROI may require a higher res- 
olution level with respect to background. Adaptive multigrid 
differs from standard multigrid in the sense that a hierarchy 
of local and global grids is considered from the finest level to 
the coarsest level, which sequentially reduces the dimension 
of the problem during relaxation. Eventually the solution is 
determined on the nonuniform composite grid (Fig. I), use of 
which allows us to effectively treat the resolution requirements 
of the ROI while improving the quantitative accuracy with 
reduced computations. 

In this work we focus to improve the computational effi- 
ciency and the quantitative accuracy of DOT by formulating 
a Fast Adaptive Composite (FAC) V-Grid algorithm, which 
is an extension of the previously formulated FAC 2-grid 
scheme [I]. An adaptively refined multilevel composite grid, 
which is based on the ROI information and corresponding 
spatial resolution requirements, is generated to provide higher 
resolution for ROI and sufficiently high resolution for the 

4 ( ~ )  represents the spatially varying total field due to the point 
source A ~ ( T , )  located at T = T $ .  w denotes the frequency, c 
is the speed of light and i = fl. D is the spatially invariant 
diffusion coefficient and f i L o ( ~ )  stands for the spatially varying 
absorption coefficient. 

In this work we have applied Rytov approach 131 using a 
first order approximation to express the forward problem in 
terms of system of linear equations in the form: 

y = w x x  (2) 

where y is the measurement vector holding the perturbative 
Rytov phase for each source-detector pair and W denotes the 
linear forward model which relates the differential absorption 
coefficient distribution x to the measurement vector y. 

111. INVERSE PROBLEM 
In this work we have formulated a least squares (LS) 

solution for the inverse problem: 

2 L S  = argm$Ily - W X I I ;  (3) 

where f ~ s  is the estimate of the unknown image x and 11.1)2 

denotes the L2 - nwm. 
We have employed a Fast Adaptive Composite (FAC) V- 

grid algorithm to solve the resulting problem. A hierarchy 
of grids C14h, Clzh and Cl!&or is considered where C14h and 
QZh are the global coarse grids on the whole image with grid 
size 4h and 2h and Qkor is the local fine grid on the ROI, 
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which is a subset of the global fine grid Oh,  with grid size 
h, combination of which leads to the 3-level composite gn’d 
RC (Fig. 1). The LS formulation on the fine grid Oh can be 

Error norm 2.6 
Fixed grid s o h  
FAC 2-Grid s o h  
FAC V-Grid soh. 
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Fig. I .  The composite grid RC designed for the inverse problem Solution 

equivalently expressed for the error on the coarse grid eZh as 

. IIy - ~ ‘ z ~ l j ;  = I /y-  W h ( P  + ek)lli: 
(4) 

where the residual T = y - W k i k  and W2h = WhIh 2h and Ikh 
is the interpolation matrix. We have selected Iik = 4(12h)T 
where Izh is the full weighting operator in 2D 12.51. 

We have extended previously formulated FAC 2-grid 
scheme[l] for this multi-level problem by applying the 2-grid 
correction scheme as we move to the coarser grids, which 
leads to a V-grid structure [5]. 

Case 1: For this case, a solution is iteratively obtained on 
the fixed grid Oh. Fig. 3. shows the image reconstruction after 
1200 iterations and the convergence rate. 

2k Zh 2 
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Fig. 2. 
iteration number plot for the fixed grid method. 

The image reconsmetion and the corresponding ROI ermr norm vs. 

Case 2: FAC 2-Grid algorithm is applied. Fig. 4 shows 
the significant enhancement in the RO1 image quality and the 
corresponding convergence rate. 

Fig. 3. 
iteration number plot far the FAC 2-Grid algorithm aher 3 2-grid cycles. 

The image reconstruction and the corresponding ROI error norm vs. 

Case 3: FAC V-Grid algorithm is applied where 3 resolution 
levels are considered. Fig. 4 shows the corresponding image 
reconstruction and the error norm vs. iteration number cunre. 

Finally in Fig. 5 ,  the ROI error-nom vs. multiplication 
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Fig. 4. The image reconsmction and the corresponding RO1 error norm YS. 
iteration number plot for the proposed FAC V-Grid algorithm aher 3 cycles. 

Fig. 5. 
proposed FAC 2-Grid algorithm. 

Error norm YS. multiplication number plats for Case 1.2 and the 

number plots are presented for all algorithms. The plot clearly 
shows that the computational efficiency is greatly improved 
by the FAC algorithms. FAC V-grid has slightly improved 
petfonnance over 2-grid. 

IV. CONCLUSION 
The-proposed FAC based adaptive V-Grid approach pro- 

vides significant reduction in computational requirements as 
compared to the FAC 2-Grid method while providing better 
image quality. Increasing the number of levels will eventually 
reduce the computational costs further and increase the image 
quality for both ROI and BG. 

ACKNOWLEDGMENT 
Xavier Intes and Britton Chance acknowledge partial sup- 

port from NIH CA 87046. 

REFERENCES 
[ I ]  M. Gwen, B. Yazici, X. Intes, B. Chance. “An Adaptive Multigrid 

Algorithm for Region of Interest Diffuse @tical Tomography:’ submitted 
to K I P  2003. 

121 U. Trottenberg, C. Oosterlee. A. Schiiller, “Multigrid,” Academic h s s ,  
New York, 2001. 

(31 M. A. OLeary, D. A. Boas. B. Chance, and A. G. Yadh, “Experimental 
images of heterogeneous turbid media by frequency-domain diffusing- 
photon tomography:’ Opt. Len. 20, pp.426428, 1995. 


