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ABSTRACT

Fluorescence Diffuse Optical Tomography (FDOT) is an emerging molecular imag-
ing modality with applications in small animal and deep tissue imaging. FDOT uses
visible or near infrared light to reconstruct the concentration and pharmacokinetics,
as well as the life time of fluorophores injected into the tissue, based on a mathe-
matical model of light propagation in turbid media. Due to the diffusive nature of
light propagation in tissue, FDOT image reconstruction is a highly nonlinear, inher-
ently three-dimensional, and computationally intense inverse problem. This thesis
focuses on developing discretization error analysis and subsequent spatially varying
resolution techniques to address the tradeoff between the reconstruction accuracy
and the computational requirements of FDOT.

In the first part of the thesis, we formulate the FDOT inverse problem as an
optimization problem with Tikhonov regularization under the assumption of noise-
free measurements. We next analyze the effect of forward and inverse problem dis-
cretizations on the accuracy of FDOT reconstruction. Our analysis identifies several
factors that determine the extent to which the discretization affects the accuracy of
reconstructed fluorescence optical images. Based on our error analysis, we develop
adaptive mesh generation algorithms with the objective of increasing the reconstruc-
tion accuracy while keeping the discretized forward and inverse problem sizes within
allowable limits. In the simulation study, we demonstrate the effectiveness of our
new algorithms and compare it with those of the uniform and conventional adaptive
meshing schemes.

In the second part of the thesis, we consider measurements corrupted by addi-
tive noise and formulate the FDOT inverse problem as an optimization problem in
the maximum a posterior: framework. We analyze the effect of measurement noise
in the FDOT forward and inverse problem discretizations and develop adaptive
mesh generation alogrithms that take into account noise statistics as well as a prior:
information on the fluorophore concentration. In the simulation study, we evalu-

ate the performance of our new adaptive mesh generation algorithms and compare



their performance with those of the uniform meshing scheme and the algorithms
developed in the first part of the thesis.

We apply our new adaptive mesh generation algorithms to FDOT reconstruc-
tion using data from a phantom experiment, and demonstrate the practical advan-
tages of our algorithms in real FDOT reconstruction.

Finally, we note that while our focus has been the FDOT inverse problem, the
methods and algorithms developed in this thesis can be adapted to other partial
differential equation based inverse parameter estimation problems, such as diffuse
optical tomography, bioluminescence tomography, electrical impedance tomography;,

and microwave tomography.
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CHAPTER 1
INTRODUCTION

1.1 DOT and FDOT Imaging

Diffuse Optical Tomography (DOT) is a promising medical imaging tech-
nique [1,2], that uses visible or Near Infrared (NIR) light to image the optical
properties inside biological tissue. Light, when traveling inside the tissue, is either
elastically scattered or absorbed by three major types of molecules: water, oxy-
genated hemoglobin (HbO), and deoxygenated hemoglobin (Hb). These three types
of molecules show a relatively weak absorption to the light with the wavelength
ranging from 700 nm to 1000 nm [3]. The light with wavelength in this “spectral
window” can penetrate the tissue up to several centimeters, and can be used to
explore and recover the absorption as well as the scattering properties of the tissue
in terms of the spatially varying absorption and scattering coefficient images. Fur-
thermore, due to different absorption properties of these three types of molecules
at different wavelengths, their respective concentrations can also be recovered using
the spectroscopy technique [4]. In this respect, DOT offers an opportunity to image
the hemoglobin concentration and oxygen saturation, which reflect the metabolic
level and functional information of the tissue [4].

DOT has a number of advantages as compared to the traditional anatomical
imaging modalities, such as ultrasound, X-ray, Computed Tomography (CT), and
Magnetic Resonance Imaging (MRI). First, DOT is a non-invasive and non-ionizing
imaging modality. Second, the instrumentation required for DOT is relatively less
expensive and can be made portable. Third, DOT provides functional informa-
tion that is not available from those anatomical imaging modalities. With these
advantages, some of the potential applications of DOT include optical mammogra-
phy [5-10], cognitive activity monitoring [11-13], and neonatal brain imaging [14].

Fluorescence Diffuse Optical tomography (FDOT) is an emerging molecular
imaging technique for small animal or deep tissue imaging based on the same light

propagation model as the one used in DOT. FDOT provides a method to visual-



ize and quantify some specific molecular targets, and chemical and biological pro-
cesses in vivo [15,16]. In FDOT imaging, fluorescent probes, also referred to as
“fuorophore”, can be developed to target on specific genes and proteins. These
fluorescent probes are either molecules [17] or small particles [18] that can absorb
the energy from an external light source and re-emit light at a lower-energy level
with longer wavelength. By illuminating the tissue and measuring the emission light
coming out, one can use tomographic methods similar to that used in DOT to re-
trieve the fluorophore concentration and lifetime (the time in which the emitting
light intensity decays to 1/e of the its initial intensity) information. The concentra-
tion information of fluorophore directly indicates the distribution of those specific
proteins or genes in tissue and how it changes over time [19]. Additionally, fluores-
cence lifetime can also provide valuable information on tissue oxygenation, pH, and
glucose concentration [20].

Some traditional radiologic imaging techniques, such as MRI, CT, Single Pho-
ton Emission Computed Tomography (SPECT), and Positron Emission Tomography
(PET), are also adapted and used in the field of molecular imaging. FDOT has the
similar advantages over these traditional techniques as DOT. Also similar to DOT,
FDOT can be classified into three categories based on the employed method of il-
lumination and detection [16]: Continuous Wave (CW) [21-24], Frequency Domain
(FD) [25-27], and Time Domain (TD) [28-30] methods. CW method uses light with
constant intensity generated and measured by simple low-cost optical equipments.
This method has the advantage of comparatively higher Signal-to-Noise Ratio (SNR)
than those of FD and TD methods, because of the stability and better noise char-
acteristic of the optical components [16]. However, it can not recover the lifetime
information of fluorophore. FD method uses light with modulated intensity, and the
measurements of light intensity and phase shift at detector positions can be used to
obtain both localization and lifetime information of fluorophore. On the other hand,
TD method, that uses fast light pulses to illuminate tissue and measures the time-
resolved light intensity at detector positions, can also be used to retrieve the lifetime
information. One advantage of TD method is its higher resolution achieved by us-

ing the information contained in less diffusive early arriving photons [31]. However



both FD and TD methods require more complex and expensive optical equipments
as compared to that used by the CW method, and their SNRs are both lower than
the CW method [16].

In recent years, researchers began to use direct-lens-coupled camera in FDOT
data collection to replace the traditionally used light-guiding fibers. This approach
offers high spatial sampling of the measurement and increases the number of total
measurements from traditionally 10%-10° to 10*-10° [16]. This method was reported
to be able to improve the reconstruction resolution to sub-millimeter level [22].
Further, a non-contact imaging technique [24,32] using the similar data collection
method with camera was introduced into FDOT field. This method eliminates
the use of matching fluid, and instead a surface capture device is used to obtain
the tissue boundary information [32]. With a model that describes the combined
light propagation from tissue to air [33|, this method provides the possibility of
using FDOT to explore arbitrary bounded tissue or animal, greatly simplifies the

experiment process, and improves the flexibility of optical imaging technique [24].

1.2 Forward and Inverse Problems of FDOT

In this thesis, we focus on the image reconstruction aspect of FDOT imaging.
In this context, we consider FDOT imaging as an inverse problem that involves
recovering the unknown optical properties (i.e., the fluorophore concentration and
lifetime inside tissue) from the boundary measurements of light based on a forward
model of light propagation. The FDOT forward problem involves computing the
light field in tissue given the optical properties of the medium based on the FDOT
forward model. In this section, we give a brief introduction to the forward and
inverse problems of FDOT from a computational perspective.

There are two types of mathematical models available to describe light propa-
gation in biological tissue: The Radiative Transport Equation (RTE) and the diffu-
sion equation. The radiative transport equation [34], also referred to as Boltzmann
transport equation, treats the light as a large number of photons propagating in
the tissue, and it is based on the conservation law of the radiance. Although the

radiative transport equation is considered as a more accurate model than the dif-



fusion equation model, its solution is very difficult to obtain either analytically or
numerically due to its integro-differential structure [35]. Under the assumption that
the tissue has much stronger scattering property than the absorption property in the
NIR range, the radiative transport equation can be approximated by the diffusion
equation [36].

In FDOT, a pair of coupled diffusion equations are used to model the excitation

and emission lights [37, 38]:

—V - D, (r)Vu(r,t) + pran(T)ds(r, t) + %w = S(r, 1), (1.1)
—V - D)V (7, 1) + fam(T) (7, 1) + %aqsma—(;’t) = %n,uaxf(’l")

./t exp (t/ — t) G (v, t")dt’, (1.2)
0 T

where subscripts z and m denote the excitation and emission, respectively, ¢, (T, 1)
is the light field at position r and at time ¢, D, ,,(7) and fiay am(7) are the diffusion
coefficient and absorption coefficient of the tissue, pq,¢, 7, and 1 are the absorption
coefficient, lifetime and quantum efficiency of the fluorophore, respectively. Since
the absorption coefficient of the fluorophore is proportional to the fluorophore con-
centration, therefore retrieving the fluorophore concentration information is equiv-
alent to recovering the absorption coefficient of the fluorophore. Although this
approximation may fail in the tissue with stronger absorption than the scattering
property [39,40], it is valid in many applications that involve biological tissue [2].
There are three types of methods used to solve the forward problem defined
based on the RTE or diffusion equation: Analytical method, statistical method, and
numerical method. The analytical method attempts to find a closed form expression
for the Green’s function of the diffusion equations (1.1) and (1.2). However, ana-
lytical solution only exists for simple imaging domain geometries and homogeneous
background optical properties [41-43]. The statistical method solves the forward
problem based on the RTE by simulating a large number of photons and calculating
the trajectory of each photon. One of the most widely used methods is the Monte
Carlo method [44] which can solve the forward problem with very high accuracy.

However, because of the intensive computational requirements of this method, it is



typically used to solve the forward problem only where diffusion equation does not
hold [44-46], and to validate the solutions obtained by other less accurate meth-
ods [47,48]. The numerical method can overcome the analytical method’s inability
to solve for light field in arbitrary domain geometry and requires much fewer com-
putational resources than the statistical method [49-51]. In this thesis, we model
the FDOT forward problem by a pair of coupled diffusion equations in the frequency
domain, and use one of the most widely used numerical methods: Finite Element
Method (FEM) to solve the forward problem.

Let the forward problem of FDOT be represented by the coupled diffusion
equations (1.1) and (1.2). Then, we can define a relationship between the light
field, y, on the boundary of imaging domain and the spatially varying fluorophore

concentration or lifetime, x, as

y= Alz), (1.3)

where A is a nonlinear operator determined by (1.1) and (1.2). Then, the in-
verse problem of FDOT involves solving x given y based on the relationship defined
in (1.3). This is a highly nonlinear inverse problem. Furthermore, it is ill-posed in

the following two senses:

e [t does not have a unique solution, because the number of unknowns is usually

much larger than the number of measurements.

e [t does not have a stable solution, i.e., the solution is highly sensitive to small

variations in the measurements.

To solve the FDOT inverse problem, both its nonlinearity and ill-posedness need to
be appropriately addressed in the inverse problem formulation.

The nonlinearity of the FDOT inverse problem in (1.3) can be addressed by an
iterative linearization. When the variation of the optical property is small with re-
spect to a known background value (in FDOT, this means the absorption coefficient
of the fluorophore is much smaller than that of the tissue or the lifetime is close
to a known background value), the nonlinear relationship (1.3) can be linearized

by a Born- or Rytov-type of approximation [52,53]. After the discretization of the



linearized relationship, (1.3) can be reduced to a matrix-vector equation:
y = Ax, (1.4)

where y and x are the discretized measurements and fluorophore concentration or
lifetime, and A is the matrix representation of the linearized operator A, often
referred to as the “weight matrix” [22].

There are many inversion methods that can be used to solve (1.4) while coun-
tering its ill-posedness. These methods include the truncated singular value decom-
position, algebraic reconstruction technique, Krylov subspace method and conjugate
gradient method [54,55].

To address the stability and non-uniqueness of the FDOT inverse problem,
(1.3) can be regularized [56,57] as follows:

x = arg, min {Jy — A@)|” + | L(z,9) 17} (L5)

where L(x,y) is a regularization functional that represents some a priori information
about x and y, A is the regularization parameter, and || - || is an appropriately chosen
norm. The first term in (1.5) forces the solution x to fit to the measurements y, and
the second term constrains x to prevent an unstable solution. In this respect, \ is
used to balance these two terms and control the solution toward the measurements
or a priori information. There are many nonlinear optimization methods that can
be used to solve (1.5) including the Gauss-Newton [58,59] and iterative coordinate

descent methods [57].

1.3 Adaptive FEMs for FDOT and Other Inverse Problems

FDOT poses a computationally intense imaging problem. This stems from the
necessity of numerically solving the interdependent forward and inverse problems.
If the nonlinear inverse problem formulation is used in FDOT reconstruction, one
needs to linearize and solve the inverse problem at many iteration steps until it
converges. At each iteration, solving the inverse problem also requires first solving

the forward problem, comprised of a pair of coupled diffusion equations, for each



source or detector. For both forward and inverse problems, numerical solutions are
merely approximations of the exact solutions, and they possess error as a result of the
problem discretization. In this respect, the problem discrtization presents a tradeoff
between the accuracy and the computational complexity of FDOT reconstruction.
One way to achieve higher accuracy is to reduce the size of the mesh used to discretize
the problem. However, reducing the size of the mesh implies a substantial increase of
the discretization points due to the three-dimensional nature of the FDOT imaging
problem, thereby increasing the resulting discretized problem size as well as the
computational complexity of the image reconstruction.

One way to address this tradeoff, is to use the adaptive FEMs to solve both
FDOT forward and inverse problems. The adaptive FEMs use adaptive meshes
with spatially varying resolution for the problem discretization. With a constraint
on the computational complexity, the adaptive meshes can produce more accurate
numerical solutions than those produced by the meshes with uniform resolution.
To generate the meshes that can effectively reduce the discretization error, the
adaptive mesh generation algorithm must be designed with a solid understanding
about the effects of the forward and inverse problem discretizations on the accuracy
of FDOT reconstruction. Due to the interdependence of the FDOT forward and
inverse problems, the discretizations of both problems affect the final reconstruction
accuracy in a complex way. While the effect of inverse problem discretization can
be deduced rather intuitively [60], the discretization error in the forward problem
solutions can also result in unexpected artifacts in optical imaging [61]. In this case,
the adaptive meshes refined independently for the forward and inverse problems
may not be as effective in reducing the error due to discretization as those refined
by taking the interdependence of two problems into account [60]. Furthermore, in
the imaging problem, the measurement noise is also an important factor that may
interact with the discretization to affect the accuracy of the image reconstruction.
Therefore, adaptive mesh generation algorithms designed for FDOT imaging also
need to take into account the impact of measurement noise.

There is a vast degree of work on the estimation and analysis of discretization

error in the numerical solutions of Partial Differential Equations (PDEs) solved by



FEMs [62-67]. However, in the area of inverse problems, which often present as
parameter estimation problems governed by PDEs, relatively little has been pub-
lished. This parameter estimation problem is often formulated as an optimization
problem: Given some PDEs, find the values of some parameters in these PDEs that
can minimize the difference between the actual observation and the prediction cal-
culated based on them [68]. Several error estimates for this type of problem have
been derived (see [69-73]), based on which adaptive meshing methods can be de-
veloped to reduce the error due to discretization. For applications of these works
(see, for example [74,75]), Beilina et al. derived an a posteriori error estimate
and developed an adaptive meshing method for the solution of an inverse acoustic
scattering problem.

In the area of DOT, Arridge et al. [61] numerically showed that the error re-
sulting from the forward problem discretization can lead to significant artifacts in
the reconstructed optical images. In that work, these artifacts are minimized by
modeling the discretization error in the forward problem solution as a random vari-
able and reconstructing the image within the Bayesian framework. Furthermore, the
adaptive meshing methods in FEMs field were adapted to DOT imaging to improve
the accuracy and computational efficiency of the image reconstruction. In [76], Gu
et al. developed a dual meshing method for DOT. This method uses two meshes
with different discretization levels in DOT reconstruction: fine mesh for the forward
problem and coarse mesh for the inverse problem. Furthermore, they proposed an
adaptive meshing method similar to those in [77, 78], which adaptively refines the
mesh around the region of heterogeneity, identified either from the co-registered ul-
trasound image [77] or the previous DOT reconstruction [76,78]. In [79], Guven et
al. presented a rigorous approach to analyze the effect of discretization on the accu-
racy of DOT reconstruction, which further led to the development of a new adaptive
mesh generation method for DOT [60]. Their new method takes into account the
interdependence of forward and inverse problems when discreizatizing either of them
and can effectively reduce the error due to discretization in the reconstructed optical
images.

In the area of FDOT, it has been shown that, when the computational re-



sources are constrained, using the meshes with spatially varying resolution can re-
sult in higher accuracy and resolution in the reconstructed images than using the
meshes with uniform resolution [59,80,81]. In [59,80], Bangerth et al. formulated
the FDOT image reconstruction problem as a PDE-constrained optimization prob-
lem, and employed a mesh refinement criteria suggested in a dual weighted residual
framework [69]. In [82], to achieve fast and robust parameter mapping between
the adaptively refined/derefined meshes of forward and inverse problems, Lee et al.
developed an algorithm to identify and resolve the intersections of tetrahedral finite
elements. In [81], this algorithm was utilized in FDOT reconstruction where the
meshes for the forward and inverse problems are independently refined based on an
a posteriort error estimate.

Adaptive meshing algorithms have been proposed for both DOT and FDOT
imaging before [76,77,77,78,81]. However, in all these studies, existing adaptive
meshing methods/algorithms are directly applied to the DOT and FDOT imaging
without giving any specific consideration to problems in hand. As such these algo-
rithms are not expected to produce optimal results in addressing the computational
complexity vs. accuracy tradeoff as demonstrated in our simulation study. There
are a number of studies, including our previous study [59,60,79], that take into ac-
count forward and inverse problem interdependency in adaptive meshing. However,
these studies do not take into account the effect of measurement noise in designing
adaptive meshing algorithms. In Chapter 5, we describe an adaptive mesh gen-
eration algorithm that takes into account the statistics of measurement as well as
the interdependency of the FDOT forward and inverse problems. We demonstrate
the effectiveness of our method in simulation and phantom studies over existing

approaches.

1.4 Thesis Objectives

In this thesis, we focus on analyzing the effect of forward and inverse problem
discretizations on the accuracy of FDOT reconstruction and developing adaptive
mesh generation algorithms to address this tradeoff. More specifically, in our analy-

sis, we determine the factors that affect the reconstruction accuracy due to forward
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and inverse problem discretizations. Based on our analysis, we develop the adaptive
mesh generation algorithms for FDOT forward and inverse problems. These algo-
rithms generate the meshes with spatially varying resolution, and can be used to
reduce the error due to discretization in FDOT reconstruction.

The objectives of this thesis can be summarized as follows:

e To define a figure of merit that quantitatively evaluates the accuracy of the
reconstructed optical image, and show explicitly the effect of the forward and
inverse problem discretizations on the reconstruction accuracy. In this respect,
we identify the factors that can affect the reconstruction accuracy together
with the forward and inverse problem discretizations (i.e., the choice of basis

functions and discretization points).

e To develop adaptive mesh generation algorithms for the FDOT forward and
inverse problems that take into account the factors identified in the discretiza-
tion effect analysis to improve accuracy and resolution of FDOT imaging while
keeping the computational requirements within allowable limits. We develop
several adaptive mesh generation algorithms that can address the tradeoff be-
tween the computational complexity and the reconstruction accuracy of FDOT

imaging.

e To compare our adaptive mesh generation algorithms with uniform and con-
ventional adaptive meshing methods in FDOT reconstruction, and demon-

strate their practical advantages.

To achieve the objectives stated above, our work in this thesis was developed
in two parts: In Chapters 2 and 3, we first analyze the effect of discretization on
the reconstruction accuracy and develop adaptive mesh generation algorithms for
FDOT under the assumption that the measurements are noise-free. This assump-
tion simplifies our analysis and allows us to identify the key factors related to the
imaging geometry and heterogeneity involved in the forward and inverse problem
discretizations, that effect the accuracy of the FDOT reconstruction. In Chapters 4
and 5, we address the impact of measurement noise in FDOT forward and inverse

problem discretizations and its effect in reconstruction accuracy.



11

The major contributions of this thesis can be summarized as follows:

e The discretization error analysis in the noise-free case presents a clear rela-
tionship among the accuracy of FDOT reconstruction, factors associated with
the FDOT imaging problem (such as source-detector configuration, their po-
sitions with respective to fluorophore heterogeneity and the inverse problem
formulation), and forward and inverse problem discretizations. To the best of
our knowledge, this part of the thesis is the first study that provides a compre-
hensive analysis on the error due to discretization in FDOT imaging literature.
This analysis further suggests novel adaptive mesh generation algorithms for
FDOT imaging to address the tradeoff between the reconstruction accuracy

and computational complexity of FDOT imaging.

e The discretization error analysis in the presence of measurement noise takes
the noise statistics as well as the a prior: information on the fluorophore con-
centration into account, and shows how the discretization together with the
noise and a prior: information affect the accuracy of FDOT reconstruction.
To the best of our knowledge, this part of the thesis is the first study address-
ing the discretization error and adaptive mesh generation in the presence of

measurement noise in the FDOT, as well as the DOT imaging literature.

e The adaptive mesh generation algorithms developed in this thesis can sig-
nificantly improve the FDOT reconstruction accuracy while constraining the
computational complexity within allowable limit, as compared to the uniform

and conventional adaptive meshing schemes.

e The discretization error analysis framework and the adaptive mesh genera-
tion algorithms developed in this thesis can also be adapted to other inverse
parameter estimation problems involving PDEs, such as bioluminescence to-

mography, electrical impedance tomography, and microwave tomography.

1.5 Thesis Outline

Throughout this thesis, we focus on the estimation of the fluorophore con-

centration in a bounded optical domain using the CW method. In this respect,
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for the forward problem of FDOT, we model the light propagation in the bounded
domain by a pair of coupled frequency-domain diffusion equations with the Robin-
type boundary conditions. After transforming this boundary value problem into
a variational problem, we use the Galerkin projection method with first-order La-
grange basis functions to discretize and solve the forward problem. For the inverse
problem of FDOT, we consider an iterative linearization method based on the Born
approximation to address the nonlinearity. The outline of the thesis is as follows:

In Chapter 2, we analyze the effect of discretization on FDOT imaging when
the measurements are noise-free. Thus, we assume that there is no error in the re-
constructed images due to noise. In this case, we assess the reconstruction accuracy
using the H'(Q) norm of the error due to discretization in the reconstructed image.
We formulate the inverse problem as an optimization problem at each iteration of
the linearization with zeroth- and first-order Tikhonov regularization. Next, with an
appropriate boundary condition, we convert the optimization problem into a vari-
ational problem, and discretize and solve it using the Galerkin projection method
with first-order Lagrange basis functions. Following the discretizations, we derive
two upper bounds for the error in the reconstructed image due to the forward and
inverse problem discretizations, respectively. Unlike the conventional error bounds
in the finite element theory, these two new error bounds take into account the mu-
tual dependence of the forward and inverse problems and identify the specific factors
in the FDOT imaging problem. These factors include the number of sources and
detectors, their configuration and their positions with respect to the fluorophore
heterogeneity, and the formulation of the inverse problem.

In Chapter 3, based on the two error bounds derived in Chapter 2, we de-
velop two new adaptive mesh generation algorithms for the forward and inverse
problems of FDOT for the noise-free case. These two new adaptive mesh gen-
eration algorithms provide improved reconstruction accuracy as compared to the
conventional adaptive and uniform meshing schemes while keeping the size of the
discretized problems under the allowable limits. In contrast to the adaptive meshing
method suggested by the conventional error bound in finite element theory, our new

algorithms address the interdependence between the solutions of the forward and
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inverse problems, and take into account the source and detector configuration, and
their relative locations with respect to the fluorophore heterogeneity, as well as the
inverse problem formulation and the regularization parameters. After describing
each algorithm in detail, we also illustrate their mesh refinement process through
a toy problem, compare them with the conventional method and briefly discuss
their computational complexities. At the end of this chapter, we present a series
of three-dimensional simulation studies to illustrate the practical advantages of our
new adaptive mesh generation algorithms in FDOT reconstruction. Our numerical
simulations show the improvements, resulting from our new algorithms, in terms
of accuracy, resolution, and small target detectability of the reconstructed optical
images, as well as the convergence rate of the discretized inverse solution to the
exact inverse problem solution.

In Chapter 4, we analyze the effect of discretization on FDOT imaging when
the measurements are corrupted by additive noise. We assume that the measure-
ment noise is an independent, zero-mean Gaussian process. Similarly, we assume
that the fluorophore concentration is a Gaussian random field with known first- and
second-order statistics. In this respect, we formulate the FDOT inverse problem in
the Bayesian framework and consider the Mazimum A Posteriori (MAP) estimator
of the fluorophore concentration taking into account a prior: information on fluo-
rophore concentration at each linearization step. Following the approach presented
in Chapter 2, we transform these optimization problems into variational problems
and discretize them with the Galerkin projection method. Since the measurements
are contaminated with random noise, the estimate of fluorophore concentration as
well as the error due to discretization are random fields rather than the determin-
istic functions as considered in Chapter 2. To quantitatively assess the error due to
discretization, we define the Mean-Square-Error (MSE) between the exact solution
and the discretized solution of the inverse problem, and use this as the figure of
merit to evaluate the reconstruction accuracy. Then, we analyze the effect of dis-
cretization and present two new upper bounds on the MSE that present a direct
relationship among the MSE due to discretization, the forward and inverse problem

discretizations, the measurement noise, and the a priori information on the fluo-
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rophore concentration. Unlike the upper bounds given in Chapter 2, the new error
bounds not only include the factors (such as the number of sources and detectors,
their configuration and their positions with respect to the fluorophore heterogeneity)
identified by the upper bounds in Chapter 2, but also take into account the noise
statistics as well as the a prior: information on fluorophore concentration.

In Chapter 5, based on the two upper bounds derived in Chapter 4, we de-
velop two new adaptive mesh generation algorithms for the forward and inverse
problems of FDOT, taking into account the noise statistics and a priori informa-
tion on fluorophore concentration. Additionally, unlike the algorithms in Chapter 3,
these two new algorithms aim to improve the reconstruction accuracy in the mean
square sense, while keeping the size of the discretized problems under an allowable
limit. After describing each algorithm in detail, we address several practical issues
in implementing the algorithms, briefly discuss their computational complexities,
and compare them with the ones in Chapter 3 and the conventional adaptive mesh-
ing method. At the end of this chapter, we present a series of three-dimensional
simulation studies in the presence of measurement noise to demonstrate the practi-
cal advantages of our new algorithms over the ones in Chapter 3. The simulation
results show that, in the presence of measurement noise, our new algorithms can
more effectively reduce the MSE and improve the convergence rate of the discretized
inverse problem solution to the exact inverse problem solution, than the algorithms
given in Chapter 3.

In Chapter 6, we used data from a phantom experiment to demonstrate the
performance of our adaptive mesh generation algorithms in the real FDOT re-
construction. Since the measurements are always corrupted by noise in the real
FDOT reconstruction, we apply our adaptive mesh generation algorithms, proposed
in Chapter 5, to FDOT reconstruction using data obtained from a phantom ex-
periment, and compare our algorithm with the uniform and conventional adaptive
meshing schemes. The phantom experiment results demonstrate the effectiveness of
our algorithms in real data.

In Chapter 7, we conclude the thesis and provide a discussion on the potential

future work.
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We summarize the performance of conventional adaptive meshing algorithm

and the proposed adaptive mesh generation algorithms in this thesis in Table 1.1.

Table 1.1: Comparison of different adaptive mesh generation algorithms.
Conventional Algorithms Algorithms
adaptive meshing in Chapter 3 in Chapter 5

algorithm
H' norm error reduction 0-15% 50-60% N/A
MSE reduction N/A 25-40% 70-75%
Resolution 8.5 mm 6.5 mm 6.5 mm
O(NaNp) O(NaNp)
Computational complexity’ O(Na) O(NaNg) O(NaNg)

O(NaNsNp) O(NaNsNp)

I Ng is the number of sources, Np is the number of detectors, Na is the number of element in
the mesh used for problem discretization. For algorithms in Chapters 3 and 5, from top to bottom,
the computation complexities are given for refining the mesh for a single source, a single detector
and inverse problem.



CHAPTER 2
EFFECT OF DISCRETIZATION IN FDOT IN THE

NOISE-FREE SITUATION!

2.1 Introduction

In this chapter, we analyze the effect of discretization on the accuracy of FDOT
imaging when the measurements are noise-free. In this respect, there is no error due
to the noise in the reconstructed image. This assumption simplifies our analysis and
allows us to identify the key factors specific to the imaging problem that show how
the forward and inverse problem discretizations impact the accuracy of reconstruc-
tion. In particular, we focus on the estimation of the fluorophore concentration in
a bounded optical domain using the CW method. For the forward problem, the
light propagation in this domain is modeled by a pair of coupled frequency-domain
diffusion equations with the Robin-type boundary conditions. After transforming
this boundary value problem into a variational problem, we use the Galerkin pro-
jection method with first-order Lagrange basis functions to discretize and solve the
forward problem. For the inverse problem, we consider an iterative linearization
method based on the Born approximation to address the nonlinearity. At each lin-
earized iteration, we formulate the inverse problem as an optimization problem that
enables us to incorporate a prior: information in the form of zeroth- and first-order
Tikhonov regularization. Then, with the appropriate boundary condition, we con-
vert this optimization problem into a variational problem, which can be discretized
and solved by the Galerkin method as we use in the forward problem.

Following the discretizations, we derive two upper bounds for the error in
the reconstructed image due to discretization the forward and inverse problem dis-
cretizations, respectively. Unlike the conventional error bounds in the finite element

theory, these two new error bounds take into account the mutual dependence of

'Portions of this chapter previously appeared as: M. Guven, L. Reilly-Raska, L. Zhou, and
B. Yazici. Discretization error analysis and adaptive meshing algorithms for fluorescence diffuse
optical tomography: part I. IEEE Transactions on Medical Imaging, 29(2):217-229, 2010.
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the forward and inverse problems and identify the specific factors that may lead
to high error in the reconstructed optical image. These factors include the num-
ber of sources and detectors, their configuration and their positions with respect to
the fluorophore heterogeneity, and the formulation of the inverse problem. These
new error bounds motivate the development of the new adaptive mesh generation

algorithms, which are further discussed in the next chapter.

2.2 Notational Conventions

Throughout the thesis, we use capital cursive letters (A) for operators and
bold capital letters (A) for matrices. We denote functions by lowercase letters (g
and ¢ etc.) and their finite-dimensional approximations by corresponding uppercase
letters (G and ® etc.). We use bold to denote vectorized quantities such as r and

I'. Table. 2.1 provides a summary of key variables, function spaces, and norms used

throughout the thesis.

Table 2.1: Definition of function spaces and norms.
Notation Explanation
C () Space of continuous functions on €2
L=(Q)  L>(Q) = {flesssupg|f(x)| < oo }
Q) L) = {f] (Jo|f(x)[Pdx)"/? < 00 }, p € [, 00)
HP(Q)  HP(Q) = {f] (X1, I DLFIR)? < 00}, p € [1,00)
1 £l The L?(Q) norm of f
I fllp The H?(Q2) norm of f
]| The dual norm of f in the dual space HP*(£2)
1 floo The L>*(2) norm of f
|fllo.n ~ The L? norm of f over the m™ finite element €2,
| fllp.m The HP norm of f over the m'™ finite element €,
| fllosn ~ The L% norm of f over the m' finite element €,

2.3 Forward Problem of FDOT

We start with using a pair of coupled frequency-domain diffusion equations to

model the light propagation in a fluorescent medium of a bounded domain Q C R?
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with Lipschitz boundary 0 [37,38]:

=V - D (r)Vé,(r,w) + (,uaz(r) + j%u) O(r,w) = Si(r,w), (2.1)
-V Dm(r)v¢m(va) + (,uam(r) + ]?w> gbm(r’w) - %("“aw)ﬂﬂamf(?“)
1= jwr(r)
1+ [wr(r)]?’ (2:2)

where 7 = [r1,r9,r3] € , w is the source operating frequency, subscripts x, m de-
note the excitation and emission wavelengths, ¢, ,, represents the light fields, 14z qm
represents the absorption coefficient of the medium, D, ,, represents the isotropic
diffusion coefficients, pq,¢ and 7 are the absorption coefficient and the lifetime of
the fluorophore, n is the quantum efficiency, and S; is the i'" excitation source,
i =1,---,Ng, where Ng is the number of sources. We assume that the diffusion
coefficients are known and they are identical at both excitation and emission wave-
lengths in the closed domain, which implies D(r) := D,(r) = D,,(r), r € Q] 09.
Typically, we have following relationship among fiez, flam, and fia,¢ for r € €2

Maac('r) - H’GLIC(T) + :uaacf('r)a (23)

Ham('r') = Name(r) + ,uamf(r>> (2'4)

where the subscript e denotes endogenous properties and f denotes exogenous prop-
erties. Without loss of generality, we assume that both D(r) and jig,.m(7) are
non-negative and bounded on ).

Since we consider using the CW method to estimate the fluorophore concen-
tration in the medium, the frequency w = 0 in (2.1) and (2.2). We note that subse-
quent developments can be extended to include multiple frequencies in FD method
of FDOT when 7 is known. In this respect, we model the sources by a Gaussian
function centered at source position r; with angular frequency w = 0. Therefore,

the NIR light propagation at the excitation and emission wavelengths can be model
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by the following boundary value problems:

—V - D(r)Vo.(r,r;) + pae(r)bs (T, 7;) = Si(r), r €, (2.5)
—V - D(T)Vou(r,7i) + ftam(T)Om(r, 1) = Gu(r,7i)Ntazs(r), T €, (2.6)

with the Robin-type boundary conditions [36]:

2D(’f’) 8¢:cg:; 'PZ)

E)gbm(r r;)

+ quz(,ra ri) = 07 TC 897 (27)

2D(r)—————= + popm(r,7) = 0, 7€, (2.8)

where p is a parameter governing the internal reflection at the boundary 02, and
0/0n denotes the directional derivative along the unit normal vector on the bound-
ary.

In order to simplify the analysis later on, we make use of the adjoint problem

associated with (2.6) and (2.8):

=V - D(r)Vgn(r.7;) + pam(7) g5 (r,75) = 0, reQ, (2.9)
QD(T)W +pgn(r,m;) = Si(r), reoQ,  (2.10)

where g7, (r,7;) is the solution of the adjoint problem for the j™ adjoint source S%
located at the detector position r; € 92, j = 1,--- , Np, where Np is the number of
detectors. For a point adjoint source located at the detector position r;, ¢F (7, 7;) =
gm(r;,7) holds where g,,,(-,r) is the Green’s function of (2.6) and (2.8) [36]. Note
that in this thesis, we model the point adjoint source by a Gaussian function with
sufficiently low variance. Then, the emission light field at r due to the source at r;

is given by the following nonlinear integral equation:

bl T5) = / G5 (7)o (1) Dty () (2.11)

Given Ng sources and Np detectors, we define I'; ; to be the measurement obtained
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by the j™ detector located at r; due to the i source, then we have

Fl}j = gbm(rjvri)
= /ngfn(fr,rj)%(r,ri)nuamf(r)dr. (2.12)

The relationship between I'; ; and ji4, 5 defined in (2.12) is nonlinear, because
gy, is dependent on [, nonlinearly which is in turn related to fi.,f, and the
nonlinear dependence of ¢, on i, is also clear. Further we note that, we assume
that the measurements are noise-free in this chapter. This assumption allows us
to eliminate the effect of noise in our error analysis, and to focus primarily on the
effect of the discretization at the moment. In the next section, we will formally
state the inverse problem, and address its nonlinearity and ill-posedness by the
Born approximation and the Tikhonov regularization in an optimization framework

respectively.

2.4 Inverse Problem of FDOT

Based on the forward problem formulation given in the previous section, the
inverse problem can be defined as to recover the quantity (i, using the measure-
mentsI'; ;,¢=1,...,Ngand j = 1,..., Np, based on the nonlinear integral equation
(2.12). To address the nonlinearity of this integral equation, we use the Born ap-
proximation [52,53] and linearize (2.12) around a known background fluorophore
absorption coefficient pg,.: Let ¢f(r,7;) and g;°(r,7;) be the solutions of (2.5)-
(2.7) and (2.9)-(2.10) for praxf = g, s, then (2.12) can be linearized as

Ly, = / G20, 1) 0, i) s () (2.13)
Q

We let gi(r) := gi0(r,7;) and ¢;(r) := ¢(r,r;) suppressing the dependence
of these functions on 0, x and m to simplify our notation. We also introduce

w(r) = nNpazp(r) which we refer to as fluorophore concentration quantity to be
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reconstructed. Then (2.13) can be expressed as

Ny = [ gt (2.14)

Based on our linearized measurement model (2.14), we group the individual

measurements into the following vector form:

L:=[T1,....Tiny Tag,e aFNS,ND]T7 (2.15)

and further define a vector-valued operator A : L*(Q) — RV ag

(Aw)y = / sy (r)u(r)dr, (2.16)

where a;;(r) := gj(r)¢i(r). Combining (2.15) and (2.16), we write our measurement

model as
I'=Apu. (2.17)

We note that the Born approximation is valid and widely used in FDOT imag-
ing when the perturbation of absorption coefficient is relatively small as compared
to the known background absorption coefficient [38,83]. However, when the per-
turbation of absorption coefficient is large, an iterative linearization method based
on the Born approximation can be used to address the nonlinearity of the inverse
problem. In this case the fluorophore concentration y solved based on (2.17) can be

iteratively refined based on the following model [84, 85]:
r = Akﬂk-‘rl?

where fiz41 is the estimate of the fluorophore concentration at (k + 1) linearized

iteration and

() = / & (r)u(r)dr,

where afj = ¢f(r)g;’k(r), ¢k (r) and g;’k(r) are computed based on the fluorophore
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concentration [, estimated at the &*® iteration.
Using the ! norm of the finite-dimensional space, an upper bound for the

linear operator A can be given by

Ns,Np
Ml 200 < Y llg;dillo- (2.18)
i\j
Because of the boundedness and the finite-dimensional range of A, we conclude that
A is compact. Therefore the inverse problem based on (2.17) is ill-posed [86].

In this chapter, we address the ill-posedness of the FDOT inverse problem
using the Tikhonov regularization in the optimization framework, which provides
a suitable means for incorporating a priori information of the fluorophore concen-
tration. In this respect, our inverse problem can be formulated by the following
optimization problem where we seek a solution fi € H'(f2) that minimize the objec-

tive functional J:

1 = min J(u,V
o= o J(w Vi)

= in [J + Jr(p, V)|, 2.19

Lo )+ T Vi) (2.19)

where the H'(Q) smoothness on the solution is imposed by the use of first-order
Tikhonov regularization described in the following. In (2.19), the functional J;, that

measures the difference between the predicted and actual measurements is given by

Jo(p) = T — Apllp

Ng,Np
= ) iy — (Awiyl* (2.20)
irj
The regularization term Jp regularize the ill-posed inverse problem by the a prior:
information of the fluorophore concentration. In this work, we assume that a prior:
information of p and its gradient Vy are available. Let f;(r) denote the a priori in-
formation on p and By(7) = [Ba1 (), Baa(7), Bos(r)]T denote the a priori information

on Vu. We incorporate f1(r) and By(r) through zeroth- and first-order Tikhonov
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regularization terms as [87]:

Jr(p, Vi) = )\1/

Q

() — Bl dr 4 Ay / Vu(r) — By(r)Pdr,  (221)

where A1, Ay > 0 are regularization parameters. There are a number of methods
in choosing appropriate regularization parameters (see [88-92]). In this thesis, we
assume that \; and Ay are properly chosen.

Substituting (2.20) and (2.21) into (2.19), our inverse problem can be written

explicitly as:

By | 30 M= Gl 4 A [ ) = o)
+ /\2/Q’V,U(T) — ,BQ(T)\er} , (2.22)

By taking the Gateaux derivative of the objective functional in (2.22) and
defining appropriate boundary conditions for it, we can convert this optimization
problem into a boundary value problem. It can be shown that the solution of (2.22)
satisfies 0.J/0pu(p, Vyp) = 0, where V,, is the gradient with respect to the r, direction
for ¢ = 1,2,3. In particular, if J = [u(r, u, Ou/dr,)dr, the Gateaux derivative of
J is defined by [93]

oJ  Ou 0 ([ ou
o 2o () 22

Therefore, taking the Gateaux derivative of (2.22) with respect to x and setting

it equal to zero yields:
(A" Ap)(r) + Ap(r) = 22 V2u(r) = f(r), (2.24)

where f(r) containing the known terms from a priori information and measurement

is defined as

Fr) = (AT)(r) + MBur) + A2 > Bog(7). (2.25)
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In both (2.24) and (2.25), A* : RNs¥p — [2(Q) is the adjoint operator of A defined

as

(A'W)(r) = [a11(7), ..., a1ng(T), a21(T), . . ., angn, (T)] - W, (2.26)
where w € RNsVr and aj(r) = g;(r)¢i(r), i =1,...,Ngand j = 1,...,Np. We
further define an operator B : L*(Q2) — L*(2) as

(Bu)(r) = (A" Ap)(r)

= [ 3 arasntid (2.27)
1]
Then (2.24) becomes

(Bya)(r) + Mpl(r) = \V2u(r) = f(r). (2.28)

We consider (2.28) with the following Neumann boundary condition:

%(r) =0, red, (2.29)

where dpu/0n is the directional derivative of 1 along the unit normal vector at the
boundary 02. The boundary condition in (2.29) implies that no changes in the
fluorophore concentration occur across the boundary.

To apply the FEM on the boundary value problem (2.28) and (2.29), we need
to first obtain the corresponding variational (weak) problem. Hence, we multiply
both sides of (2.28) by a test function ¢ € H'(f2), and integrate it over Q. Applying
Green’s first theorem to the last term on the left hand side and using the boundary

condition in (2.29), we obtain

/me [(B)(7) + Apu(r)] dr+Az/QVw(r)-Vu(r)drz/gw('r)f(r)dr-
(2.30)

A more convenient way to express (2.30) is using a bilinear form. Thus, we
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F,pu) = (¢, Bp) + Ai(¥, 1) + AoV, Vi), (2.31)
G() = (/) (2.32)

where the inner product (-,-) is defined by

(1) = /Q k(r)l(r)dr,
(k,l) = /Qk('r)-l(r)dr,

for both scalar- and vector-valued functions. Then the variational form of the inverse

problem can be expressed as

F(,n) =G(4), Ve H(Q). (2.33)

It can be shown that the bilinear form (2.31) is bounded and coercive for regu-
larization parameters A\;, As > 0 (see Appendix C). Therefore, by the Lax-Milgram
lemma, a unique solution exists for the regularized inverse problem (2.33) for each
pair of A\j, Ay > 0 [86,94]. In the next section, we will describe the discretization
scheme used in this thesis for each of the separate forward and inverse problems as

well as the combined forward and inverse problems.

2.5 Discretization of Forward and Inverse Problems
2.5.1 Forward Problem Discretization

We first express the coupled PDEs used to model the forward problem in their
variational forms in order to apply FEM. We multiply both sides of (2.5) by a test
function & € H'(), and apply Green’s theorem to the second derivative term.

Then using the boundary condition in (2.7) we have

/(V§1 - DV @i + pazx§1i)dr + 2i Sipidl = /ﬁlSidr, Ve € HY(Q).
Q P Joa Q (234
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It can be shown that a unique solution for (2.34) exists and is bounded [94], [95].
Similarly, for a test function & € H'(Q), the variational form for the adjoint forward

problem (2.9) and (2.10) is

1 1
/ (V& - DV G + ptambag)) dr + —/ &agydl = —/ &S7dl, Vé € HY(),
9) 2p Jag 2p Jaq

(2.35)

for which it is possible to show that a unique bounded solution exists as well.

Let Ly, denote the piecewise linear Lagrange basis functions. We define Y;V*(Q) C
HY(Q), i = 1,...,Ng, as the finite-dimensional subspace spanned by {Ly, k =
1,...,N;}. Note that {Ly,k = 1,..., N;} are associated with the set of points
{r,,p=1,...,N;} on Q. Similarly, we define Y;*N](Q) C H'(Q),j=1,...,Np, as
the finite-dimensional subspace spanned by {Ly,k = 1,..., N,}, which are associ-
ated with the set of N; points {r,,p=1,...,N,} on .

Next, the functions &, ¢; in (2.5) and &, g7 in (2.35) are replaced by their

finite-dimensional counterparts

N;

EN(r) = pele(r), @Y =30 eLi(r), (2.36)
k=1
N

=0(r) =Y pele(r),  G7YV= 37 diLi(r). (2.37)
k=1

The representation <I>ZN ‘or G;’Nj is an approximation to the function ¢; or g; for each
source or detector. This means that for each source and detector, the dimension of
the solution can be different, and the parameters N; and N; may vary for each ¢
and j, respectively. The finite-dimensional expansions are therefore dependent on
the parameters IV; and N; as represented by the superscript. However, we suppress
this cumbersome notation as the dependence is clearly understood.

Substituting (2.36) and (2.37) into the variational forward problem (2.34) and
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(2.35) yields the matrix equations

Mc; = q;, (2.38)
M*d} = q, (2.39)

for ¢; = [e1,¢a, .., en,]" and d = [dy,dy, ..., dy,]". Here M and M* are the finite
element matrices, q; and q; are the load vectors resulting from the finite element
discretization of the forward problem.

Further, let {Q.;,n = 1,..., N4} denote the set of elements used to dis-
cretize (2.34), where N is the number of elements for the i source, such that
UM, =Qforalli=1,..., Ng. Similarly, let {Q,;,m =1,..., N3} denote the
set of elements used to discretize (2.35), where NZj is the number of elements for
the ;' detector, such that UTNan Qnj=Qforalj=1,...,Np.

The upper bounds for errors e; and e; defined as e; := ¢; —®; and e =g; —G;‘f

respectively on each finite element can be given by [94]:

leillons < Clldill1,nilni, (2.40)
He;”(ﬁl,mj S CHg;HLmjhmja (241)
where || - [jons and | - [lom; denote the L2 norm on Qs and Quy;, || - 16 and || - [|1m;

denote the H' norm on €,,; and Qpj, hni and hy,; are the diameters of the smallest
balls containing the finite element €2,; and €,,; respectively, and C is a positive
constant independent to h,; and h,,;. In the next section, the approximate solution
®; and G are substituted into (2.33) to obtain an approximate inverse problem

formulation.

2.5.2 Inverse Problem Discretization

Let Ajj(r) = Gi(r)®i(r) and Aj;(r) = G(r)®i(r), i = 1,...,Ng and j =
1,..., Np, be the finite-dimensional approximations of a;; and a;;. We substitute
a;j and aj; with their finite-dimensional counterparts in the operators A and A"
defined by (2.16) and (2.26). The resulting approximate operators are denoted
by tildes: A and .:Zl*, indicating that the finite element solutions of the forward
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problem are used. By so doing, we arrive at the approximate variational inverse

problem formulation:

F,fi) = G(y), Ve H'(Q), (2.42)

where we use i to denote the solution of this approximate inverse problem. In (2.42),

F (¢, ) and E(w) are given respectively by

F@, ) = (,Bh) + M, 1) + Aa(Veb, V), (2.43)
GW) = (] (2.44)
where
B)(r) = (A Am)(r)
= [ A (2.45)
and

fr) = (AT)E) + MBir) + X2 Y Bog(r)

Ngs,Np 3
= > AGMTi A MBUP) + A > Bay(r). (2.46)
i,j q=1

Next, we discretize the functions ¢ and . Let VN(Q) ¢ HY(Q) denote a
sequence of finite-dimensional subspaces of dimension /N, spanned by the first-order
Lagrange basis functions {Ly,k = 1,..., N}, which are associated with the set of
points {r,,p = 1,..., N} on Q. We replace ¢ and g in (2.42) by their respective
finite-dimensional counterparts % € V¥ (Q) and pP € VN(Q):

Y= " ppLi(r), (2.47)
pPN = "y Ly(r), (2.48)



29

where p, and my are unknown coefficients. As it is clear that the finite-dimensional
expansions are dependent on the parameter N, this dependence is hereafter sup-

pressed. Substituting (2.47) and (2.48) into (2.42), we arrive at
F(U, 1Py =G(V), VU e V(Q). (2.49)
Equation (2.49) can be transformed to a matrix equation

FNm = GN, (250)

where m = [my, -+ ,my]|’ represents the unknown coefficients in the finite expan-
sion of (2.48), Fy and Gy are respectively the finite element matrix and the load
vector resulting from the projection of (2.42) by Galerkin method.

Let {Q,t =1,..., Na} denote the set of linear elements used to discretize (2.42),
where Np is the number of elements, such that UiVA ), = Q. Note that the inverse
problem mesh {2} is independent to the meshes {€,;} and {€,,;}, which are used
to discrtize the forward problem. Similar to the forward problem, a conventional

error bound for error e, between i and p” on each finite element can be given by:
lewllos < Cllallvihe, (2.51)

where || - |lo; and || - |1+ denote the L? and H' norms, respectively on €, h; is the
diameter of the smallest ball containing the finite element €2;, and C' is a positive

constant independent to h;.

2.6 Discretization Error Analysis in the Noise-free Situation

In this chapter, we consider the solution of the exact inverse problem (2.33)
to be the exact solution since neither the forward problem nor the inverse problem
is discretized. Our objective is to examine the error in FDOT imaging due to
the finite element discretization of the forward and inverse problems. Then the
error analysis can be used in the design of adaptive mesh generation algorithm to

reduce the discretization error in the reconstructed image. In the first section of
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this chapter, we present an upper bound for the error in FDOT reconstrucction due
to the forward problem discretization. Therefore, the first type of error we define
is e := pu — 1, where [ satisfies the approximate inverse problem (2.42). Note that
the inverse problem is not discretized in this case. In the second section, we present
an upper bound for the error in the reconstructed image resulting from the finite
element discretization of the inverse problem. In this respect, we examine the error
E between the solution ji of approximate inverse problem (2.42) and the solution
uP of fully-discretized inverse problem (2.49), i.e., E = i — p”. In this case, the
error is due entirely to the discretization of the approximate inverse problem (2.42).
Finally, we define the total error as the difference between p and p? in terms of the

two contributors:
D __
p—p” =e+ E. (2.52)

In the followings, we analyze each of these two types of errors and derive two upper

bounds for the H'(Q) norm of these errors respectively.

2.6.1 Error due to Forward Problem Discretization

The following theorem presents an upper bound for the H'(£2) norm of the

error e due to the forward problem discretization.

Theorem 1:

Let {Qu,n = 1,..., N4} denote the set of elements used to discretize (2.34)
such that UiLVA Q. = Q and h,,; is the diameter of the smallest ball that
contains the n'® element in the solution ®;, for all i = 1,..., Ng. Similarly, let
{Qm;;m =1,..., N} denote the set of elements used to discretize (2.35) such
that Uzzj Q,; = Q2 and h,,; is the diameter of the smallest ball that contains
the m'™ element in the solution G7, for all j =1,..., Np. Then a bound for

the error between the solution p of (2.33) and the solution g of (2.42) due to
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the approximations of Fand G is given by:

- C
_ < = * b
lw—pl < im0 ) H}gXHg]cszo

NS NiAyND

> @llg o + 195 loomill22llo) 16411 miFens

i=1 n,j
Np NX.Ns

> D> Clbittlloms + I illoomsllllo) |97 mihmns |

j=1 myi

(2.53)

where C' is a positive constant independent of the discretization parameters

hm and hmj'
Proof: See Appendix D. O

The error bound in (2.53) shows the specific effect that the forward problem
discretization has on the accuracy of the inverse problem solution. In this respect,
for the forward problem, Theorem 1 suggests a discretization criteria for the forward
problem which takes both forward and inverse problem solutions into account. First
of all, the forward problem discretization includes the discretization of each solution
¢i and g;. Second, to keep the total error bound low, the f,; of the n'™ element in
solution ¢; has to be chosen small when Z;.VD(QHg;MHOM + 1195 loomilli2ll0) | @il 1, 18
large on this element; and the h,,; of the m'™ element in solution g; has to be chosen
small when 371 (2]|¢sstlo,m; + | 9illoosmsll£2l]0) g |1,m; is large on this element. Note
that [|¢illini or ||gf]l1m; is large on the element close to the i*" source or the ;™
detector, respectively; and the values of the terms Z;VD (2llg; 1llomi + 1195 loo,nill 1l0)
and SN (2] st o.mj + [|Dillco.m;ll2llo) depend on the fluorophore heterogeneity and
its position with respect to the sources and detectors. Therefore, finer elements near
the designated source or detector as well as near the heterogeneity may result in a
lower error bound. The conventional error bounds (2.41) or (2.40) only depends on
the smoothness and support of ¢; or g; as well as the finite-dimensional space of
approximating function. They only require to keep h,; or h,,; small where ||@;||1.ni

or [|g5|1,m; is large, respectively. However, lower error bound in (2.41) or (2.40) only
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guarantees to reduce the error in the solution of the forward problem, and may not
necessarily reduce the error in the solution of inverse problem.

Furthermore, it is clear that other factors can affect this error bound. The
regularization parameters scale this error bound, therefore, choosing smaller values
for A\; and Ay may lead to higher discretization error. We note that, since this error
bound is a sum over all sources and detectors, increasing the number of either can

also have an impact on the reconstruction accuracy.

2.6.2 Error due to Inverse Problem Discretization

In the following theorem, we present an upper bound for the H'(2) norm of

the error E due to the inverse problem discretization.

Theorem 2:

Consider the Galerkin projection of the variational problem (2.42) on a finite-
dimensional subspace V() C H'(Q) using a set of finite elements {Q,¢ =
1,...,Na} whose vertices are at {r,,p = 1,..., N}, such that UiVA Q= Q,
and let h; be the diameter of the smallest ball that contains the t*™ element.
Assume that the solution 1 of (2.42) also satisfies 7 € H%(§2). Then a bound
for the error E in the solution pu? of (2.49) with respect to the solution p
of (2.42) can be given by

C Na Ns,Np
A=ul £ —— G;9; G ®4|o.c |72l 2.6h7
[ —pf < min(\, A) (%%XH j HOZ; zzj: | j llo,ell£2]]2,eh7
NA NA
+A1 Z 172|267 + >\2Z H/j”z,tht) , (2.54)
t=1 t=1

where C' is a positive constant independent of the discretization parameters

hy.
Proof: See Appendix E. O

The error bound in (2.54) shows that the error due to the inverse problem

discretization not only depends on the inverse problem solution itself, but also
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on the solutions of the forward problem. The first term in the bracket of (2.54)
shows that ||zz||2+ is scaled by the finite element solutions of the forward problem
max; j |G Pql[o||G;Pillo,s. This implies that the discretization error is dependent on
the location of the heterogeneity with respect to the sources and detectors. The sec-
ond and third term in the bracket suggest that keeping the mesh size small where
| ft]|2,¢ is large, can help to lower the error bound, but it also depends on the reg-
ularization parameters A\; and A\,. Comparing (2.54) with the conventional error
bound (2.51), (2.54) suggests a discretization criteria based on the inverse prob-
lem solution zi, and the forward problem solutions ®; and G7, as well as the spatial
relationship among these solutions. Because of the interdependence between the for-
ward and inverse problems, simply keeping the mesh parameter small over regions
where ||ft||2; is large, as suggested by (2.51), may not ensure a lower error bound,
thereby a reduction of the error in the reconstructed image. Similar to Theorem 1,
the regularization parameters A\;, Ao and the number of sources and detectors also
affect this error bound, therefore, may also have an impact on the reconstruction
accuracy.

Combining results of Theorems 1 and 2, and rearranging the terms, both error
bounds can be formulated in a single error bound. Assuming max; ; [|G}®;(lo ~
max; ; ||g;¢illo for i =1,--- ,Ng and j = 1,--- , Np, we have a total bound for the

error due to discretization in the reconstructed image:

C
_ P < - Wy
I = w7l = oy axllg; @il
Ns,Np | NA
Y 1D @lg; o + 193 lsomillello) @il .nihni
%,J n=1
NY
+ > @llittlloms + 1illoomillll0) 1] 1m0
m=1
Na
+> IIGj@zllo,t\lﬁllz,thf]
t=1

2
+m1n/\ ) (Alzllquth +A22Hu\lztht>. (2.55)
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2.6.3 Error in Iterative Linearization

The error bounds derived in the previous sections only address one iteration
of linearization. If the solution of the inverse problem is iteratively updated using
the method mentioned in Section 2.4, the propagation of error due to discretization
needs to be considered. Let p* and pP* represent the solution to (2.33) and (2.49)
at the k' iteration, respectively, and we know p”** contains error with respect to
p®. Then, in the (k + 1)™ iteration, three types of errors are introduced into the
solution p”*+1: The first is due to the finite element discretization of the inverse
problem. The second is due to the finite element discretization of the forward
problem introducing the error (B — B)¥*! in the operator B and the error (;l* -
ANEFIT in .:l*’kHI‘. Finally, fte,r and figm s which are related to u”* appear as the
coefficient in the forward problem (2.5)-(2.7), and the adjoint problem (2.9)-(2.10),
respectively. Then, the error in the solution u”* at each iteration will propagate

and lead to an additional error in ®; and G7 at the (k + 1)®™ iteration in addition

to the discretization error analyzed before.

2.7 Conclusion

In this chapter, we analyzed the error in FDOT imaging due to the forward
and inverse problem discretizations under the assumption that the measurements
are noise-free. After giving a brief description for the forward problem of FDOT,
we presented our inverse problem formulation addressing its nonlinearity by an it-
erative linearization method based on the Born approximation and its ill-posedness
by the Tikhonov regularization in an optimization framework, respectively. Then
we transformed both forward and inverse problems into variational problems, and
discretized and solved them using the Galerkin projection method with first-order
Lagrange basis functions. We analyzed the effect of each problem’s discretization on
the reconstruction accuracy. In our analysis, we first considered the impact of the
forward problem discretization and provided an upper bound for the resulting error
in Theorem 1. Next, we analyzed the inverse problem discretization, and obtained
another upper bound for the resulting error in Theorem 2. These two new error

bounds showed that the error resulting from discretization is affected by the fluo-
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rophore concentration, number of sources and detectors, and their locations with
respect to the fluorophore concentration, as well as the regularization parameters.
Based on these two new error bounds, we develop two new adaptive mesh generation
algorithms that can be used in the adaptive FEM for FDOT imaging in the next
chapter.



CHAPTER 3
ADAPTIVE MESH GENERATION FOR FDOT IN THE

NOISE-FREE SITUATION!

3.1 Introduction

In Chapter 2, we analyzed the effect of discretization on the accuracy of FDOT
reconstruction and derive two upper bounds for the error resulting from the forward
and inverse problem discretizations in the noise-free situation. In this chapter,
based on these two error bounds, we develop two new adaptive mesh generation
algorithms which can be used in the adaptive FEM for FDOT. By selecting || — i1
and ||z — uP||; as the figures of merit and reducing the respective bounds (2.53)
and (2.54), we aim to minimize the error between the fully discretized solution p”
and the exact solution u. Clearly, we can reduce both error bounds by reducing the
mesh size parameter uniformly (h,; and h,,; in (2.53) and h, in (2.54)), which is
known as h—refinement in the literature. At the same time, reducing mesh size will
increase the number of total discretization points, thereby leading to an increase in
the size of the discretized forward and/or inverse problems.

To address this tradeoff between the accuracy and the computational complex-
ity, we consider two adaptive h-refinement approaches: The first approach we discuss
sets a predetermined error tolerance value for the error bound computed on each fi-
nite element, and reduces the mesh size parameter by refining the element until this
predetermined tolerance value is reached. This approach relies on the knowledge of
this error tolerance value which represents the desired level of discretization accu-
racy. From a practical standpoint, defining the ideal value for the error tolerance
can be a complex undertaking due to the presence of unknown factors and functions
such as C', g7, ¢i, p and p in both error bounds. The second approach, which is

more easily applied in practice, limits the total number of discretization points in

'Portions of this chapter previously appeared as: M. Guven, L. Zhou, L. Reilly-Raska, and
B. Yazici. Discretization error analysis and adaptive meshing algorithms for fluorescence diffuse
optical tomography: part II. IEEE Transactions on Medical Imaging, 29(2):230-245, 2010.

36
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the finite-dimensional approximations (2.36), (2.37) and (2.48). Instead of using a
predetermined error tolerance, the average value of the error bounds on the finite
elements is calculated at each iteration in the refinement process. Then the elements
with computed error bounds larger than the average are refined until the limit on
the discretization points number is reached. In this respect, the first approach can
be viewed as to rely on a priori information while the second approach makes use
of a posteriori information on the error bounds.

In the next two sections, we design the adaptive mesh generation algorithms
based on the error bounds derived previously for the forward and inverse problems.
First, we explore the mesh generation for the forward problem and describe the
algorithm which uses a predetermined error tolerance before discussing the second
approach. Next, we present the adaptive mesh generation algorithm for the inverse
problem in a similar way. Unlike the adaptive meshing method suggested by the
conventional error bound in finite element theory, our new algorithms address the
interdependence between the solutions of the forward and inverse problems and
take into account the source and detector configuration, their relative locations
with respect to the fluorophore heterogeneity, and inverse problem formulation, as
well as the regularization parameters. At the end of this chapter, we present a series
of three-dimensional numerical simulations to illustrate the practical advantages of

our new adaptive mesh generation algorithms in FDOT reconstruction.

3.2 Adaptive Mesh Generation for Forward Problem

For the forward problem discretization, our goal is to minimize ||u— |1, whose
upper bound is given in (2.53). Let &; be the allowable H'(Q2) norm of the error
in the reconstructed optical image due to the forward problem discretization. The
bound (2.53) contains known or estimable factors multiplying two summation terms.
The first term arises from the discretization of the boundary value problem (2.5)-
(2.7) for each source, and the second term arises from the discretization of the
boundary value problem (2.9)-(2.10) for each detector. Therefore, we need to set
two distinct conditions corresponding to each of the mesh parameters h,; and h,,;

that will ensure the H'(2) norm of the error is less than &;.
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Starting with the predetermined allowable error norm &, we define the pa-

rameter € as follows:

Cmaxi, |7;01]l0 \ 2

—1
(A, A2)
) im inlh, Ao) (ZNA+ZN*J) &, (3.1)

where C' is the positive constant in (2.53), Ni or N is the number of elements in
the mesh used to solve ®; or G;. Let B,; and B,,;,i=1,--- ,Ngand j = 1,--- , Np,
be defined as

19
B = —x—— L : (3.2)
> i@l gsullon: + 195 lonill llo) @il l1,ni
19
By, = —mo ! — (3.3)
> i Clldiplloms + | Pillo,millpello) 165 |11,my

In this case, if hy,; > 0 and h,,,; > 0 are chosen as

hni S Bni7
hmj < B,

then by Theorem 1, this implies that ||x — f|l; < é&.

For each source or detector, the algorithm is initiated with a coarse uniform
mesh. Each mesh size parameter h,; (or hy,;) in this mesh is checked against the
corresponding bound B,; (or By ;). Then, each element with mesh size parameter
i (o1 ) larger than the bound B, (or By,;) is refined. With each sweep of re-
finement, the mesh is altered providing spatially varying resolution over the domain.
The process is iterated until the mesh size parameter h,; (or h,,;) for each element is
less than the corresponding bound B, (or B;},;). In other words, the tolerance error
bound &y is uniformly distributed over all finite elements. Note that B,; (or B;,;) is
computed for a given set of meshes {A’ i =1,---,Ng} (or {A%,j =1,---  Np})
and the associated number of elements is N4 (or NX') in each of these meshes.

We further present an alternative approach based on a different constraint.
Rather than starting with a predetermined error bound as the constraint, we in-

stead limit the total number of discretization points which determines the size of
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the discretized forward problem. This approach is particularly useful when an error
bound can not be determined in advance and the computational resources are lim-
ited. In this approach, we neglect the factor multiplying the summation terms in
(2.53), and define two error indicators for the n*™™ and m™ elements in the forward

problem meshes associated with i*" source and ;' detector, respectively:

Np

ein) = ) (2lgn
j=1
Ng

eptm) = Y @ldittlloms + Illollillsomi) 195 IlLmstms- (3.5)

i=1

0mi + [ l]0l1 g5 loo,ni) [|@ill 1 miFoni, (3.4)

Similar to the first approach, the adaptive mesh generation algorithm is initi-
ated with a coarse uniform mesh. With each sweep of refinement and for each source
(or detector), we compute %(n) (or 5}(m)) on every finite element and compute the
average value & (or &) of them. Every element with ¢%(n) > & (or &}(m) > &})
is refined so that the new £(n) (or €}(m)) value for that element will decrease. In
this case, the resulting mesh provides spatially varying resolution over the domain
and the discretization error is more uniformly distributed over all finite elements
than the last refinement iteration. The algorithm is stopped when the number of
discretization points reaches the allowable limit. This approach is further described
in Algorithm 1 by pseudocode.

Finally, we note that the practical implementations of both approaches require

*
mj)

several adjustments, because By, B,;, €5(n), and 5§(m) can not be computed ex-
actly due to the unknown actual values of g7, ¢;, p and C. First of all, e can
be scaled by C to eliminate the unknown constant C'. Second, By, By, 5}(n),
and 5;(m) can be estimated by using the analytical solutions for g7, ¢; on a un-
bounded domain (see Appendix F) and the approximation of p based on some a
priori information [60]. Alternatively, these functions can also be estimated using
the finite-dimensional solutions G7, ®; and pP from the most recent iteration of

image reconstruction.
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Algorithm 1 The pseudocode of the the adaptive mesh generation algorithm for
the forward problem in the noise-free situation.

¢ Generate an initial uniform mesh: '
(AN, A = U2 (A} (A9, NF), A% = Up2 {An})

o Set the maximum number of nodes N/

while Number of nodes in A (A*) less than N}
for each element A, € A’ with mesh parameter hy,; (A, € A% with h,,;)
if first linearization
. Use analytical solutions for ¢; and g; and a prior: information
about  to compute £4(n) in (3.4) (5;(m) in (3.5))
else
. Use current solution updates ®;, G% and p” to compute %(n) in
(3.4) (£}(m) in (3.5))
end
. Compute Eﬁc (&)
- Refine the elements with ‘glj‘c(n) > & (5§(m) > Eﬁc)
. Update the mesh A" (A*)
end
o Solve for ®; (G7)

3.3 Adaptive Mesh Generation for Inverse Problem

For the inverse problem discretization, our goal is to minimize ||i—u|1, whose
upper bound is given in (2.54). We adopt a similar approach for the inverse problem
mesh generation algorithm as outlined for the forward problem previously. First,
we present an algorithm for adaptive mesh generation using a predetermined error
tolerance to be distributed over the whole domain. Then, we discuss the practical
approach limiting the number of discretization points.

Let &; be the predetermined allowable upper bound of the error in the recon-
structed image due to the Galerkin projection of (2.42). We aim to distribute this

error bound evenly over all elements in the domain. Let

L min()\l, )\2) ~
g = NS £ (3.6)
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and

Ns,Np

Mﬂi=I%ﬂWﬁNo§jWﬁ@Mmmu+Ame, (3.7)
iy

b(t) = Aellll2s, (3.8)

such that Theorem 2 can be rewritten as follows:

i — 5P < ﬁz [a(t)h2 + b(t)hr] (3.9)

Next, we define the parameter B; as follows:

5 () + /b(1)? + da(t)e;
i 2a(t) '

(3.10)

Then for 0 < hy < By , by (3.9) and (3.6), we have

CNa
min(Ap, Az)

17— 1Pl < € < &
We note that the adaptive mesh generation using this approach for the inverse
problem remains the same as the one we outlined for the forward problem: starting
from a coarse uniform mesh, every element in the mesh is refined until its size
parameter satisfies hy < B;.

The second more practical approach limits the number of discretization points
in the adaptive mesh rather than relying on a predetermined error tolerance. As
in the previous section, this algorithm uses an error indicator computed after each

sweep of refinement on every finite element:
gi(t) == a(t)hi + b(t)hy, (3.11)

where a(t) and b(t) are defined in (3.7) and (3.8), respectively. Given an initial coarse
uniform mesh, we compute ¢; for each element with parameter h; and compute
the average value ; of them. Next, we refine those elements with ¢;(¢t) > &;, so

that €; computed on the new element becomes smaller. The algorithm has to be
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stopped before the total number of discretization points exceeds the allowable limit.
Computing B; or g; requires knowledge of . In this respect, we can either estimate
11 using a priori information, or use the most recent updates of the inverse problem
solutions p” as an approximation. The pseudocode for this algorithm is outlined in

Algorithm 2.

Algorithm 2 The pseudocode of the the adaptive mesh generation algorithm for
the inverse problem in the noise-free situation.

o Generate an initial uniform mesh: (A,Na), A = 4 {A}
o Set the maximum number of nodes N!
while Number of nodes N less than N!
for each element A; € A with mesh size parameter h;
if first linearization
. Use current solution updates ®; and G} and a priori information
about g to compute ¢;(t) in (3.11)
else
- Use current solution updates ®; and G} and pP to compute g(t) in
(3.11)
end
. Compute g;
. Refine the elements with ¢;(t) > g;
. Update the mesh A
end
o Solve for pP.

3.4 A Comparison to the Conventional Techniques

There are various a priort error bounds developed in particular to estimate
discretization error in the numerical solutions of PDEs (see [67] for a survey on error
estimation procedures). These error bounds are in general adopted for adaptive
mesh generation in inverse problems. One commonly used is the interpolation error
bound [79,94,96], which depends on the smoothness of the solution, the mesh size,
and the basis function (first-order Lagrangian basis function in our case) used for

approximation:

e = el < Clipllzh, (3.12)
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where 77 is the interpolant of i, and C' is a constant similar as those in (2.53)
and (2.54). Adoption of such error bounds for adaptive mesh generation in imag-
ing problems overlooks the intrinsic mechanisms in the problem, such as the un-
derlying forward problem, the source-detector configuration, the location of the
fluorophore concentration with respect to the sources and detectors, and the regu-
larization parameters in the inverse problem formulation. On the other hand, the
error bound (2.54) in Theorem 2, takes into account these factors in addition to the
smoothness of the inverse problem solution, the mesh size and the approximation
basis function. In the following discussion, we compare the a priori interpolation
error bound with our error bound (2.54) when they are used to assess the potential
error in the reconstructed optical images, resulting from the discretization of the
inverse FDOT problem.

Consider the discretization of the inverse problem (2.42) on a finite-dimensional
subspace V(§2) C H'(2) spanned by a set of linear finite elements {Q, ¢t = 1,..., Na}
such that UiVA Q, = Q. The vertices of {Q,t =1,...,Na} are at {r,,p=1,...,N}
and h; is the diameter of the smallest ball that contains the t** element ;. Further
assume that, the following constraint is satisfied for the a priori interpolation error

bound on the linear finite element €2; of the mesh for t =1, ..., Na:

Cllallzehe < e, (3.13)
so that
Na
17 = Pl < C Y |lEllaghe < Nae. (3.14)

t=1

In other words, if the mesh used in discretizing the inverse problem (2.42) is gener-
ated with every element subject to (3.13) which is based on the conventional error
bound, then the upper bound on the H'(Q) norm of the error i — u” is expected
not to exceed Nae.

In the following, we show how a constraint on the conventional error bound as
given in (3.13) leads to a bound on ||z — u”||; that is higher than expected, when the

parameters specific to optical imaging (such as the forward problem solution, the



44

source-detector configuration, the inverse problem formulation) as noted in Theorem
2 are taken into account. We note that such a higher error bound may indicate a
relatively higher error in the reconstructed optical image p”.

Substituting the constraint (3.13) into the bound (2.54) in Theorem 2, we
obtain a new upper bound © for ||z — u”||; and a lower bound on © can be given

as (see Appendix G):

. Ns,Np
. max; ; HG](I)1H0 X
> *D.
© > Nae 1+mt1nht+ W min E |G ®illo,+Pe

2y

> Nae. (3.15)

Depending on the choices of A\; and \;, the last term in brackets can dominate the
lower bound on O, or can be neglected. In either case, the lower bound in (3.15)
implies that the mesh generation based on the conventional error bound indicates
an increase in the error bound with respect to the expected bound of Nae, which

may result in error in the reconstructed optical image higher than intended for.

3.5 Adaptive Mesh Generation for A Toy Problem

In this section, we demonstrate the mesh refinement process of our algorithms
with a simple example. We consider a two-dimensional bounded domain discretized
by an initial uniform mesh with 16 nodes and 18 elements as shown in Figure 3.1(a).
The sources and detectors are indicated by the solid triangles and squares, respec-
tively. Using the adaptive mesh generation algorithm described in Algorithm 1,
we want to generate an adaptive mesh with triangular finite elements to solve the
boundary value problem for a point source located at (—2.5, —3). We constrain the
number of nodes in the final mesh not to exceed 32, which represents the computa-
tional resources available at hand.

We assume that we do not have the finite element solutions of the forward
problem: ®;, 7 =1,---,Ng, and G}, j = 1,--- , Np. Thus, we use the analytical

solution of the diffusion equation on an unbounded domain to approximate ¢; and
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(a) The initial uniform mesh with 16 nodes
and 18 elements.
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(b) The adaptive mesh with 21 nodes and 28

elements after first refinement.
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(¢) The adaptive mesh with 30 nodes and 45
elements after second refinement.

(d) The a priori image model for .

Figure 3.1: The adaptive mesh generation for a point source located at
(—2.5,—3) with a priori fluorophore concentration image shown in the
last figure. The error indicator values computed for each element based
on (3.4) are shown inside each element.

g;j, and use an a priori image model given by

p(z,y) = poe™ 8" 4 0.001, (3.16)

where gy = 0.005cm ™!, to approximate p (shown in Figure 3.1(d)). Note that this
a priori image model is a two-dimensional Gaussian function centered at (0,0). We
compute the error indicators (3.4) on each of the 18 elements in the initial uniform
mesh. In Figure 3.1(a), the computed error indicator values are shown inside the

corresponding finite elements. The elements with error indicator computed higher
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than the average are selected for refinement. Using Rivara’s algorithm [97], the
adaptive refinement results in a mesh with 21 nodes and 28 elements as shown in
Figure 3.1(b). We notice that the refinement occurs around the source at (—2.5, —3)
and around the detectors which are relatively close to that source. The error indi-
cators are re-computed on the refined mesh, which are shown inside the elements
in Figure 3.1(b). Note that the newly computed values are lower as compared to
the previously computed ones where the elements are refined. After the next re-
finement, we see that the mesh is refined around the source, the closest detectors,
and the fluorophore heterogeneity (see Figure 3.1(c)). At this point, the number of
nodes reaches to 30, and the refinement is terminated since the number of nodes

exceeds the limit if one more refinement is performed.

3.6 Computational Complexity

In this section, we briefly discuss the computational complexity of the adaptive
mesh generation algorithms described in the previous sections. We first start with
the algorithm for the forward problem, which is followed by the algorithm for the
inverse problem.

Using first-order Lagrange basis functions and an analytical (exact) integra-
tion on each finite element, we assume the number of multiplications required to
compute the L? or H! norm of a finite-dimensional function on each element is of
O(1) complexity [60]. Then the computational complexity of computing (3.4) is
O(Np) for each element. For all elements in the mesh, the computational complex-
ity becomes O(N4Np). Similarly, one can obtain the computational complexity
of O(N¥ Ng) for computing the error indicator (3.5). It is possible to reduce the
computational complexities by making the following approximations on the error

indicators (3.4) and (3.5):

ND ND
erm) ~ (20D gl Hllullo D 19 lloomi | N0illnifin, (3.17)
j=1 0,ne J=1

<L

2
e
N}

Ng
+lllo D N billooms | 195 nmshm-— (3:18)
i i=1

0,mj

Ng
Z Gift
i=1
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Then, the computational complexity for each mesh refinement sweep using (3.17)
or (3.18) reduces to O(N4) or O(NY), respectively.

Next, we discuss the computational complexity of our algorithm for the in-
verse problem. Based on the same arguments, the computational complexity of
computing (3.11) is O(NgNp) for each element. For all elements in the mesh, the
computational complexity becomes O(NaNgNp). Similarly, it is possible to reduce

the complexity by making the following approximation on the error indicator (3.11):

Ns,Np

Y G

1,J

illoe + Aullpellzg | 2+ Aallpillz.ehe.
0,t

git) =~ max 1G5 Pillo

(3.19)

Then the computational complexity for each sweep of the mesh refinement us-
ing (3.19) reduces to O(Na). Note that, for conventional method, the computa-
tional complexity for one sweep of the mesh refinement is always O(N4), O(NY)
or O(Np). Although it generally requires less computational resources to compute
the conventional error bounds, the resulting meshes may not be as effective as the
adaptive meshes generated based on our error bounds in reducing the discretization

error in the reconstructed optical images.

3.7 Numerical Simulation

To demonstrate the improvements in the reconstructed image quality by using
the adaptive FEM with our new adaptive mesh generation algorithms, we performed
a series of numerical simulation studies. Specifically, we evaluated the quality of the
reconstructed images in terms of reconstruction accuracy, small target detectability,
and resolution as well as convergence, and compared our results with those of the

uniform and conventional adaptive meshing schemes.

3.7.1 Simulation Setup
We considered the three-dimensional bounded domain shown in Figure 3.2(a)
in our numerical experiments. The spherical heterogeneity with radius r in the fig-

ure denotes the concentration of the fluorophore with constant absorption coefficient
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(a) The optical domain and source-detector configura-
tion for Simulation Study 1.
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(b) The optical domain and source-detector configura-
tion for Simulation Study 2. The radius of the sphere
is 2 mm.

Figure 3.2: The simulation setups used in Simulation Studies 1 and 2.
The squares and triangles denote the detectors and sources, respectively.

Hazr and quantum efficiency n = 0.05, embedded in an optically homogeneous back-
ground with fleze = flame = 0.05 cm™! at both excitation and emission wavelengths.
We set the diffusion coefficient D(r) = 0.0410 for » € Q U 09, the refractive index
mismatch parameter p = 3 for the boundary, and placed 25 sources and 25 detectors
evenly at the bottom and top surfaces of the domain. Using the parameters above,
we simulated the fluorescence data by solving the coupled diffusion equations (2.5)
and (2.6) with their corresponding boundary conditions (2.7) and (2.8) on a fine
uniform grid with 81x81x41 nodes.

In Simulation Study 1, we considered the geometry shown in Figure 3.2(a).
We set fiazr = 0.015 cm™ and simulated 5 different data sets corresponding to 5 dif-

ferent values of the radius r: 1, 2, 3, 4, and 5 mm, respectively. By varying the size
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of the fluorophore heterogeneity, we demonstrated how our adaptive mesh genera-
tion algorithms can improve the reconstruction accuracy as well as the small target
detectability of the imaging system in comparison with uniform and conventional
adaptive meshing schemes.

In Simulation Study 2, we considered the geometry shown in Figure 3.2(b),

and set gy = 0.015 cm™!

, 7 = 2 mm for both fluorophore heterogeneities inside
the imaging domain. We assumed that the center of the domain is positioned at
(0,0,0) and placed two heterogeneities on the y-axis with equal distances to the
origin. We simulated 5 different data sets corresponding to 5 different distances, d,
between the two heterogeneities, i.e., d = 0.5,0.75,1.0,1.25, 1.5 cm. By changing the
distance between two fluorophore heterogeneities, we compared the accuracy as well
as the resolution of the images reconstructed by using our adaptive mesh generation
algorithms as well as the uniform and conventional adaptive meshing schemes.

In the image reconstruction, we chose the regularization parameters in our in-
verse problem formulation as small as possible, yet large enough to enable a robust
image reconstruction. In this respect, the appropriate values for the regularization
parameters were empirically selected as Ay = 1 x 107% and Ay = 1 x 1078 for both
Simulation Studies 1 and 2. We performed our simulation studies using deal.Il FEM
C++ library [98], and used hexahedral finite elements with trilinear Lagrange ba-
sis functions to discretize both forward and inverse problems. Note that we used
the Gaussian quadrature method to evaluate the integrals in the variational prob-
lems (2.34), (2.35) and (2.49) [99]. While solving the forward (or inverse) problem,
we evaluated the value of the inverse (forward) problem solution at the Gaussian

quadrature points associated with the forward (inverse) problem mesh.

3.7.2 Mesh Generation

We used three different types of coarse meshes: Uniform mesh, the adaptive
mesh generated based on the conventional error bounds (2.40), (2.41), and (3.13),
and the adaptive mesh generated by our algorithms based on Theorems 1 and 2, to
discretize the forward and inverse problems. For the forward problem, the number of

nodes for the coarse mesh ranged from 7,000 to 9,000; and for the inverse problem, it
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y

(a) The coarse uniform mesh with 8,125 nodes (b) The coarse uniform mesh with 2,601
used to discretize the forward problem. nodes used to discretize the inverse problem.

(c¢) The adaptive mesh with 8,141 nodes gen- (d) The adaptive mesh with 2,583 nodes gen-
erated for the forward problem for the de- erated for the inverse problem in Simulation
tector located at (-2.0,-2.0,1.5) in Simulation Study 1, Case 5, with g, = 0.015 cm™?,
Study 1, Case 5, with p,r = 0.015 cm™', 7 =5 mm.

r =5 mm.

y

(e) The conventional adaptive mesh with (f) The conventional adaptive mesh with
8,756 nodes generated for the forward prob- 2,691 nodes generated for the inverse problem
lem for the detector located at (-2.0,-2.0,1.5) in Simulation Study 1, Case 5, with .y =
in Simulation Study 1, Case 5, with y,r = 0.015 cm™!, r =5 mm.

0.015 cm™!, r = 5 mm.

Figure 3.3: Examples of the meshes used in Simulation Studies 1 and 2.
The mesh is cut through to show the mesh structure inside.
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ranged from 2,000 to 3,000. For performance evaluation, we considered five different

image reconstruction scenarios corresponding to five different meshing schemes:

1. We used the coarse uniform mesh shown in Figure 3.3(a) to discretize the for-
ward problem and the coarse uniform mesh shown in Figure 3.3(b) to discretize

the inverse problem. We denote the resulting image by u5;;.

2. We used the adaptive meshes generated by Algorithm 1 (see Figure 3.3(c))
to discretize the forward problem and the coarse uniform mesh shown in Fig-

ure 3.3(b) to discretize the inverse problem. We denote the resulting image

by uhy.

3. We used the adaptive meshes generated by Algorithm 1 (see Figure 3.3(c)) to
discretize the forward problem and the adaptive mesh generated by Algorithm
2 (see Figure 3.3(d)) to discretize the inverse problem. We denote the resulting

image by uf ,.

4. We used the adaptive meshes generated based on the conventional error bounds
given in (2.41) and (2.40) (see Figure 3.3(e)) to discretized the forward problem
and the coarse uniform mesh shown in Figure 3.3(b) to discretize the inverse

problem. We denote the resulting image by &,

5. We used the adaptive meshes generated based on the conventional error bounds
given in (2.41), (2.40) and (3.13) to discretized the forward and inverse prob-
lems (see Figure 3.3(f)). We denote the resulting image by pZ, .

The coarse uniform mesh used for solving the forward problem shown in Fig-
ure 3.3(a) has 25x25x13 nodes and the uniform mesh used for solving the inverse
problem shown in Figure 3.3(b) has 17x17x9 nodes. For adaptive meshes, we first
generated the meshes for the forward and inverse problems using Algorithms 1 and
2 described in Sections 3.2 and 3.3. Then, we generated the conventional adaptive
meshes for the forward and inverse problems based on the error bounds (2.41), (2.40)
and (3.13).

Figures 3.3(c) and 3.3(e) show examples of our adaptive mesh and the conven-

tional adaptive mesh for the detector located at (—2.0, —2.0,1.5). We observe that
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our algorithm refined the mesh around the designated detector at (—2.0, —2.0, 1.5),
and fluorophore heterogeneity, as well as some sources close to this detector on the
opposite side of the domain. However, the conventional method only refined the
mesh based on the forward problem solution associated with that detector. Fig-
ures 3.3(d) and 3.3(f) show examples of our adaptive mesh and the conventional

Land r = 1 mm.

adaptive mesh for the inverse problem when jio,y = 0.015 cm™
We observe that the conventional method refined the mesh only based on the fluo-
rophore concentration. Our algorithm, on the other hand, performed the refinement
based on the fluorophore concentration as well as the position of the fluorophore
heterogeneity with respect to the sources and detectors.

In the following sections, we discuss the simulation results and compare our
adaptive mesh generation algorithms with the uniform and conventional meshing
schemes in terms of reconstruction accuracy, small target detectability, and resolu-

tion, as well as convergence rate of the discretized inverse problem solution to the

exact inverse problem solution.

3.7.3 Simulation Results
3.7.3.1 Reconstruction Accuracy

To evaluate the reconstruction accuracy, we used a fine uniform mesh with
61x61x31 nodes to discretize the forward problem (2.5), (2.8) and the inverse prob-
lem (2.33). We assumed that the error due to discretization in the resulting image,
denoted by p, is negligible with respect to the images reconstructed using the coarse
meshes, and we used this image as a baseline for comparison. For both Simulation
Studies 1 and 2, we summarized the H'(Q) norm of the error in the reconstructed
images with respect to the baseline image in Tables 3.1 and 3.2. Additionally, we
tabulated the percentage of error as compared to the error in the image recon-
structed by using the coarse uniform meshes for the forward and inverse problems.
In Tables 3.1 and 3.2, the upper row in each quantity is the absolute error value,
and the lower row in each quantity is the percentage of error.

The results show that the error in the images reconstructed by using the uni-

form meshes for both forward and inverse problems is significantly reduced when the
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Table 3.1: H'(Q) norms of the errors due to discretization in the images
reconstructed by using different meshes in Simulation Study 1.
Case 1 Case2 Case3d Cased Casebd
r (mm) 1 2 3 4 5
5 . 2.315 3.006  5.627 6913  8.632
=gl <107 600 100%  100%  100%  100%
b . 1417 2340 3.322 3978 4.810
= pawlle (X1072) o100 50.01%  59.03%  57.54%  55.72%
5 . 0.930 1826 2.852 3611  4.483
= pZalle L0720 00790 46.75%  50.69%  52.24%  51.93%
b .. 2635 4184 5550 6.259  7.656
= meavlle (X107°) 196100 107.12%  08.63% 90.54%  88.69%
5 .. 2525 4076 5390 50997  7.338
= meaale K107°) 100 00%  104.34%  95.78%  86.75%  85.01%

adaptive meshes generated by our algorithms are used. We note that the adaptive
meshes generated by our algorithms reduces the error up to around 60% when the
radius of heterogeneity is close to 1 mm. Although the error increases as the size
of heterogeneity increases, the total error reduction provided by our algorithms is
roughly around 50%. On the other hand, the conventional adaptive meshes even
increases the error by roughly 5% when the size of the heterogeneity is small, and
provides only about 15% error reduction when the radius of the heterogeneity in-

creases to 5 mm.

3.7.3.2 Detectability

The reconstructed image of a point-like heterogeneity can be viewed as a point
spread function of the reconstruction algorithm. To evaluate the detectability of
small heterogeneities in reconstructed images using different mesh types, we consider
the “peak-to-sidelobe ratio” and the Full-Width-at-Half-Maximum (FWHM) of the
point spread function.

To capture peak-to-sidelobe ratio as a figure of merit, we define the Signal-to-
Background-Ratio (SBR) as the ratio of the magnitude of the image at the target

location to the magnitude of surrounding background volume. More specifically, we
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Table 3.2: H'(Q) norms of the errors due to discretization in the images
reconstructed by using different meshes in Simulation Study 2.
Case 1 Case 2 Case 3 Case 4 Case 5
d (cm) 0.5 0.75 1.0 1.25 1.5
5 . 4392 4655  4.512 4.670 4733
= ppole 107°) 0000 100%  100%  100%  100%
b . 2.647  2.768 2.756 2.840 2.910
= plls (X107°) 6y o700 50.46%  61.00%  60.82%  61.48%
5 . 1.990 2.092 2077  2.142 2.147
= palle (K100 yosior 44.05%  46.03%  45.87%  45.36%
5 . 4746 4979 4804  4.988 5.071
I = meavlls (X107°) 08 06%  106.95% 106.48% 106.80% 107.17%
b Lo 4577 4.821 4.660 4.866 4.947
I = meaalle <107°) 00 9000 103.57%  103.20%  104.19%  104.53%

define Diia
(2122 0/ Vrr)

(16PN Z2 )/ Vas)

where Qp and Q2 denote the target and background regions, Vg, and Vg, denote

SBR[1”] = 201log,, (3.20)

the corresponding volumes.

We computed the FWHM for the cross-sections of the reconstructed images
along the x- and y-axis since the FWHM for the cross-section along the z-axis is
expected to be poor due to the geometry of the source-detector distribution. For
each cross-section, we computed the distance between the two points corresponding
to the half of the maximum fluorophore concentration. The overall FWHM of the
image was determined by the average of the FWHMSs along the x- and y-axis.

In Simulation Study 1, we summarized the SBR and FWHM of the recon-
structed images in Tables 3.3 and 3.4. The results show that the images recon-
structed using our adaptive mesh generation algorithms have higher SBR and lower
FWHM than the those reconstructed using the uniform and conventional meshing
schemes.

Figure 3.4 shows the cross-sections of the reconstructed images on z = 0
plane for the fluorophore heterogeneity with 1 mm radius. The cross-section of
the baseline image, p, which was used to compute the error values in Table 3.1, is

shown in Figure 3.4(a). Figures 3.4(b), 3.4(c) and 3.4(e) show the cross-sections of
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Table 3.3: SBR of the images reconstructed by using different meshes in
Simulation Study 1.

Casel Case2 Case3 Case4d Caseb
r (mm) 1 2 3 4 5

p (dB) 31.18  37.27 4230 47.06  50.07
pBy (dB) 1732 2312 2853 3297  36.84
ply (dB)  25.70  31.06  37.76  42.15  45.13
pl, (dB)  27.05 3227  39.64 44.06  46.41

Pl (AB) 1534 2217 2991 35.09  40.55
(dB) 1689 2375 3089 3554 4195

Table 3.4: FWHM of the images reconstructed by using different meshes
in Simulation Study 1.
Case 1 Case2 Case3d Cased4 Caseb
) 1 2 3 4 5
p (mm) 6.04 8.75 10.98  12.30 13.71
D (mm) 7.82 9.32 12.84 13.16  14.72
(g (mm) 6.66 8.81 11.34 12,79  14.04
(mm)

6.54 877 1127 1275  13.95
pl, (mm) 846 1129 1179  13.12  14.63
g2, (mm) 856 1125 1174  13.05  13.99

the images py;, ply, and B, reconstructed when the coarse uniform mesh was
used in solving the inverse problem. We see that the concentration of fluorophore
heterogeneity was reconstructed in a pyramid shape in all images. Since in this
case the actual size of the fluorophore heterogeneity is smaller than the element
size (3.75 mm for each edge), the coarse uniform mesh was not able to resolve
the actual shape of the fluorophore heterogeneity. Figures 3.4(d) and 3.4(f) show
the images of pf, and pZ,,, reconstructed using the adaptive meshes for both
forward and inverse problems. Since both our adaptive mesh generation algorithm
and the conventional method adaptively refined the inverse problem mesh around
the fluorophore heterogeneity, its shape was better resolved than that in u;;, u%;;,
and pZ ;. Furthermore, comparing all the images reconstructed using the coarse
meshes, we observe that the cross-sections of u&; and pf, have the largest SBR

and the smallest FWHM as compared to the other images, which is consistent with
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the results in Table 3.3.

Figure 3.5(a) shows the reconstructed images of u, ufy, p4, and pZ,, along
the y-axis. The solid line in Figure 3.5(a) shows the baseline image p which is
assumed to have no or negligible error. We observe that the image ;% , is the closest
one to p among all three reconstructed images. In particular, we observe that this
image has higher response at the center of the fluorophore heterogeneity and lower
sidelobe magnitude at the background region, as compared to those reconstructed
by using the conventional adaptive meshes and uniform meshes. The results in this
part of the simulation study indicate that our adaptive mesh generation algorithms
can effectively improve the detectability of small targets as compared to the other

meshing schemes.

3.7.3.3 Resolution

To quantify the resolvability of two closely spaced heterogeneities in the recon-
structed images, we define a figure of merit which we referred to as Peak-to-Valley-
Ratio (PVR). PVR is the ratio between the average reconstructed concentration of
the fluorophore at the two peak values corresponding to the true fluorophore loca-
tions and that at the lowest value between the two peaks. We summarized the PVR
of the reconstructed images in Table 3.5.

We observe that the two fluorophore heterogeneities are not distinguishable
even in the baseline images, when they are closer than 1 cm apart. We note that this
is due to the physical limitations of the photon propagation based on the parame-
ters used in our simulations. We further note that, when the conventional adaptive
meshes are used, the two fluorophore concentrations become distinguishable in the
reconstructed images only if the distance between them is at least 1.25 cm. On
the other hand, this distance is 1 cm for images reconstructed using our adaptive
meshes and the uniform meshes. Among the images, in which the two fluorophore
heterogeneities are distinguishable, the quantitative results show that those recon-
structed using our adaptive meshes have higher PVR than those reconstructed by
using the uniform and conventional adaptive meshes.

In Figure 3.6, we present the cross-sections of the reconstructed images on
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(a) The baseline image. (b) The image reconstructed using the uni-
form meshes for both forward and inverse
problems.

2=0 %107 2=0

(¢) The image reconstructed using our adap- (d) The image reconstructed using our adap-
tive mesh and the uniform mesh for forward tive mesh for both forward and inverse prob-
and inverse problems respectively. lems.

2=0 x10°~ 2=0

(e) The image reconstructed using the con- (f) The image reconstructed using the con-
ventional adaptive mesh and the uniform ventional adaptive mesh for both forward and

mesh for forward and inverse problems respec- inverse problems.
tively.

Figure 3.4: The reconstruction results of Simulation Study 1, Case 1, on
plane z = 0, with pg,; = 0.015cm™!, » = lmm.
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(b) The reconstructed images along the y-axis, in Sim-
ulation 2, Case 3, with fi,¢ = 0.015cm™!, r = 2mm,
d = lcm,

Figure 3.5: The reconstructed images p, u?;;, p4, and p2,, along the
y-axis in Simulation Study 1, Case 1 and Simulation Study 2, Case 3.
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Table 3.5: PVR of the images reconstructed by using different meshes
in Simulation Study 2.
Case 1 Case2 Case3d Case4d Caseb

d(cm) 05 075 1 125 15
7 - - 1227  1.957 3.638
12, - - 1.071  1.617  3.021
1 - - 1.136  1.818  3.529
ul - - 1136 1.819  3.533
ul - - - 1175 1.723
1l - - - 1.184  1.730

z = 0 plane when the distance between the two fluorophore heterogeneities is 1
cm. Figure 3.6(a) shows the cross-section of the baseline image p, where the two
fluorophore heterogeneities are clearly distinguishable. In Figures 3.6(b), 3.6(c)
and 3.6(d), we can also clearly see the two peaks of the fluorophore concentration,
while in the cross-sections of pZ,; and pZ,, shown in Figures 3.6(e) and 3.6(f),
these two peaks appear merged together.

For a close examination, in Figure 3.5(b), we also present the reconstructed
images along the y-axis on z = 0 plane. The cross-section of uZ ,, reveals that the
conventional adaptive meshing method fails to produce an image that can resolve
the two distinct fluorophore heterogeneities (see dashed line in Figure 3.5(b)). On
the other hand, uf, reconstructed by using the adaptive meshes generated by our
algorithms, shows two distinguishable peaks of the fluorophore concentration with
higher PVR than that of u7;;. The results in this part of the simulation study
indicates that our adaptive mesh generation algorithms can effectively improve the

resolution of the reconstructed images as compared to other meshing schemes.

3.7.3.4 Convergence Rate

To study the convergence of the discretized inverse problem solution to the
exact inverse problem solution when different types of meshes are used in FDOT
reconstruction, we solved both forward and inverse problems on a series of meshes
with gradually increasing discretization levels in each reconstruction scenario. Note

that, for each discretization level, the mesh for the forward problem is always slightly
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(a) The baseline image. (b) The image reconstructed using the uni-
form meshes for both forward and inverse
problems.

2=0 %107 2=0

(¢) The image reconstructed using our adap- (d) The image reconstructed using our adap-
tive mesh and the uniform mesh for forward tive mesh for both forward and inverse prob-
and inverse problems respectively. lems.

2=0 x107 2=0

(e) The image reconstructed using the con- (f) The image reconstructed using the con-
ventional adaptive mesh and the uniform ventional adaptive mesh for both forward and

mesh for forward and inverse problems respec- inverse problems.
tively.

Figure 3.6: The reconstruction results of Simulation Study 2, Case 3, on
plane z = 0, with pg,; = 0.015cm™!, =2 mm, d = 1 cm.
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(b) The change in percent H!(€2) norm of error versus the num-
ber of nodes used in the inverse problem mesh in Simulation 2,
Case 3, with fleer = 0.015cm™ !, r = 2mm, d = lcm,

Figure 3.7: The change in percent H'({)) norm of error versus the number
of nodes used in the inverse problem mesh in Simulation Study 1, Case
1 and Simulation Study 2, Case 3. The horizontal dash line indicates the
5% error level between each mesh refinement.
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higher than the mesh for the inverse problem (there are more nodes in the mesh for
the forward problem than in the mesh for the inverse problem). At the same time, we
calculated the H'(2) norm of the difference between the two images reconstructed
on two consecutive discretization levels, and normalized it with the H'(€2) norm of
the image reconstructed on the lower discretization level. We refer to this as the
percentage error between the mesh refinement. Clearly, this error is bounded by the
sum of the percentage error due to discretization in these two images, therefore it
decreases as the discretization level increases. We note that this error, which reflects
the gain of the image reconstruction accuracy that can be obtained by a further
mesh refinement, can be used as an indicator for the error due to discretization in
the reconstructed image.

Figure 3.7 shows the change in the H'(2) norm of error versus the number
of nodes used in the inverse problem mesh generated by different adaptive mesh
generation algorithms for Simulation Study 1, Case 1 and Simulation Study 2, Case
3. The z-axis represents the number of nodes in the inverse mesh, and the y-axis
represents the error. Note that both quantities are in logarithmic scale. We observe
that our adaptive mesh generation algorithms have the fastest convergence rate as
compared to the conventional and uniform meshing schemes. The horizontal dash
lines in Figure 3.7 represent the 5% error between each mesh refinement. When
the convergence curves fall below those 5% error lines, the further increased dis-
cretization level will reduce the error less than 5% of the total H'(€) norm of the
reconstructed image, and we consider that discretization level is high enough to ob-
tain an relatively accurate image. Figure 3.7 shows that, to achieve this accuracy
level, one needs to use the uniform mesh with over 30,000 nodes and the conven-
tional adaptive mesh with over 6,000 nodes for the inverse problem. On the other

hand, it only requires roughly 3,500 nodes in the mesh generated by our algorithm.

3.8 Conclusion

Based on the two error bounds derived in the previous chapter, we developed
novel adaptive mesh generation algorithms for the forward and inverse problems of

FDOT. These adaptive mesh generation algorithms aim to reduce the error due to
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discretization in the reconstructed optical images while constraining the number of
discretization points in the discretized problems. The key feature that distinguishes
our algorithms from the existing conventional adaptive meshing method is that
our algorithms take into account the interdependence of FDOT forward and inverse
problems. This implies that the solution of one problem will affect the discretization
of the other problem in our algorithms. On the other hand, the conventional method
always independently discretizes these two problems. In addition, we analytically
showed that the conventional adaptive meshing method relying on the interpolation
error bounds may lead to higher error in the reconstructed images than expected.

We illustrated the mesh refinement process of our adaptive mesh generation
algorithms using a toy problem and also briefly discussed the computational com-
plexities. We showed that, by using the appropriate approximations, the complexi-
ties of our algorithms can be reduced from O(NiNp) and O(NANs) to O(Ni) and
O(NY) for the forward problem, and reduced from O(NaNgNp) to O(Na) for the
inverse problem. In this case, the computational complexities of our algorithms are
equal to that of the conventional method.

Finally, our simulation studies showed that using the adaptive meshes gen-
erated by the conventional method may lead to higher errors in the reconstructed
images, especially when the fluorophore heterogeneity is small. As compared to the
uniform and conventional methods, given a limited number of discretization points
in the discretized forward and inverse problems; our algorithms can significantly im-
prove the accuracy of the reconstructed image in terms of the reduced discretization

error, improved small target detectability, image resolution, and convergence rate.



CHAPTER 4
EFFECT OF DISCRETIZATION IN FDOT IN THE

PRESENCE OF MEASUREMENT NOISE

4.1 Introduction

In Chapter 2, we analyzed the effect of forward and inverse problem discretiza-
tions on the accuracy of FDOT reconstruction under the assumption that the mea-
surements are noise-free. This assumption simplifies the error analysis and the
development of the adaptive mesh generation algorithms for FDOT. However the
important aspects of our results can also be extended to a more general measure-
ment model with noise involved. In this chapter, we consider the measurements
contaminated with additive noise and analyze the discretization error in this situa-
tion. We still focus on the estimation of the fluorophore concentration using the CW
method, model the forward problem by a pair of coupled diffusion equations, and
solve them by the FEMs. For the inverse problem, we first assume that the noise is
an independent multivariate Gaussian noise and the fluorophore concentration is a
Gaussian random field. Based on these assumptions, we formulate the inverse prob-
lem as an optimization problem in the form of MAP estimator of the fluorophore
concentration at each linearized iteration. We also provide an inverse problem for-
mulation in the form of ML estimator in the case when the a priori information on
fluorophore concentration is not available. Following the approach we presented in
Chapter 2, we transform both optimization problems into variational problems. For
the inverse problem formulated as ML estimator, we regularize it with zero-th order
Tikhonov regularization to address its ill-posedness. Finally, we discretize and solve
these variational problems with the Galerkin projection method.

Since the measurements are contaminated with random noise, both inverse
problem solution as well as error due to discretization are random fields, rather
than the deterministic functions as we considered in the previous chapters. To
quantitatively assess the error due to discretization, we define the MSE between the

exact solution and the discretized solution of the inverse problem, and use this as

64
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the figure of merit to evaluate the accuracy of the FDOT reconstruction. Then we
analyze this MSE and derive new error bounds that present a direct relationship
among the MSE, the forward and inverse problem discretizations, the measurement
noise, and the a priori information on fluorophore concentration. As compared to
the error bounds given in Chapter 2, the new error bounds not only include the
factors identified previously (such as the number of sources and detectors, their
configuration and their positions with respect to the fluorophore heterogeneity),
but also take into account the noise statistics as well as the a prior: information
on fluorophore concentration. Based on these new error bounds, we develop new
adaptive mesh generation algorithms for the FDOT forward and inverse problems

in the next chapter.

4.2 Models for Measurement Noise and Fluorophore Con-

centration

When the measurements are contaminated with additive noise, the measure-

ment model in (2.17) can be extended in a straight forward manner:

I' = Au+e
= F[) + g, (41)
where € = [e11,...,€1.np,E21, - - - ,5NS,ND]T is the noise vector and T'y = Ay is

the vector of ideal noise-free measurements. Without loss of generality, we assume

the components of the noise vector are mutually statistically independent Gaussian

random variables with zero-mean and known variance o2 i = 0, fori=1,...,Ng
and j =1,..., Np. Thus, the covariance matrix of € is given by
T 2 2 2 2 T

EE — dlag ([0-87117 P 70_8,1ND’ 0-8721’ “ e 7U€,NSND] ) B (42)

where diag(-) denotes a diagonal matrix in which the k™ element along the diagonal
is the £*® component of the vector inside the bracket.

We model the fluorophore concentration image as a Gaussian random field and
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assume that it is statically independent of the additive noise. Particularly, we assume
that the fluorophore concentration p has mean py = nugxf, which is the known
background fluorophore concentration when we formulate the Born approximation,
and that p(r) and p(7), r # 7, are mutually statistically independent. Thus, we
define

Elu(r)] = molr), (43)
Covyu(r,#) = Ellu(r) — po(m)][p(F) — po(#)]]
= K(r)d(r —7), (4.4)

where E denotes expectation and x(r) > 0 is the variance of p(r). Note that, in
the (k + 1)™ iteration of the iterative reconstruction, we assume fip,1 has mean fig,

which is the estimate obtained at the k™ iteration.

4.3 Inverse Problem Formulation as MAP estimator

Based on the noise and a prior: fluorophore concentration models, we first
consider the MAP estimator for pu which is given by the following constrained min-

imization problem [100] in Bayesian framework:

0, = min J
i Din map (i)

= in [T (1) + Tpr ()], (4.5)

where we seek a solution i € L*(€) that minimize the functional Jy;4p representing
the posteriori probability of fluorophore concentration. In (4.5), the functional Jr g
corresponds to the likelihood of measurement I' given fluorophore concentration .

Jrg is further given by

Jou(p) = [T—Au]" S [T — Ay
Ng,Np 1 )
= ; E[Fi,j_(/lﬂ)i,j] :
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where
1 1 1 1 ’
-1 .
Yo =diag R S R ,
Oe 11 Oginp, P€21 O¢ NgNp

is also a diagonal matrix. On the other hand, the a prior: model of fluorophore

concentration is incorporated by the functional Jpg given by

1 2
J = —_— h— d .
pr(1t) /Q () [u(r) = po(r)]” dr
Taking the Gateaux derivative of (4.5) with respect to u, and setting it equal

to zero yields:

(A"  Apinrap) (r)+’””#i§r> = (AT (r)+'l?<<:)), (4.6)

where pprap is the solution of the optimization problem (4.5). We further define
BLH : LQ(Q) — LQ(Q) as

(Brup)(r) = (A"Sg Ap)(r)

Ns,Np 1
- /Z 57— (1) ai; (7) p(F) d, (4.7)
Q 55 e
and express (4.6) as follows:
parar(r) (AZE'T) (r) + £ o() (4.8)
€ k(r) '

(Brupmap) (r) + ()

We use the Galerkin method [86] to solve the integral equation defined in (4.8).

Thus, we first define the variational form of (4.8) with a similar bilinear form as we

used in Chapter 2:

Fauar(W,ar) = (0 AZD) +(@,20), we (@), (49)
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where

Faar(bn) = (. Boa) + (@, ). (4.10)

We note that, the bilinear form Fj;4p is bounded and coercive when appropriate
K is chosen (see Appendix C). Then, by Lax-Milgram lemma, a unique solution for

the inverse problem (4.9) exists.

4.4 Inverse Problem Formulation as ML estimator

When the a priori information on the fluorophore concentration is not avail-
able, one can formulate the inverse problem as the ML estimator of fluorophore
concentration with Jpg() = 0 in (4.5). In this respect, the inverse problem is for-
mulated by the following optimization problem where only the log-likelihood func-

tion of the measurement is minimized [101]:

4 = min J
M LeL2(0) rr (1)

Ns,Np 1

=  mi —— (i — (Ap)i ) 4.11
uin Z aé,ij[ 5 — (Ap)ij] (4.11)

),

Similarly, taking the Gateaux derivative of (4.11) with respect to i, we obtain

an integral equation that the solution of the optimization problem g, must satisfy:
(Brupar) (r) = (A'EZ'T) (r),

Since both A and A" are compact, the inverse problem (4.12) is ill-posed. Therefore,

we consider the following regularized form of (4.12):
((Brg + XD)pprr) (r) = (A*Egll“) (r), (4.12)

where Z : L?*(Q) — L*(Q) is an identity operator, and ) is a small positive constant.
Similar to Chapter 2, we assume that \ is appropriately chosen.

Then, the variational form of the ML estimator of fluorophore concentration
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is given by
Fur(,pur) = (0, AZZ'T), Yo € L2(Q), (4.13)

where

Fur(,p) = (¥, Brap) + A, p), (4.14)

(Clearly, the inverse problem formulation of the ML estimator for fluorophore con-

centration is a special case of the MAP estimator when

It also can be shown that the bilinear form F,;;, is bounded and coercive given

A > 0O(see Appendix C), and a unique solution for the inverse problem (4.13) exists.

4.5 Discretization of Inverse Problem

The forward problem discretization remains same as the one we discussed in
Chapter 2. Following the discretization scheme for the forward problem in Chap-
ter 2, we solve them and obtain the finite-dimensional solutions ®; and G7, as well
as the approximated operators Aand A", Then, substituting them into (4.8), we

obtain an approximation B g to Brg defined as

Brp)(r) = (A5 An) (r)

1
- / Y AL Ay (F () i (4.15)
Q 55 e ’

Further, let V(Q) C L?(Q2) denote a finite-dimensional subspace of dimension N,
spanned by the first-order Lagrange basis functions {Ly,k = 1,..., N} which are
associated with the set of points {r,,p = 1,..., N} on Q. Then, we define the
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finite-dimensional counterparts ¥ € V(Q) and uf4p € V(Q) of ¢ and pprap as

U(r) =Y pela(r), (4.16)
parap(r) = kaLk(T‘), (4.17)

where p, and m; are unknown coefficients.
Substituting By with B’LH and replacing ¥ and py4p with ¥ and [L]\D/[AP, we
arrive at the fully discretized inverse problem for the MAP estimator of fluorophore

concentration:
Frrar(Vopifiap) = (0 ASD) +(1,22), w0 e v(Q), (4.18)
where
Farar(bon) = (6, Brap) + (4, 5). (4.19)

Similarly, we can also obtain the fully discretized inverse problem for the ML

estimator of fluorophore concentration:

Fur(U, P ) = (U, ASZ'T), VU e V(Q), (4.20)
and
Fur(op) = (0, Brap) + M, p), (4.21)
where
N
i (r) = mpLi(r) € V(Q), (4.22)
k=1

is the finite-dimensional counterpart of pi5/,. We note that both (4.18) and (4.20)

can be transformed into matrix equations as the one in (2.50), from which the
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unknown coefficients my, k= 1,..., N, can be solved.

4.6 Discretization Error Analysis in the Presence of Mea-

surement Noise

In this section, we analyze the effect of forward and inverse problem discretiza-
tions on the accuracy of FDOT reconstruction in the presence of measurement noise.
Due to the random nature of the measurements as well as the fluorophore concentra-
tion, the reconstructed images obtained are random fields rather than deterministic
functions which we discussed in the previous chapters. We are interested in quantify-
ing the difference between the estimates pyrap and uf;,p or the difference between
parr and p? . which represents the error due to discretization in uf) p or u%;,

respectively. Thus, we define

exap(r) = pnap(r) — HJ\D4AP(7“)>

GML(’T'> = ,UML(T)_:U“]\D/[L(T)’

and quantify these differences in terms of the MSEs defined as follows:

MSE[uiap] = /QEUeMAP(r)F] dr, (4.23)

MSE[uY;] = /QEUeML('r)ﬂ dr. (4.24)

Since the ML estimate of fluorophore concentration is only a special case of the MAP
estimate, in the following sections, we first analyze the MSE for the MAP estimate,
then we give the results for the ML estimate case directly. For MSE[ul) 5], we can

express it as

MSE[uyrap] = Bias®[uyyap] + Var(uyap),
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where

Bias?[ul) ,p] = / IE [earap(e)] 2 dr, (4.25)

Var[ulp] = /QE UGMAP(’T’) — E[eMAp(r)]|2] dr. (4.26)

We refer to Bias[ul,p] as the bias of ul;,p with respect to the exact estimate
pnrap and Var[ul) ,p] as the variance of u¥ ,». We note that MSE[uY ;] can also
be decomposed into Bias?[u};;] and Var[u%;] in the same manner.

In the following sections, we analyze the effect of discrtization and present two
upper bounds for Bias?[u¥, 5] and Var[ul, ,p], respectively. Then we discuss the
implications of these error bounds for the forward and inverse problem discretiza-
tions, and give the results for Bias*[u});] and Var[u%,;] in the ML estimate case.
Finally, we discuss the validity of the models we use for measurement noise and
fluorophore concentration, and present the results for the case involving correlated

noise and a priori fluorophore concentration models.

4.6.1 Bias of the MAP Estimate

In the following theorem, we first present an upper bound for Bias*[u% ,p)]

defined in (4.25).

Theorem 3:

Consider the Galerkin projection of the variational problems (2.34), (2.35), (4.9)
)

described in Sections 2.5.1 and 4.5, respectively. Let fipap(7) := Elupap(r)],

then fiys4p satisfies the following variational problem:

Frar(b furar) = (0 AST) + (0,22, o e 12(9),

where T' = E[I'] = Apuo. Furthermore, Bias?[u}),p] satisfies the following

inequality:

Bias?[uY) ,p] < C'[By + By + Bs)*, (4.27)
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and C'is a positive constant independent of the discretization parameters h,,;,

humj and hy.

Proof: See Appendix H. O

Equation (4.27) in Theorem 3 presents an upper bound for Bias*[1:%) , p], which

takes into account the noise statistics and the a priori information of fluorophore

concentration, in addition to the interdependence between the forward and inverse

problem solutions. In this error bound, By and B, represent the contribution from

the forward problem discretization. To keep these quantities small, the mesh pa-

rameters h,; and h,,; of the n™ and m'™ elements in the meshes used in solving

®; and G7, respectively, have to be chosen small when their corresponding scaling

factors

and

Np
Z (F%Hg;,aMAPHO,nz + FZHg;k”oo,m) H¢i”1,ni7

j=1

Ng
> (Fyldiinrapllomi + Fllbillooms) 197 111.ms:
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are large on those elements. Further examination of these factors suggests an adap-
tive refinement scheme within each mesh, because ||g%fiarap|loni |95 loo,nis [|Pill1,ni5
|pifinsapllomss [|@illooms, and [[g7][1,m; all vary within the mesh. This mesh refine-
ment scheme is similar to the one suggested by Theorem 1 in Chapter 2: For the i*®
source or the ;' detector, it refines the mesh close to that source or detector, as well
as around the fluorophore heterogeneity and other detectors or sources. At the same
time, the coefficient F}; = 2||g5¢illo|kllso/0% ;; and F = [Ty j|||6]lse/0% ;; in By and
By may vary for different source-detector pairs. To keep By and Bs low, one has to
generate finer meshes for the source-detector pairs with smaller noise variances and
higher magnitude of measurements, as compared to those pairs with higher noise
variances and smaller measurements. In this respect, the error bound in Theorem 3
suggest a new adaptive mesh refinement scheme across different meshes in solving
®; and G; based on the measurements and the noise statistics. We note that this is
a major difference between the implications of the error bounds in this chapter and
those from Chapter 2.

In Bj, which corresponds to the contribution from the inverse problem dis-
cretization, the discretization parameter h, of the inverse mesh is not only scaled
by the inverse problem solution ||fipap|l1+, but also scaled by the finite element
solutions of the forward problem, the noise variance and a priori information of the

fluorophore concentration:

Ns,Np

Z LG @il + 17,
i

where I} = ||| |G ®illo /0%

a new adaptive mesh refinement criteria for the inverse problem of FDOT, not only

ij» and I7 = ||k loc [|1/#]| ;- This result also suggests
based on the forward and inverse problem solutions, but also based on the noise
statistics and a prior: information of fluorophore concentration. More specifically,
to keep Bj low, one has to refine the mesh around the heterogeneity of fluorophore
concentration, and the sources and detectors with low noise variances, as well as the

region where the fluorophore concentration has low variance.
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We further note that, when the measurements are noise-free, the inverse prob-
lem formulation in this chapter can be reduced to the one given in Chapter 2 with
only zero-th order Tikhonov regularization (As = 0). In this respect, we set aéij =1
fori=1,...,Ngand j=1,..., Np, puo(r) = f1(r), and k(r) = A;. Then the upper
bound for Bias*[1%, 1p] can be reduced to the combination of two error bounds in
(2.53) and (2.54). Finally, we note that, for the ML estimate u¥,;, the upper bound
for Bias*[1,;] can be given as in (4.27) with

2”9; billo

L= g2
1) 2 ’ 1)
)‘UE,ij

Tl
)\aéij

1G5 ®illo

I2=1
2 1t :
)‘UE,ij

1 _
’ ‘[’L_]_

4.6.2 Variance of the MAP Estimate
For Var[u%) 4] define in (4.26), we present an upper bound for it in the fol-

lowing theorem.

Theorem 4:

Consider the Galerkin projection of the variational problems (2.34), (2.35) and
(4.9) described in Sections 2.5.1 and 4.5, respectively. Let m;; € L*(Q) be the

solution of the following variational problem:
Fuar(,mj) = (0, A Sgley), Yo e L*(Q),

ande; =1[0,..., 1, ..., 0] € RNs"p where the only non-zero entry is at the

[Np(i — 1) + 7™ position. Then Var[u 5] satisfies the following inequality:

Var[ufyap] < C[Vi+ Vs + VaJ*, (4.28)
where
Ng Ni:Np Ns,Np
Vi = > > (Fé > Hg}-‘Dirj/m/j/Ho,m+E§Dijllg}‘|lm,m> [@3ll1,nihni
P i
Np NX,Ng Ng,Np
Vi = > Y (in > ||¢z‘Dz"j'7Tz"j’||o,mj+E§Dij||¢i||oo,mj> 119 l11,mFomsis
j=1 my i,



76

Na (Ns,Np Ng,Np
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Bt o Du= ot [ e

00, Q

and C'is a positive constant independent of the discretization parameters h,,;,

hpmj and hy.
Proof: See Appendix I. O

Equation (4.28) in Theorem 4 shows the effect of the forward and inverse
problem discretizations, and the a priori information of fluorophore concentration,
as well as the noise on Var[ul) 4p]-

In this error bound, V; and V5 correspond to the contribution from the forward
problem discretization, and V3 corresponds to the contribution from the inverse
problem discretization. This error bound has a similar form as the one in (4.27),
but fij is replaced with the standard deviation, D;;, of the (3, 7)™ measurement,
and fiprap is replaced with Dj;m;;, where m;; is the image reconstructed by the
imaging system using the basis vector e;; in the measurement space RVs¥p. This
result indicates that Var[u4) ,p| is independent of the fluorophore concentration, but
depends explicitly on the noise statistics as well as the factors related to the imaging
geometry and the background optical properties, which are incorporated into the
error bound through the functions m;;. More specifically, D;;m;; indicates where
parap may have high variance due to the (4, )" measurement. Therefore, to keep
the error bound in (4.28) low, one has to refine the mesh in the region where D;;m;;
has high value, in addition to the region close to the sources and detectors.

When the measurements are noise-free, it can be shown that the bound in

(4.28) equals to zero, and therefore Var[u%); ] vanishes (see Appendix I). This result

is consistent with the fact that the error due to discretization is deterministic in
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the noise-free situation. Finally, we give the upper bound for Var[u%);] of the ML

estimate p&);, which is in the same form as in (4.28) but with

gy =250k gy o 1 NG e
) ’ ) ’ RV
b Aaéij Y )\aéij K Aaéij

4.6.3 Total MSE of the MAP Estimate

Both error bounds in Theorems 3 and 4 present a tradeoff between minimizing
Bias®[u}) 4p] and Var[u, , 5], when discretizing the forward and inverse problems.
One can use either error bound to adaptively refine the mesh that can minimize
Bias?[u? ,p] or Var[u? ,5]. However, minimizing Bias*[1%, ,p] or Var[u%, ,p] may
lead to an increase of the other. To address this tradeoff, we can combine the error

bounds in Theorems 3 and 4 to obtain a total upper bound for MSE[u4) 4p]:
MSE[u 1p] < C [My + My + Ms]* (4.29)

and

Ns NA,ND Ns,Np
M, = ( <”g}k/TLMAPHo,m‘+ > Hg;Di'j/Wj/”()’m)

i1l
7 7]

+(F2+F3 i) 1195 oo, ) N6l 1 i

ND NA Ng Ns,Np
My = ( <||¢1NMAPHOMJ+ Z ¢ D z3’7Tm”0m1>

m,i i3’

+ (F2 + F3 ) ||¢z |oomj) |g]||1 mj m]a

Na /Ns,Np Ns,Np
My = > ( > [ilj'HG;q)i’|0,t+[t2> (HMMAPH1,t+ > HDz’jWinl,t) he,

t=1 \ iy i.j

where F, F2 F2 Il I? and D;; are defined in Theorems 3 and 4. Note that

2]7 Z_]’ 7,]7 7,]7

(4.29) also holds for MSE|[u¥,;] with the coefficients defined for ML estimate in the

previous sections.
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4.7 Discussion on Model Validity

In this section, we briefly discuss the validity of our assumptions on the mea-
surement noise and a prior: fluorophore concentration models. In optical imaging,
the measurement is the light intensity measured by the optical detector at the tissue
boundary. The output signal of the optical detector is proportional to the number
of photons detected per unit time, therefore measurement noise is dominated by
the shot-noise, when the thermal noise is well controlled by appropriately cooling
the detector. When a sufficiently large number of photons are detected, the Pois-
son distribution of the signal can be approximated by a Gaussian distribution with
the mean equal to the average signal intensity and the variance proportional to its

mean [102]. In this case, the measurement noise can be modeled by the Gaussian

random variable as we assumed in Section 4.2, and the variance, 0% it =1,...,Ng
and j =1,..., Np, of each noise component is given by
2
oei; = a|Tol, (4.30)

where Ty ;; is the noise-free measurement obtained by the j™ detector due to the i
source. This Gaussian approximation is widely used in CW [21,22] and FD |26, 27,
100] imaging systems to model the measurement noise, due to sufficient number of
photons can be detected in such systems. However, in the TD measurement system,
due to the high sampling frequency in the time domain, the signal measured in each
time interval is much lower than those measured by CW and FD systems. Therefore,
Poisson distribution is a more appropriate model for measurement noise for the TD
systems [28, 30].

To regularize the ill-posed FDOT inverse problem, we assume an independent
Gaussian a priori model for the fluorophore concentration in the image reconstruc-
tion. This Gaussian model or the equivalent L? norm regularization in Chapter 2
are widely used in the imaging inverse problems to address their ill-posedness and
incorporate a priori information, such as in DOT [103-105], FDOT [27,106-108],
and EIT [56]; and they are also used to model images in the image restoration prob-

lem [90,109-111]. The Gaussian and L? norm regularization terms in the objective
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functional given by (4.5) and (2.19) lead to relatively simple optimization problems
in computational respect [112]. However, it has been reported that the Gaussian
model or the L? norm regularization may cause edge-smoothing effect in the image
reconstruction and restoration. To overcome this drawback, other models or regu-
larization functionals were proposed to model images in [112-116]. These models
were shown to be effective to preserve the edges in the image, while suppressing the
noise. However, these models also increase the computational requirements of the
corresponding image reconstruction and restoration problems.

We note that the error analysis as well as the adaptive mesh generation algo-
rithms presented in this thesis can also be extended to the case when other mea-
surement noise and a prior: fluorophore concentration models are used in FDOT
reconstruction. In this case, the FDOT inverse problem formulated as the opti-
mization problem will have a different objective functional. More specifically, Jg
and Jpg in (4.5) needs to be formulated according to the particular noise and a
priori fluorophore concentration models used, respectively. After transforming the
optimization problem into its variational form which can be solved by the FEMs, we
can analyze the MSE due to discretization by decomposing it similarly into the bias
and variance of the reconstructed image. The bias will depend on the mean of the
measurements, as well as the mean of the fluorophore concentration estimate. On
the other hand, the variance arises from the measurement noise, and can be related
to the second-order statistics of the measurement noise through the images m;;. By
taking both forward and inverse problem discretizations into account, both upper
bounds for the bias and variance can be derived as functions of the forward and
inverse problem solutions, discretization parameters, and noise statistics, as well as
the a priori information on fluorophore concentration.

Finally, we note that, although we have been focusing on the error analysis
in the independent Gaussian model case, our results can be directly extended to
the case involving more general Gaussian models for both measurement noise and
fluorophore concentration. For a more general second-order statistic of the a priori
Gaussian model for the fluorophore concentration, we consider Cov,,, (7, 7) = k(r, )

as the kernel of a positive definite operator K : L*(Q2) — L*(Q). Similarly, for a



80

general Gaussian noise model, we assume that the covariance matrix, g, of the
measurement, noise is a positive definite matrix, that is not necessarily diagonal.

Then, the variational form of the inverse problem formulation becomes

Fuap(@,pap) = (0, AZ'T) + (v, K o),

where

Fuap(,p) = (¥, Brap) + (0, K ).

In this case, it can be shown that the upper bounds for Bias*[u% ,p] and
Var[u%) 4p] are also of the same forms as in (4.27) and (4.28), but with new coeffi-

cients given by

NsNp

2
1 _ -1 *
fo = [l 2. (% ) pti—tynps 195 9ilo,
[e’s) p=1
1 NsNp
2 _ -1 =
b = I > (e )pti-vwpes Tisls
e’} p=1
1 NsNp
Ff’- = — Y .
J ||l<d_1||<>o p; ( € )p,(z—l)ND-‘r]
1 NgNp
1 _ -1 *
Ly = 7 > (B, s 1G5 2ilo
e’} p=1
1
]’2 — *
t H571HOO HK’OHO H'%OHoo,t’

1/2

Dy = |:(2€)(i1)ND+j,(il)ND+j + /Q /Q K(r, 7)ag;(r)ay; (r)drdr 5
where £~! denote the kernel of the operator K~' : L2(Q) — L3(9), i.e.,

O e) = [ i), (431)

and r(r) is the Kolmogorov decomposition of £~ (r, 7) [117]; (3¢),,, and (Egl)p o

p,qg=1,...,NgNp, denote the entries on the p" row and the ¢ column of ¢ and
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21, respectively. Clearly, these coefficients reduce to those in Theorems 3 and 4
when the independent noise and fluorophore concentration models are considered in

FDOT reconstruction.

4.8 Conclusion

In this chapter, we extended our analysis for the noise-free situation in Chap-
ter 2 into the case when the measurements are corrupted by additive noise. When
the additive measurement noise is involved in the FDO'T reconstruction, the recon-
structed image as well as the error is a random field rather than a deterministic
function. In this respect, one has to seek for a different figure of merit to quanti-
tatively assess the error due to discretization and the reconstruction accuracy than
the H'(Q2) norm of the discretization error used in the previous chapters. In this
chapter, we defined the MSE due to discretization in the discretized inverse problem
solution to evaluate the reconstruction accuracy in the mean square sense. In our
analysis, we identified two components in the total MSE, namely the bias and the
variance of the fluorophore concentration estimate. Then we analyzed these two
parts and presented two new error bounds for them respectively. These two error
bounds show that the MSE due to discretization is not only affected by the factors
previously identified in Theorems 1 and 2, but also by the statistics of the measure-
ment noise and the a priori information on fluorophore concentration. Based on
these two new error bounds, in the next chapter, we develop two new adaptive mesh
generation algorithms for FDOT forward and inverse problems in the presence of

measurement noise.



CHAPTER 5
ADAPTIVE MESH GENERATION FOR FDOT IN THE

PRESENCE OF MEASUREMENT NOISE

5.1 Introduction

In Chapter 4, taking into account the measurement noise, we analyzed the
effect of discretization on the accuracy of FDOT reconstruction and derive two new
error bounds for the MSE due to discretizationin in the fluorophore concentration
estimate. In this chapter, based on these two error bounds, we develop two new
adaptive mesh generation algorithms for FDOT forward and inverse problems in
the presence of noise. Since the ML estimator of the fluorophore concentration can
be viewed as a special case of the MAP estimator, we focus on developing adaptive
mesh generation algorithms for the MAP case in this chapter. In this respect, the
new algorithms use MSE[u¥, ,5] as the figure of merit, and additionally take the
noise statistics and a prior: information on fluorophore concentration into account
to improve the reconstruction accuracy while keeping the size of the discretized
problems under the allowable limits.

In the following sections, we still consider two adaptive h-refinement ap-
proaches to design our new adaptive mesh generation algorithms: The first ap-
proach adaptively refines the mesh to achieve a predetermined error tolerance, and
the second approach limits the total number of discretization points in the dis-
cretized problems. In the design of adaptive mesh generation algorithm for the
forward problem, as suggested by Theorems 3 and 4 in Chapter 4, we propose a
new adaptive refinement scheme across the meshes for different sources and detec-
tors. By doing so, the adaptive meshes generated by our new algorithm not only
have spatially varying resolution within each mesh, but also have varying resolution
across all the meshes. After describing our new algorithms in detail, we also briefly
analyze the computational complexities of the new algorithms and address several
practical issues in their implementations. At the end of this chapter, we present a

series of three-dimensional numerical simulations to demonstrate the implications

82
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of the error bounds given in Chapter 4 and the practical advantages of our new

algorithms for FDOT in the presence of measurement noise.

5.2 Adaptive Mesh Generation for Forward Problem

We use MSE[ul)4p] as the figure of merit, and design our adaptive mesh
generation algorithms based on its upper bound given in (4.29). For the forward
problem, we aim to minimize the sum of M; and M, in (4.29), which aries from
the forward problem discretization. Clearly, M; corresponds to the discretization of
the boundary value problem (2.5)-(2.7) for each source, and M, corresponds to the
discretization of the boundary value problem (2.9)-(2.10) for each detector.

For the first type of adaptive refinement approach, let £; be the predetermined
allowable upper bound on the sum of M1 and M2, which represents the allowable

error due to the forward problem discretization. Then we define

1 Ns Np . -1
Ep 1= —— N + NV £, 5.1
f \/5 Zz:; A ; A f ( )

where C' is the positive constant in (4.29) and N4 or sz is the number of elements
in the mesh used in solving ®; or G;, respectively. Let B,; and B,,;, i =1,---, Ng

and j =1,--- , Np, be defined as

B. = £f
neoT N . Ng,N B
25 (B (g mararloms + 05" 1195 Dy llos )
. , (5.2)
+ (F3 4 F2Dy) 195 llcoma) N10ill 1.
B = £f
my N, _ Ng,N
0% (P8 (Nouttasarlloams + 205" 166Dsy iy lloms )
(5.3)

+ (F2 + F3Dij) | illsoams) 19 11ms

In this case, if hy,; > 0 and h,,; > 0 are chosen as

hni S B’ni7
hi < Bl
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then by (4.29), this implies that
My + My < &;.

The first approach of adaptive mesh refinement starts with a set of coarse uniform
meshes for all the sources and detectors, and it checks the size parameter h,; (or
hm;) for each element against B,; (or By,;). Then every element with h,; (or h,;)
larger than B,,; (or B, ;) is refined, until h,; (or hy,;) of each element is less than the
corresponding bound B,; (or B,*nj). We note that, since B,,; and By, ; are functions of
both measurement I';; and noise variance aé,ij, and they may vary not only within
each mesh, but also across different source-detector pairs. Therefore, the resulting
mesh may also have varying resolution for different source-detector pairs.

For the second adaptive refinement approach, we give two error indicators for
the n'" and m'™ element in the forward problem meshes associated with i*" source

and j™ detector, respectively:

' Np NS:ND
53\4Ap,f(”) = Z (in <Hg}kMMAPHo,m+ Z Hg;Di/j"/Ti’j’lo,ni)

_j:l i/,j/
+ (F7 + FDij) 195 loomi) 16ill1.nihni (5.4)
A Ns Ns,Np
Enapp(m) = Z (in <||¢iMMAP||07mj + Z ||¢z‘Dz"j’7Tz"j'||07mj>
7/:1 /L'I,j/
+ (FZ + F3Dig) Dillooms) 195 111.mg Foms - (5.5)

As we discussed in Section 4.6, both theorems suggest an adaptive refinement
scheme across all meshes used in solving ®; and G;,i=1,...,Ngand j = 1,..., Np.
In this respect, we make a modification to the one in Chapter 3 that the new algo-
rithm limits the total number of discretization points in all forward problem meshes,
instead of separately limiting the number of discretization points in each mesh used
for solving ®; or G}. For the adaptive refinement process, the new algorithm is initi-
ated with a set of coarse uniform meshes. With each sweep of refinement and for each
source or detector, it computes the error indicator €} 4p (1) (or Eiia ps(m)) on every

element and computes the average value £y74p 5 of the error indicators on all elements
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in all meshes. Every element with €}, 4p ((n) > Enrapy (or Eg\/[AP,f(m) > Epapy) is
refined thereafter. By doing so, the resulting meshes provide spatially varying reso-
lution not only within each mesh, but also among all forward problem meshes. The
algorithm is stopped when the total number of discretization points in all forward
problem meshes reaches a predetermined allowable limit. Algorithm 3 describes the

detailed steps of this refinement process in the form of a pseudocode.

Algorithm 3 The pseudocode of the adaptive mesh generation algorithm for the
forward problem in the presence of measurement noise.

¢ Generate the initial uniform meshes for all forward problems:
(AT, NA), A = Un2 {A,}, i =1,..., Ng, and

(A9 NG), A = NS {An}, j = 1,.... Np
o Set the maximum number of nodes N/ . in all meshes

while Number of nodes in all meshes less than N/
for:=1,..., Ng
for each element A,, € A with mesh parameter h,,;
if first linearization
. Use analytical solutions for ¢; and g and a priori information
about fiyrap and mi; to compute €y, 4p (1) in (5.4)
else
. Use current solution updates ®;, G7, 5 ap and I1;; to compute
5§\4Ap,f<n) in (5.4)
end
end
for j=1,...,Np
for each element A,, € A* with mesh parameter P
if first linearization
. Use analytical solutions for ¢; and g; and a priori information
about fiysap and m;; to compute eﬂ/[AP,f(m) in (5.5)
else
. Use current solution updates ®;, G7, % ap and I1;; to compute
Ehap,s(m) in (5.5)
end
end
. Compute Eprap s
. Refine the elements with 534Ap’f(n) > EnAp,f OF 6%4Ap’f(m) > EMAP,f
. Update the mesh A*, i =1,..., Ng, and A7, j=1,...,Np
end
o Solve for @;, 2 =1,...,Ng,and G}, j =1,...,Np
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To implement this algorithm, we need to make several adjustments: since
95, ¢i, Barap and 7 in (5.4) and (5.5) also can not be computed exactly, we use
analytical solutions for g7 and ¢; on an unbounded domain (see Appendix F), and
the a priori information of fipyap and m;; in the first iteration, and the updated

finite-dimensional solutions of them thereafter.

5.3 Adaptive Mesh Generation for Inverse Problem

For the inverse problem, we aim to minimize the Mj in (4.29), which aries
from the inverse problem discretization. For the first adaptive refinement approach,
we let €; be the predetermined allowable upper bound on M3, which represents the

allowable error due to the inverse problem discretization. Let

1
VCNa

g; 1= E;- (5.6)

Then, we define B, as follows:

&;

ou+ 1) (Nssarllne + 05 [ Digmslle)

By = (5.7)

(2] J

(SN Gl
Then for 0 < hy < B; , by (4.29) and (5.6), we have
M3 < éz

The adaptive mesh refinement procedure of this approach remains the same as the
one in Chapter 3.
For the second adaptive refinement approach, the error indicator for each

element in the inverse problem mesh is defined as
Ng,Np Ngs,Np
Emap;(t) := ( > Ifj\!G}fq’z’!\o,tJrff) (H/?MAPHLHF > HDz’jWinLt> he. (5.8)
i3 i,J

Our new algorithm for the inverse problem again starts from a coarse uniform mesh.

In each sweep of refinement, it computes epr4p; for each element and the average
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value &p74p; for all elements, and refines those elements with epyapi(t) > Enrap;-
The algorithm stops when the total number of discretization points exceeds the
predetermined allowable limit. Algorithm 4 describes the detailed steps of this
refinement process in the form of a pseudocode. Finally, we note that we use the
same strategy as that we used in the previous section to approximate fipsap and m;;

in calculating B; or eprap;-

Algorithm 4 The pseudocode of the adaptive mesh generation algorithm for the
inverse problem in the presence of measurement noise.

o Generate an initial uniform mesh: (A,Na), A = Ur4{A}
o Set the maximum number of nodes N/
while Number of nodes N less than N! .
for each element A; € A with mesh size parameter h;
if first linearization
- Use current solution updates ®; and G7, and a priori information
about 7;; and iy ap to compute epap;i(t) in (5.8 )
else
- Use current solution updates ®;, G7, it 4p and I1;; to compute
€MAp7i(t) in (58 )
end
. Compute Exrap;
. Refine the elements with ey api(t) > Epap;
. Update the mesh A
end
o Solve for p%4p and I1;;

5.4 Computational Complexity

In this section, we briefly discuss the computational complexity of the adaptive
mesh generation algorithms described in the previous sections. In both Algorithms 3
and 4, one needs to solve m;; fori = 1,2,..., Ngand j = 1,2,..., Np. These 7;;s can
be computed once numerically given the source-detector geometry and background
optical properties, and stored for the computation of the error indicators in adaptive

mesh refinement. To further improve the computational efficiency of Algorithms 3



88

and 4, we consider the following approximations to (5.4), (5.5) and (5.8):

Np Ns,Np
ehars(n) ~ Y| Fy | gy iarllon + |[g] D Dijmay
j=1 v 0,n1
+ (FZ + FiDig) 195 loome) 16l 1niPons (5.9)
' Ns Ng,Np
harg(m) = D | Fy | lgimararlloms +||é: D Doymay
=l i’ 0,mj
+ (F5 + FDij) | 6illoo,ms ) 195 11 miFoms (5.10)
NS:ND Ns,ND
emari(t) = <Z L-leG;‘I)iHo,t‘i‘If) finrap|lie + Z Dijmij hy.
b bJ 1t
(5.11)

It is clear that vajs Np D;jm;j can be solved by using

Ns,Np Ng,Np
fMAP <w, Z Dijﬂ—ij> = (w,A*Zgl Z Dijeij> .

Y] 1,J

In this case, using (5.9), (5.10) and (5.11) as the error indicators in Algorithms 3 and

4 only requires one image reconstruction procedure to solve Zf\gs Ao D;;m;j, instead
of solving each m;; separately.

Based on the modified error indicators (5.9), (5.10) and (5.11), we analyze the
computational complexity of our adaptive mesh generation algorithms. First of all,
in (5.9) and (5.10), [|gj¢illo, # = 1,...,Ng and j = 1,..., Np, can be computed
before the mesh refinement. Therefore, we still have O(NiANp) and O(NX Ng)
complexity for adaptively refining the mesh based on (5.9) and (5.10) in each re-

finement sweep. We can further reduce them to O(N4) and O(NY) by using the
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approximations to (5.9) and (5.10) suggested in Section 3.6:

Np Np Ng,Np
Epars(n) = Z Fig imar| + Z FLq; Z Dy jiTir o
']:1 0,7” le ilvjl O,nz
Np
+> (F2+ F}Dy) ||9}<||oo,m'> MN@illi it (5.12)
j=1
. Ns Ng Ns,Np
€§WAP,f(m) ~ Z EbgbzﬂMAP + Z Engl Z Di’j’ﬂ-i’j’
=1 O,m] =1 7:/JI ()ij
Ng
+> (F} + F}Dy) \|¢i||oo,mj> 195 [11.mj oy (5.13)
i=1

Second, in (5.11), |G}®llo, @ = 1,...,Ns and j = 1,..., Np, can also be
computed before the mesh refinement. Therefore, the computational complexity for
refining the inverse problem mesh using (5.11) in each sweep of the mesh refinement
is O(NaNgNp). It can also be reduced to O(Na) by a further approximation of
(5.11):

Ng,Np Ns,Np
enapi(t) =~ Z IG5 + 17 |\ Earap||ie + Z Dijmij hy.
i\j 0t B3 1t
(5.14)

Therefore, using the approximated error indicators in (5.12), (5.13) and (5.14),
our new adaptive mesh generation algorithms have the same computational complex-
ity as those of the algorithms in Chapter 3 and the conventional adaptive meshing

method.

5.5 Numerical Simulation

To demonstrate the improvements in the FDO'T reconstruction accuracy by us-
ing the adaptive mesh generation algorithms proposed in this chapter in the presence
of measurement noise, we performed a set of numerical simulation studies. Specifi-

cally, we simulated a realistic noise situation in FDOT imaging, and evaluated the
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Figure 5.1: The simulation setups used for Simulation Studies 3 and 4.
The squares and triangles denote the detectors and sources, respectively.

accuracy of FDOT reconstruction by calculating the MSE in the reconstructed im-
ages due to discretization. In the simulation study, we compared our adaptive mesh
generation algorithms proposed in this chapter with the uniform meshing scheme
and the one developed in Chapter 3, to show the practical advantages of the algo-

rithms in this chapter in the presence measurement noise.

5.5.1 Simulation Setup

In the numerical simulation, we considered a 6 cm x 6 cm X 3 cm cubic domain
) shown in Figure 5.1. We set the homogeneous background absorption coefficient
faze = Mame = 0.05 cm™! and diffusion coefficient D = 0.0410 for both excitation
and emission wavelengths, and set the refractive index mismatch parameter p =
3 for the boundary 0f2. At the center of the domain, we placed a fluorophore
heterogeneity with 3 mm radius, constant absorption coefficient g4,y = 0.015 cm™
and quantum efficiency n = 0.05. In the rest of the domain, we assumed fi4,r = 0.
To reconstruct the fluorophore concentration image, we placed 36 sources and 36
detectors evenly on two 6 x 6 grids at the bottom and top surfaces of the domain,
as shown in Figure 5.1. We simulated both excitation and emission light fields
by solving the coupled diffusion equations (2.5) and (2.6) with their corresponding
boundary conditions (2.7) and (2.8), using the parameters above on a fine uniform
grid with 81x81x41 nodes.

To simulate measurement noise, we considered the noise model (4.30) in Sec-
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tion 4.7. We further define the SNR of the measurements as

To,i5]°
2
€.ij

o
SNR;; = 10log,, o5l

(5.15)

Note that, each measurement, I';;, has a different SNR proportional to log;, |Lo,;|-

In Simulation Study 3, we simulated the noise € with 3 different values of
a: 5 x 1071, 1 x 107 and 5 x 1072, corresponding to approximately 40, 26 and
20 dB average SNR over all measurements I';;, ¢ = 1,...,Ng and j = 1,..., Np.
For each value of «, we generated 100 different realizations of noise and obtain
three sets of noise contaminated measurements with approximately 1%, 5% and
10% noise. By changing the noise level, we aimed to show the effect of measurement
noise on the adaptive mesh generation as well as the image reconstruction. In the
FDOT reconstruction, we reconstructed the optical image using the MAP estimator
of fluorophore concentration and considered a simplified a priori model for the
fluorophore concentration:

k(1) = Ko,

where ko = 5 x 1079 is a constant chosen empirically.

In Simulation Study 4, we simulated the noise € with o = 5 x 107!, Instead
of choosing a deterministic value for the absorption coefficient of the fluorophore,
[azf, We randomly chose its value from a Gaussian distribution, N(ug,, 0%, ), and
dropped the negative values generated. We set (u2, £+ 0az ) to three different values:
(0.005 cm™*, 0.002 cm™1), (0.015 cm™*, 0.006 cm ™), and (0.025 cm™', 0.010 cm™1),
to simulate three cases of different fluorophore variance. For each case, we generated
100 realizations of fi4, .

We further considered the following a prior: model for the fluorophore con-
centration:

Kk 1T €Sy

R(r) = :
Ky T €

where 7 and k, are constant, Q,UQ, = Q, QyNQ, =0, Qf denotes the fluorophore

region, and €2, denotes the background region. We chose k, = ko = 5 x 107°, and
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chose k; with 3 different values: 5x 107, 3.6 x 107, and 1 x 10~*. Note that in the
latter two cases of Simulation Study 4, we have the specific a priori information on
fluorophore concentration that the variance of the fluorophore concentration inside
the heterogeneity region, ()¢, is higher than that of the background region, €2,. By
changing k¢, we aimed to show the effect of a priori information of fluorophore
concentration on the adaptive mesh generation as well as the image reconstruction.

Finally, we note that we again performed our simulation study using deal.Il
FEM C+-+ library [98] and used hexahedral finite elements with trilinear Lagrange

basis functions to discretize both forward and inverse problems.

5.5.2 Mesh Generation

We used three different types of coarse meshes: uniform meshes, the adaptive
meshes generated by the algorithms in Chapter 3, and the adaptive meshes generated
by the algorithms in this chapter, to discretize the forward and inverse problems.
For the forward problem, the total number of nodes in the meshes used in solving
all ®; and G}, ¢ = 1,...,Ng and j = 1,..., Np, ranged from 500,000 to 650,000
(roughly 7,000 to 9,000 for each mesh); and for the inverse problem, it ranged
from 2,000 to 3,000. Note that the uniform meshes used for solving the forward
and inverse problems have 25x25x13 nodes and 17x17x9 nodes, respectively. For
performance evaluation, we considered three different image reconstruction scenarios

corresponding to these three different meshing schemes:

1. We used the coarse uniform mesh shown in Figure 3.3(a) to discretize the for-
ward problem and the coarse uniform mesh shown in Figure 3.3(b) to discretize

the inverse problem. We denote the resulting image by u? , PU-

2. We used the adaptive meshes generated by Algorithm 3 (see Figures 5.2(a)-
5.2(d)) to discretize the forward problem and the adaptive mesh generated by
Algorithm 4 (see Figures 5.5(a), 5.5(b) and 5.5(d)) to discretize the inverse

problem. We denote the resulting image by fujy 4p v 4-

3. We used the adaptive meshes generated by Algorithm 1 (see Figures 5.2(e)
and 5.2(f)) to discretize the forward problem and the adaptive mesh generated
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(a) The adaptive mesh with 3,289 nodes gen- (b) The adaptive mesh with 18,876 nodes
erated by our algorithm in this chapter for the generated by our algorithm in this chapter for
detector located at (-2.5,-2.5,1.5) for the 1% the detector located at (-0.5,-0.5,1.5) for the

noise case. 1% noise case.

(¢) The adaptive mesh with 3,588 nodes gen- (d) The adaptive mesh with 18,054 nodes

erated by our algorithm in this chapter for the generated by our algorithm in this chapter for
detector located at (-2.5,-2.5,1.5) for the 10% the detector located at (-0.5,-0.5,1.5) for the
10% noise case.

noise case.

y

(e) The adaptive mesh with 8,304 nodes gen- (f) The adaptive mesh with 7,973 nodes gen-
erated by the algorithm in Chapter 3 for the erated by the algorithm in Chapter 3 for the
detector located at (-2.5,-2.5,1.5). detector located at (-0.5,-0.5,1.5).

Figure 5.2: Examples of the adaptive meshes for the forward problem
used in Simulation Study 3. The mesh is cut through to show the mesh

structure inside.
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—H— New algorithm for 1% noise level
ad = & = New algorithm for 10% noise level| -
* Pevious algorithm in [6]

15

Number of nodes in the mesh

15 2 25 3 35 4
Distance of the source or detector to the hetergeneity (cm)

Figure 5.3: The relationship between the number of nodes in the forward
adaptive mesh for a certain source (or detector) and the distance of the
source (or detector) to the center of the fluorophore heterogeneity in the
1% and 10% noise cases in Simulation Study 3.

by Algorithm 2 (see Figures 5.5(c) and 5.5(e)) to discretize the inverse problem.

We denote the resulting image by uf) 4 PA-

For the forward problem, the examples of the adaptive meshes generated for
the detectors located at (—2.5,—2.5,1.5) and (—0.5,—0.5,1.5) in the 1% and 10%
noise cases of Simulation Study 3 are shown in Figure 5.2. Figures 5.2(a) - 5.2(d)
show the meshes generated by the algorithm in this chapter. We observe there are
more nodes in the meshes for the detector located at (—2.5, —2.5,1.5) than in the
meshes for the detector located at (—0.5,—0.5,1.5). Figures 5.2(e) and 5.2(f) show
the corresponding meshes generated by the algorithm in Chapter 3, and these two
meshes have approximately same number of nodes.

We plotted the relationship between the numbers of nodes in the meshes gen-
erated by the algorithms in this chapter and Chapter 3 for a certain source (or
detector) and the distance of that source (or detector) to the center of the fluo-
rophore heterogeneity in Figure 5.3. Note that for the sources and detectors which
have the same distance to the heterogeneity, we plotted the average number of nodes
in the corresponding meshes. For the algorithm in this chapter, we observe that the

closer the sources or detectors to the heterogeneity, the larger the number of nodes
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x10™

Ns,Np
7:7j D
using coarse uniform meshes in the 10% noise case in Simulation Study
3.

Figure 5.4: The cross-sections of the image, ) ijTij, Teconstructed

is in the associated meshes. This can be explained with the fact that for those
source-detector pairs closer to the heterogeneity, the measurements have higher
SNR. As a result, the algorithm in this chapter generates finer meshes for these
source-detector pairs, so that the accuracies of the corresponding forward problem
solutions can match the accuracy of the measurements. This results in the forward
problem meshes generated by the algorithm in this chapter with varying resolution
for different source-detector pairs. We note that the similar results of the adaptive
mesh generation for the forward problem were also observed in Simulation Study 4.

In Simulation Study 3, we further observe that the algorithm in Chapter 3
generates the same mesh for different noise levels as shown in Figures 5.2(e) - 5.2(f).
This indicates that, when the noise level changes from 1% to 10%, the change in the
reconstructed image does not have enough impact on the adaptive mesh refinement
to change the mesh finally generated. This can be further validated by the image
reconstruction results shown in Figures 5.6 and 5.7 for 1% and 10% measurement
noise level cases. In these reconstruction results, we observe that the major differ-
ence in the reconstructed images is the change in the background variability when
the noise level changes. On the other hand, in Figures 5.2(a) - 5.2(d), we note the

difference between the adaptive meshes generated by the algorithm in this chapter



96

for different noise levels, which illustrates the impact of noise level on the meshes
generated by this new algorithm. In this algorithm, since the value of the coefficient
D;; increases as aéij increases, the images D;jm;;, 9 =1,...,Ngand j =1,..., Np,
have more contribution to the mesh refinement when the noise level is high. Fig-
ure 5.4 shows the cross-section of Zl i D,jm;; for the 10% noise case. These results
indicate that the algorithm in this chapter can adaptively refine the meshes ac-
cording to the measurement noise level. In Simulation Study 4, as we changed the
fluorophore variance, we also observed a change in adaptive mesh generation similar
to that in Simulation Study 3.

For the inverse problem, we show the examples of the adaptive meshes in
Figure 5.5. Figures 5.5(a) and 5.5(b) show two different meshes generated by the
algorithm in this chapter for the 1% and 10% noise level cases in Simulation Study
3, respectively. Similarly, we note that the difference in these two meshes is mainly
due to the change of noise level. The algorithm in Chapter 3 does not take into
account noise and generates the same mesh for different noise levels as shown in
Figure 5.5(c).

Figures 5.5(e) and 5.5(d) show the meshes generated by algorithms in Chap-
ters 3 and 5 when the specific a priori information was used in Simulation Study 4.
Comparing these two meshes with the meshes generated in Simulation Study 3, we
observe that both algorithms generated different meshes for the different a prior:
information. However, we note that the difference in the meshes generated by the
algorithm in Chapter 3 is only due to the dramatic change in the reconstructed im-
age (see Figure 5.8) resulting from the specific a priori information used in FDOT
reconstruction. On the other hand, the difference in the meshes generated by the
algorithm in this chapter is due to changes in both the reconstructed image and «a
priori information. To conclude, the results in Figure 5.5 indicate that the algo-
rithm in this chapter takes into account the noise statistics and a priori information
of fluorophore concentration, and can adaptively refine the mesh according to these
two factors.

In the following sections, we present the simulation results and demonstrate

the improvements in the reconstruction accuracy as well as the convergence rate of
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y - y

(a) The adaptive mesh with 2,721 nodes gen- (b) The adaptive mesh with 2,785 nodes gen-
erated by the algorithm in Chapter 5 for the erated by the algorithm in Chapter 5 for the
inverse problem for the 1% noise case in Sim- inverse problem for the 10% noise case in Sim-
ulation Study 3. ulation Study 3.

y - y s

(¢) The adaptive mesh with 2,652 nodes gen- (d) The adaptive mesh with 2,836 nodes gen-

erated by the algorithm in Chapter 3 for the erated by the algorithm in Chapter 3 for the

inverse problem in Simulation Study 3. inverse problem with :“23: ¢ =0.025 cm~! and
Oazt = 0.01 cm™! in Simulation Study 4.

(e) The adaptive mesh with 2,991 nodes gen-
erated by the algorithm in Chapter 5 for the
inverse problem with 4, = 0.025 cm™" and
Oazp = 0.01 cm~! in Simulation Study 4.

Figure 5.5: Examples of the adaptive meshes for the inverse problem
used in Simulation Studies 3 and 4. The mesh is cut through to show the

mesh structure inside.
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Table 5.1: MSE, bias and variance of the images reconstructed by using
different meshes in Simulation Study 3.
Noise Level ~TImages Bias? (x10™%)  Var (x107°)  MSE (x107%)
M]\D/[ARU 3.295 100% 0.037  100%  3.295 100%
1% uﬁAP’NA 0.857 26.00% 0.009 23.49% 0.857 26.00%
uﬁAP’A 2.040 61.93% 0.038 101.45% 2.041 61.93%
;/J]\DMP,U 3.251  100% 0.893  100%  3.260 100%
5% u]\[}ARNA 0.753 23.16% 0.199 22.27% 0.755 23.16%
uboapa 2.028 62.38% 0.990 110.92% 2.038 62.52%
ufMP’U 3.217  100% 3.670  100%  3.253  100%
10% u]\%ARNA 0.768 23.89% 0.872 23.77% 0.777 23.89%
ud o4 2.045 63.57% 4.301 117.19% 2.088 64.18%

Table 5.2: MSE, bias and variance of the images reconstructed by using
different meshes in Simulation Study 4.
(Moup Oazg)  Tmages  Bias® (x107*)  Var (x10™")  MSE (x107%)
p]\%AP,U 1.406 100% 0.270  100%  1.676  100%
(0.005,0.002) uﬁAP’NA 0.319 22.70% 0.060 22.37% 0.380 22.64%
,uADMRA 0.860 61.15% 0.263 97.30% 1.122 66.97%
,LL]\D/[AP,U 3.508 100% 0.638  100%  4.146 100%
(0.015,0.006) /VL]\DMP’NA 0.953 27.15% 0.163 25.49% 1.115 26.90%
uP e 4 2330 66.41% 0.700 109.74% 3.030 73.08%
/L]\Q[ARU 4613 100% 0.801  100%  5.413 100%
(0.025,0.010) u]\%AP’NA 1.396 30.26% 0.224 28.01% 1.620 29.92%
,u]%ARA 3.205 69.49% 0.872 108.93% 4.078 75.32%

the discretized inverse problem solution to the exact inverse problem solution, when
the adaptive meshes refined by taking into account the measurement noise as well as

a priort information on fluorophore concentration are used in FDO'T reconstruction.

5.5.3 Simulation Results
5.5.3.1 Reconstruction Accuracy

To obtain the exact solutions of the forward and inverse problems, we solved
the forward and inverse problems on a fine mesh with 61 x 61 x 31 nodes. We
assumed that the error due to discretization in the resulting image, denoted by

tarap is negligible with respect to the images reconstructed using the three types
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of coarse meshes; and used this image as a baseline to compute the MSE due to
discretization. In both Simulation Studies 3 and 4, we calculated the bias, variance
and the MSE of the reconstructed images for each set of reconstructions by aver-
aging all reconstructed image samples for 100 realizations of noise and fluorophore
concentration value. The results are tabulated in Tables 5.1 and 5.2. Additionally,
we tabulated the percentage of each quantity as compared to u%) Apy» the image
reconstructed by using the coarse uniform meshes: The left column is the absolute
value, and the right column is the corresponding percentage. In Simulation Study
3, the results in Table 5.1 show that the bias squares of the images, reconstructed
using different types of meshes, remain at a fixed level when the noise level changes,
while the variances of the images increase as the noise level increases. In Simulation
Study 4, the results in Table 5.2 show that both bias squares and variances of the
reconstructed images increase as the fluorophore variance increases. The results in
both Tables 5.1 and 5.2 show that the bias square, variance, as well as the MSE
of pyrapna are approximately reduced by 70% to 75% as compared to iy pp,
when the algorithms in this chapter are used. On the other hand, the algorithms in
Chapter 3 provide approximately 30% to 40% reduction in the bias square, but no
reduction in the variance of iy p 4 With respect to py4pp-

Figures 5.6 and 5.7 show the cross-section of the sample images at z = 0 plane
reconstructed by using different types of meshes when the noise level is 1% and
10% in Simulation Study 3. The cross-section of the baseline images are shown in
Figures 5.6(a) and 5.7(a). We observe that the variability of images in Figure 5.7
is more visible as compared to that of the images in Figure 5.6 due to increased
noise level in the measurements. The shape of the small fluorophore heterogeneity
is better resolved in pify4p 4 and piyapy 4 as compared to the one in iy 4pyr, due
to the spatially varying resolution provided by the adaptive meshes. Additionally,
we observe a higher background variability in ul) Ap.a than that of u APNA D
Figures 5.7(d) and 5.7(c), while the difference between the images in Figures 5.6(d)
and 5.6(c) is not as noticeable due to low noise level.

Figure 5.8 shows the cross-section of the sample images at z = 0 plane recon-

structed by using different types of meshes when pi4,; = 0.033 cm™! in Simulation
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z=0 x107° z=0
15

-5

(b) The image reconstructed using the uni-
form meshes.

(c¢) The image reconstructed using the adap- (d) The image reconstructed using the adap-
tive meshes generated by the algorithms in tive meshes generated by the algorithms in
Chapter 5. Chapter 3.

Figure 5.6: The reconstruction results of Simulation Study 3, Case 1, on
plane z = 0, at 1% noise level.

Study 4. Since the specific a priori information on fluorophore concentration is
used in the image reconstruction, all the reconstructed images, shown in Figure 5.8,
are reconstructed with a narrower peak at the fluorophore heterogeneity region as
compared to the images shown in Figures 5.6 and 5.7. We observe that the flu-
orophore heterogeneity in u%, pu 1s reconstructed in a pyramid shape due to the
fact that the size of fluorophore heterogeneity is smaller than the size of element
in the uniform mesh used to discretize the inverse problem. On the other hand,
because of the spatially varying resolution provided by the adaptive meshes, the
fluorophore heterogeneities in iy 4p 4 and pjyap 4 are better revolved than that
in iy 4py- Furthermore, iy 4p 4 reconstructed by using the algorithms in this

chapter is closer to the baseline image than u, , p.a reconstructed by the algorithms
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z=0 x107° z=0
15

(a) The baseline image. (b) The image reconstructed using the uni-
form meshes.

2=0 x107°

e

4

(c¢) The image reconstructed using the adap- (d) The image reconstructed using the adap-
tive meshes generated by the algorithms in tive meshes generated by the algorithms in
Chapter 5. Chapter 3.

Figure 5.7: The reconstruction results of Simulation Study 3, Case 3, on
plane z = 0, at 10% noise level.

in Chapter 3.

The reconstruction results in Figures 5.6, 5.7, and 5.8 can be seen more clearly
in Figures 5.9 and 5.10, where the reconstructed images along the y-axis on z = 0
plane are shown. The solid lines in Figure 5.9 and 5.10 represent the baseline
image ppsap which is assumed to have negligible error due to discretization. We
observe that the image, fij)4py 4, is the best approximation to g ap in all three
reconstructed images, which has higher response at the center of the fluorophore

heterogeneity and lower background variance, as compared to those of u?, , py and

D
Harap,A-
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z=0

(b) The image reconstructed using the uni-
form meshes.

s
17 N
05 3‘\

-0.005

(c¢) The image reconstructed using the adap- (d) The image reconstructed using the adap-
tive meshes generated by the algorithms in tive meshes generated by the algorithms in
Chapter 5. Chapter 3.

Figure 5.8: The reconstruction results of Simulation Study 4, Case 3, on
plane z = 0, with p,,; =0.033 ecm™ and k; =1 x 107

5.5.3.2 Convergence Rate

To study the convergence of the discretized inverse problem solution to the
exact solution when different types of meshes are used in FDO'T reconstruction in the
presence of noise, we solved both forward and inverse problems on a series of meshes
with gradually increasing discretization levels in each reconstruction scenario. Note
that, for each discretization level, the mesh for the forward problem is always slightly
finer than the mesh for the inverse problem. At the same time, we calculated the
MSE between the two images reconstructed on two consecutive discretization levels,
and normalized it with the mean L?*(2) norm square of the image reconstructed
on the lower discretization level. We, again, refer to this as the percentage error

between the mesh refinement. This percentage error decreases as the discretization
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(a) The images along the y-axis reconstructed using measure-
ments with 1% noise level in Simulation 3, Case 1, at 1% noise
level.
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(b) The images along the y-axis reconstructed using measure-
ments with 10% noise level in Simulation 3, Case 3.
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Figure 5.9: The profiles of the reconstructed images ixrap, (i3 apys Hirap.a
and ,uj\%AP’NA along the y-axis in Simulation Study 3, Case 1 and Case 3.
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Figure 5.10: The profiles of the reconstructed images iy 4p, /L]\D4AP’U,
tarap.a and iy, p 4 along the y-axis in Simulation Study 4, Case 3, with
pazs = 0.033 em™ and k; =1 x 107

level increases. Similar to the simulation studies in Chapter 3, this error reflects the
gain of the image reconstruction accuracy that can be obtained by a further mesh
refinement, and we used it as an indicator to the MSE due to discretization in the
reconstructed image.

Figures 5.11 and 5.12 show the change in MSE versus the number of nodes
in the inverse problem mesh for different mesh generation algorithms in Simulation
Study 3, Case 1 and Case 3, as well as in Simulation Study 4, Case 3. We observe that
our adaptive mesh generation algorithms in this chapter have the fastest convergence
rate as compared to the algorithms proposed in Chapter 3 and the uniform meshing
scheme. The horizontal dash lines in Figures 5.11 and 5.12 represent the 5% error
between each mesh refinement. Figures 5.11 and 5.12 show that, to achieve this
accuracy level, one needs to use the uniform mesh with over 20,000 nodes and the
adaptive mesh generated by the algorithm in Chapter 3 with over 5,000 nodes for
the inverse problem. On the other hand, the algorithm in this chapter requires

roughly 4,000 nodes in the mesh.
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(a) The change in percent MSE versus the number of nodes
used in the inverse problem mesh in Simulation 3, Case 1, with
1% noise.
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(b) The change in percent MSE versus the number of nodes
used in the inverse problem mesh in Simulation 3, Case 3, with
10% noise.

Figure 5.11: The change in percent MSE versus the number of nodes
used in the inverse problem mesh in Simulation Study 3, Case 1 and
Case 3. The horizontal dash line indicates the 5% error level between
each mesh refinement.
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Figure 5.12: The change in percent MSE versus the number of nodes
used in the inverse problem mesh in Simulation Study 4, Case 3. The
horizontal dash line indicates the 5% error level between each mesh re-
finement.

5.6 Conclusion

Based on our error analysis in Chapter 4, we developed new adaptive mesh
generation algorithms for FDOT forward and inverse problems in the presence of
measurement noise. The new adaptive mesh generation algorithms take into ac-
count the noise statistics and a prior: information on fluorophore concentration as
compared with those in Chapter 3, and aim to improve the reconstruction accuracy
in the mean square sense. After discussing the detailed mesh refinement processes
of our new algorithms, we addressed some practical issues in their implementations,
and gave several approximated error indicators which can be used to improve the
computational efficiency of the mesh refinement. Finally we briefly analyzed the
computational complexities of the new algorithms, and showed that they are same
as those of our previous algorithms in Chapter 3 and the conventional method.

In the simulation study, we compared the adaptive mesh generation algorithms
proposed in this chapter with our previous algorithms developed in Chapter 3 as well
as the uniform meshing scheme. The results of the simulation study showed that
our new algorithms can generate adaptive forward meshes with varying resolution

not only within each mesh for a certain source-detector pair, but also across the
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meshes for all source-detector pairs. Furthermore, our new algorithms adaptively
discretized FDO'T forward and inverse problems according to the noise level as well
the a priori information on fluorophore concentration. In the image reconstruction,
we showed that the adaptive meshes generated by our previous algorithms can only
provide error reduction for the bias part of the total MSE with respect to the
uniform meshes. On the other hand, the meshes generated by our new algorithms
can effectively reduce both bias and variance of the reconstructed images, thereby
effectively reducing the total MSE as compared to other meshing schemes. We also
showed that the convergence rate of the discretized inverse problem solution to the
exact inverse problem solution is also improve by using our new algorithms in the

FDOT reconstruction.



CHAPTER 6
PERFORMANCE EVALUATION OF ADAPTIVE FEM

FOR FDOT USING EXPERIMENTAL DATA

6.1 Introduction

In Chapters 2 and 3, we analyzed the effect of discretization on the accuracy of
FDOT imaging and proposed novel adaptive meshing algorithms for FDOT under
the assumption that the measurements are noise-free. However, in the real FDOT
reconstruction, the measurements are always corrupted by noise. Therefore, further
in Chapters 4 and 5, we took the measurement noise into consideration, analyzed
the effect of discretization, and proposed two new adaptive meshing algorithms for
FDOT forward and inverse problems in the presence of noise. In Chapter 5, we
demonstrated the implications of our error analysis and the effectiveness of our new
algorithms in a numerical simulation study. In this chapter, we further apply the
adaptive mesh generation algorithms proposed in Chapter 5 to the FDOT recon-
struction using data obtained from a phantom experiment to show the practical
advantages of our algorithms in the real FDOT reconstruction.

In the following sections, we first describe the optical phantom and FDOT
imaging system setup, as well as the data collecting procedure used in the phantom
experiment. To discretize and solve the FDOT forward and inverse problems, we
generate the uniform meshes and the adaptive meshes by using the conventional
method as well as our algorithms proposed in Chapter 5. Next, we illustrate and
compare both mesh generation and image reconstruction results obtained by us-
ing our algorithms with those of the uniform and conventional adaptive meshing

schemes.
6.2 Experiment Setup and Data Collection

In the phantom experiment, we used a cylindrical phantom made of silicone

rubber with 2 cm diameter and 4 cm height as shown in Figure 6.1. The phantom

108
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3mm Phantom

Camera _ @ + Laser

—| Computer Ii

Figure 6.1: The optical phantom  Figure 6.2: The experiment setup
used in the phantom experiment. for the phantom experiment.

had homogeneous absorption coefficient p, = 0.2 cm™!

efficient p, = 12 cm™*.

and reduced scattering co-
As shown in Figure 6.1, the phantom contained a hollow
tube with 3 mm diameter along the central axis. The tube was filled with 1 uM
Cy7 (excitation at 743 nm, emission at 767 nm) mixed with Intralipid and ink to
mimic the same background optical properties of the phantom base.

The optical measurements were collected on the FDOT imaging system re-
ported in [118], as illustrated in Figure 6.2. Specifically, a focused collimated laser
beam was used as a source on one side of the phantom at 24 different positions (on
a3 x 8 grid, over a 10 mm x 15 mm field of view) sequentially. On the other side
of the phantom, an electrically cooled Charged Coupled Device (CCD) camera was
placed to collect the continuous wave fluorescence measurements for each source
position. In the image obtained by CCD camera, we selected 36 subimages (on a 4
x 9 grid, over a 10 mm x 20 mm field of view) each with 6 x 6 pixels on the phan-
tom as the virtual detectors, and the reading of each detector was calculated as the
mean pixel value of each subimage. Figures 6.3(b) and 6.3(a) show the source and
detector positions, respectively. After finishing collecting a set of measurements for
all 24 source positions, the phantom is rotated by 180° to obtain another set of mea-
surements. Therefore, the total number of measurement available for reconstruction

is 24 x 36 x 2 = 1, 728.
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(a) The detector positions illustrated in (b) The source positions illustrated in the
the image obtained by CCD camera. image obtained by CCD camera.

Figure 6.3: The source and detector positions in the image obtained by
CCD camera in the phantom experiment.

6.3 Mesh Generation

To numerically solve the FDOT forward and inverse problems, we used three
different types of meshes with hexahedral finite elements and trilinear Lagrange
basis functions to discretize the cylindrical domain §2: uniform meshes, the adaptive
meshes generated by the conventional method, and the adaptive meshes generated
by our algorithms proposed in Chapter 5. We use uy, poa, and pya to denote the
images reconstructed by these three types of meshes respectively. For the forward
problem, the total number of nodes in all the meshes generated for all sources and
detectors ranged from 600,000 to 720,000 (roughly 5,000 to 6,000 for each mesh);
and for the inverse problem, it raged from 3,000 to 4,000. Figures 6.4(a) and 6.4(b)
show the uniform meshes with 5,729 and 3,661 nodes generated for the forward and
inverse problems, respectively.

For the adaptive meshes generated for the forward problem, Figure 6.5 shows
the relationship between the number of nodes in the mesh generated by the conven-
tional and our algorithm for a certain source (or detector), and the z-coordinate of
that source (or detector) position. Note that for source or detector positions with
same z-coordinate, we calculated the average number of node in the corresponding

meshes. Figure 6.5 indicates that our adaptive mesh generation algorithm generated
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(a) The uniform mesh with 5,729 for the for- (b) The uniform mesh with 3,661 nodes for
ward problem. the inverse problem.

Figure 6.4: The uniform meshes for the forward and inverse problems
used in the phantom experiment. The mesh is cut through to show the
mesh structure inside.

the forward meshes with varying resolution for different source-detector pairs, while
the conventional method generated the forward meshes with approximately same
number of nodes for all source-detector pairs. Specifically, our algorithm generated
finer meshes for the source-detector pairs towards the center of the source and detec-
tor grids due to the higher SNRs of the corresponding measurements. Furthermore,
our algorithm also generated finer meshes for the sources than for the detectors.
Since the number of sources was less than the number of detectors in the phantom
experiment, the error indicator €y, ,p; Was expected to be higher than the error
indicator £}, , ps according to (5.4) and (5.5). Therefore, the adaptive meshes for
the sources are generated with higher discretization level than that of the meshes
for the detectors.

Additionally, both conventional and our algorithms generated the meshes for
the forward and inverse problems with spatially varying resolution within each
mesh. Figure 6.6 shows the adaptive meshes generated for the detector located at
(-0.47,0.88,-1.12) and the source located at (0.06,-1.00,-0.30), and Figure 6.7 shows
the adaptive meshes generated for the inverse problem. Clearly, the meshes shown
in Figures 6.6(c), 6.6(d), and 6.7(b) were generated by the conventional method
only based on the corresponding forward or inverse problem solution. On the other

hand, as shown in Figures 6.6(a), 6.6(b), and 6.7(a), our algorithms took the in-
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Figure 6.5: The relationship between the number of nodes in the forward
adaptive mesh for a certain source (or detector) and the z-coordinate of
the source (or detector) position.

terdependence of forward and inverse problems into account, and refined the mesh

based on the solutions of both problems.

6.4 Experiment Results

To reconstruct the fluorophore concentration image, we formulated the FDOT
inverse problem as the MAP estimator of the fluorophore concentration given in
Chapter 4. For the noise model, we considered the same Gaussian approximation
to the short-noise model:

‘713 = CK|F]€‘,

where o7 is the variance of the noise in the k™ measurement I'y, k = 1,...,1,728,
and « is a constant. We estimated a by calculating the pixel variance in a number
of homogeneous regions in the images obtained by the CCD camera.
We considered an a priori model for the fluorophore concentration p(r) given
by
Ky 1T €Sy

K(T) = )
Ky T €
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(a) The adaptive mesh with 3,745 nodes gen- (b) The adaptive mesh with 7,128 nodes gen-
erated by our algorithm proposed in Chap- erated by our new algorithm proposed in
ter 5 for the detector located at (-0.47,0.88,- Chapter 5 for the source located at (0.06,-
1.12). 1.00,-0.30).

(¢) The adaptive mesh with 5,794 nodes gen- (d) The adaptive mesh with 5,831 nodes gen-
erated by the conventional method for the de- erated by the conventional method for the
tector located at (-0.47,0.88,-1.12). source located at (0.06,-1.00,-0.30).

Figure 6.6: Examples of the adaptive meshes for the forward problem
used in the phantom experiment. The mesh is cut through to show the
mesh structure inside.

where ky and k;, are constant, QU Q, = Q, Q; N QY = 0 and Q; is the region
of the hollow tube that contains the fluorophore inside the phantom. We chose
kp=2x107" and Kk, = 1 x 107 according to the higher variance of the fluorophore
concentration in the foreground €2y than that in the background €.

To obtain the exact solution of the forward and inverse problems, we dis-
cretized the domain using a fine mesh with 91,377 nodes, and used the resulting
image, denoted by pu, as the baseline for calculating the error due to discretization.
After reconstructing all the images, we calculated the L?*(2) norms of the differ-

ences between the baseline image and the images reconstructed by coarse meshes to
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(a) The adaptive mesh with 3,784 nodes gen- (b) The adaptive mesh with 3,969 nodes gen-
erated by our algorithm proposed in Chap- erated by the conventional method for the in-
ter 5 for the inverse problem. verse problem.

Figure 6.7: The adaptive meshes for the inverse problem used in the
phantom experiment. The mesh is cut through to show the mesh struc-
ture inside.

Table 6.1: L*(2) norm of the error due to discretization in the images
reconstructed by using different meshes in the phantom experiment.
Absolute Value Percentage Value

i —ollo 6.096 x 1073 100%
|l — peallo 5134 x 1073 84.23%
i — pwalle 3.283 x 107 53.87%

evaluate the reconstruction accuracy. We tabulated the results in Table 6.1. The re-
sults show that, as compared to the image reconstructed using uniform meshes, the
error due to discretization is reduced by approximately 45% when our algorithms
are used in FDOT reconstruction. On the other hand, the conventional method
can only provide approximately 15% error reduction with respect to the uniform
meshing scheme.

Figure 6.8 shows the cross-section of the fluorophore concentration images at
z = 0 plane reconstructed by using different types of meshes. The baseline image p
is shown in Figure 6.8(a). As shown in Figures 6.8(b), 6.8(¢) and 6.8(d), the shape
of the fluorophore heterogeneity is better resolved in puya and pca with spatially
varying resolution than in uy. We also observe that piy 4 is the closest one to p in all
images reconstructed using coarse meshes. More specifically, i1 4 has higher response

in the center of the fluorophore heterogeneity and lower background variation as
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(a) The baseline image. (b) The image reconstructed using the uni-
form meshes.

z=0

0.1 Qr \\\\\\ \\\
. /l'.~~\\\\ é 0.02

0.05

-1

(c¢) The image reconstructed using the adap- (d) The image reconstructed using the adap-
tive meshes generated by our algorithms pro- tive meshes generated by the conventional
posed in Chapter 5. method.

Figure 6.8: The cross-sectional reconstruction result of phantom exper-
iment on plane z = 0.

compared to those of py and pea.

Figure 6.9 shows the reconstructed surface of the fluorophore heterogeneity
at the half its maximum concentration value obtained by using different meshes
in image reconstruction. We observe some small objects reconstructed away from
the true heterogeneity (indicated by the blue tubes in Figure 6.9) in Figures 6.9(a)
and 6.9(b), which represent the background variation with value higher than the
half maximum fluorophore concentration value in the reconstructed image. On the
other hand, the result obtained by using our algorithms has a clean background,
and a more smooth reconstructed surface, as well as a more compact shape close to
the true tube-shaped fluorophore heterogeneity as shown in Figure 6.9(c).

The results in Table 6.1 and Figures 6.8 and 6.9 demonstrate the improvements
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(a) The 3D fluorophore heterogeneity recon-
structed using uniform meshes.

(b) The 3D fluorophore heterogeneity recon-
structed using the adaptive meshes generated by
our algorithms proposed in Chapter 5.

(¢c) The 3D fluorophore heterogeneity using the
adaptive meshes generated by the conventional
method.

Figure 6.9: The 3D fluorophore heterogeneity reconstructed in the phan-
tom experiment. The surface is reconstructed at the half maximum value
of the reconstructed fluorophore concentration. The blue tube indicates
the true fluorophore heterogeneity.
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Figure 6.10: The change in percent L?(2) norm of error versus the number
of nodes used in the inverse problem mesh in the phantom experiment.
The horizontal dash line indicates the 5% error level between each mesh
refinement.

in reconstruction accuracy, and small target detectability, as well as image resolution
of the reconstructed optical images, when our adaptive meshing algorithms are used
in FDOT reconstruction.

We finally studied the convergence of the discretized inverse problem solution
to the exact solution when different types of meshes were used in the phantom
experiment. We used the similar method as we used in the simulation studies in
Chapters 3 and 5. Figure 6.10 shows the change in the L*(2) norm of error ver-
sus the number of nodes used in the inverse problem mesh for different adaptive
mesh generation algorithms in the phantom experiment. We observe that our adap-
tive mesh generation algorithms again have the fastest convergence rate among all
meshing schemes. The horizontal dash line in Figure 6.10 represents the 5% error
between each mesh refinement. The result shows that, to achieve this accuracy level,
one only needs to use our adaptive mesh with roughly 8 000 nodes for the inverse
problem, as compared to the conventional adaptive mesh with over 12,000 nodes

and the uniform mesh with over 19,000 nodes.
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6.5 Conclusion

In this chapter, we demonstrated the practical advantages of our adaptive mesh
generation algorithms proposed in Chapter 5 in the real FDOT reconstruction using
the data collected from a phantom experiment. In the real FDOT reconstruction
case, the measurement noise is an important factor that affects the reconstruction
accuracy together with the problem discretization. Taking into account the inter-
dependence of the FDOT forward and inverse problems as well as the measurement
noise, our adaptive mesh generation algorithms can adaptively refine the meshes
according to the factors, such as the source detector configuration, their positions
with respect to the fluorophore heterogeneity, the noise statistics and a priori in-
formation on the fluorophore concentration. The reconstruction results showed that
our new algorithms can effectively improve the accuracy, small target detectability,
and resolution, as well as the convergence rate of the reconstructed optical images

using real data.



CHAPTER 7
CONCLUSION AND FUTURE WORK

7.1 Conclusion

In this thesis, we analyzed the effect of discretization on the accuracy of FDOT
imaging when the measurements are noise-free as well as in the presence of mea-
surement noise. We presented our error analysis results in the form of several upper
bounds for the error due to discretization in the reconstructed optical images. These
error bounds take into account the mutual dependence of the forward and inverse
problems, and show the factors that determine the extent to which the discretiza-
tions can affect the accuracy of FDOT reconstruction. These factors include the
number of sources and detectors, their configuration and their positions with re-
spect to the fluorophore heterogeneity, and the formulation of the inverse problem
when the measurements are noise-free. They also include the noise statistics and a
priori information on fluorophore concentration when measurements are contami-
nated with noise. The two most important implications of our error analysis can be

summarized as follows:

e One has to take into account the mutual dependence of the forward and inverse
problems, and discretize either forward or inverse problem of FDOT based on

the solutions of both problems.

e In the presence of measurement noise, one has to additionally take into account
the noise statistics and a priori information on fluorophore concentration,

while discretizing either the forward or inverse problem of FDOT.

The error analysis in Chapters 2 and 4 motivates the development of adaptive
mesh generation algorithms for FDOT. In Chapters 3 and 5, we presented four novel
adaptive mesh generation algorithms for the forward and inverse problems of FDOT
for the noise-free case and for the case when measurements are contaminated by

noise, respectively. All of these new adaptive mesh generation algorithms generate
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meshes with spatially varying resolutions based on the solutions of both problems.
Furthermore, the two algorithms proposed in Chapter 4 can additionally refine the
meshes according to the noise statistics and a priori information on the fluorophore
concentration.

The numerical simulation studies in Chapters 3 and 5 validated our error
analysis and demonstrated the advantages of our new adaptive mesh generation al-
gorithms in FDOT reconstruction. In these simulation studies, we showed that the
adaptive mesh generation algorithms developed in this thesis can effectively improve
the accuracy, resolution, and small target detectability of FDOT reconstruction, as
well as the convergence rate of the discretized solution to the exact inverse prob-
lem solution, as compared to the uniform and the conventional adaptive meshing
schemes. In Chapter 6, we also showed the practical use of our adaptive mesh gen-
eration algorithms in FDO'T reconstruction using data from a phantom experiment.
The reconstruction results using the phantom data were consistent with the results
of our simulation studies, and demonstrated the effectiveness of our algorithms in
real data.

In Chapter 4, we formulated our FDOT inverse problem based on the indepen-
dent Gaussian models for both measurement noise and fluorophore concentration.
In some situations, these models may not result in the optimal FDOT reconstruc-
tion due to the mismatch between the models and the underlying natures of the
measurement noise and fluorophore concentration. However, the error analysis and
adaptive mesh generation algorithms presented in the thesis can be extended to the
case when different noise and a priori fluorophore concentration models are con-
sidered. Particularly, we discussed the case when more general Gaussian models
are used for the measurement noise as well as the fluorophore concentration, and
presented the corresponding error bounds for this case.

Finally, we summarize the contributions of this thesis:

e The discretization error analysis in this thesis takes into account the inter-
dependence of FDOT forward and inverse problems, as well as the impact of
measurement noise. The resulting error bounds explicitly show the effect of

problem discretizations on FDOT imaging and identify the key factors that
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determine the extent to which the discretization can affect the FDOT recon-
struction accuracy. We note that this part of the work is the first study in the
literature that takes into account measurement noise and provides a rigorous

analysis on the error due to discretization in FDOT imaging.

e The adaptive mesh generation algorithms developed based on our error anal-
ysis can effectively reduce the error due to discretization in the reconstructed
optical images as compared to the uniform and conventional adaptive meshing
schemes. We note that the simulation and phantom studies in this thesis are
the first studies in the literature that provide comprehensive performance eval-
uation and comparison among different adaptive meshing methods in FDOT

imaging.

e The error analysis and adaptive mesh generation algorithms in this thesis are
not limited to FDOT imaging problem, and can be adapted to other inverse
parameter estimation problems such as bioluminescence tomography, electrical

impedance tomography, and microwave imaging.

7.2 Future Work

Based on the perspectives, methods, and algorithms developed in this thesis,

we propose some future work in the following directions:

e In this thesis, we focus on estimating the fluorophore concentration using the
CW method. However, the approach we presented in this thesis is not limited
to the single frequency FDOT imaging system, and can be extended to FD and

TD methods to estimate both concentration and lifetime of the fluorophore.

e In FDOT reconstruction, the regularization and a priori model of fluorophore
concentration cause the bias in the reconstructed image, which is another type
of error in addition to the errors due to discretization and measurement noise.
The regularization parameters and variance in the a priori fluorophore con-
centration model provide a way to balance this bias and the error due to mea-

surement noise. Our error bounds given in Chapters 2 and 4 are the functions
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of these parameters. In the development of adaptive mesh generation algo-
rithms, we assume that the appropriate values for regularization parameters
and variance of fluorophore concentration are determined a priori. However,
since our error bounds involve these parameters, it is possible to study the
interplay between the choice of these parameters and the mesh size, and adap-
tively select them in an attempt to reduce the overall error in reconstructed

optical images.

In the presence of measurement noise, we formulate the FDOT imaging prob-
lem as an estimation problem to estimate the fluorophore concentration using
the noise-contaminated data. We access the quality of FDOT reconstruction
by the MSE due to discretization in the fluorophore concentration estimate.
Alternatively, the FDOT imaging problem can also be formulated as a detec-
tion problem where the objective is to detect the fluorophore heterogeneity
from the background variation in the reconstructed image. Therefore, a de-
tection figure of merit, such as SNR of the test-statistic, can be chosen to
evaluate the quality of the FDOT reconstruction. A study on the effect of
discretization on the SNR of the reconstructed optical image can motivate the
development of the adaptive mesh generation algorithm that can be used to
maximize the detectability of the FDOT imaging system with the constraint

of the computation complexity.
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APPENDIX A
LAX-MILGRAM LEMMA

Given a Hilbert space V, a continuous coercive bilinear form F(-, -) and a continuous

linear functional G, there exists a unique u € V' such that
F(v,u) =Gv), YveV. (A.1)

The proof can be found in [94]. As a direct consequence of this lemma, an upper

bound on w can be established as

Ve (A.2)

1
Jully < QHQI

where () is the coercivity constant and V* is the dual space of V.
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APPENDIX B
DEFINITION FOR DUAL NORM OF F

The dual norm of the bilinear form F(-,-) is defined by [94]
F(v,u
| F (v, u)]]ys := sup [F v, u))

wro ollv

where || - ||y« denotes the norm of V*(€2) which is the dual space of V(2).
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APPENDIX C
COERCIVITY OF F

In the noise-free situation, recall B = A*A, thus (Bu,u) > 0. From the positive

parameters A\; and Ay, we see

v

| F (u, )] A (1) + AoV, Vu)
> min(Ay, Az)|Julf?

> Qllulli, (C.1)

where @ := min(\;, A9) is the coercivity constant.
In the presence of measurement noise, recall B = A*Yg' A, thus (Bu, u) > 0.

For the MAP estimator case, we have

Frarlwu)] > (u,5)
ol
1| oo
> Qllullg, (C.2)
where @ := 1/||k||« is the coercivity constant.
For the ML estimator case, we have
|\ Frar(u,u) > AMu,u)
> AMullg
> Ql|ull3, (C.3)

where () := ) is the coercivity constant.
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APPENDIX D
PROOF OF THEOREM 1: UPPER BOUND FOR THE

ERROR DUE TO FORWARD PROBLEM
DISCRETIZATION

Subtracting F (¢, 1) from both sides of (2.42) yields:

F, i) — F, ) = G) — F(, ),
J‘T:Wﬂ—ﬂ)

I
kS
S

|
A
=
E
[S]
=

Adding and subtracting G(¢) on the right hand side of (D.1) lead to

F,i—p) = G)—FW,pn) + () — G)
= G() — F(,p) + F(ib, 1) — G(¥)
= (F=F)(@,n) + (G —G)(¥). (D.2)

Then following the Lax-Milgram Lemma in Appendix A, the error y — z is bounded
by

(F = F)w,m) + (G- G)(w)

—all;, < ———

i — Filly _ImMMAQ‘
1

~ min(Ag, A\9)

1%

|F =P n

@G -9w)

1*] » (D3)

where || - ||1« is defined in Appendix B.
Clearly,

(F=F)W,1) = (¥, Bu)+ M, ) + Xao(Veh, Vi) — (00, Bp) — M (4, 1)
_)\2<vﬂ7 V@/})
= (v.B-B). (D.4)
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Note that the dual norm of the bilinear form (F — F) (¢, p) is defined by

i (F = F)w,n)
(F = F)@, ) = sup
$#£0 (IR
[
T T T
o 1B =Bjulls|llo
S T (D-5)
Hence,
I(F = F)W, 1)1 < 11(B = B)uallo. (D.6)

Following [79], we express

(B =B)ullo ~ 2/lA"(A = A)ullo

Ns,Np

Z 9;¢¢/(g;6¢+¢iej)udr

i @

~ 2

0
Ns,Np

< 2maxlgole Y [ llge+ o, (DD
0,

where e; = ¢;—®; and €] = g;—G7 are discretization errors in ®; and G7 respectively.
Then if we expand the integral on 2 as a summation of the integrals on the finite
element €2,,;, m =1,--- ,NZj and Q,;, n =1,--- , NX, the upper bound for ||(B —

Byl can be given as

(B = B)ullo
Ns.Np [ NA N
< 2max|lgi¢io S D g ullomilledlon + > listllomslle; lloms
" ij n=1 m=1
Ng NZ7ND Np NZj,NS
< 2max||lgi¢io S gillomilleillon: + > > Ndilomslle lloms
" i=1 nj j=1  myi

(D.8)
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Next, following a similar argument as in (D.5) and (D.6), we obtain

1G = G) (@)1 < IIF = Fllo- (D.9)

Then an upper bound for ||f — fl|o is given by [79]

IF=1lo = | —A9r)|
Ns,Np
~ Z (gjei + die)Ly;
irj 0
Ns,Np
< max|FU| Z lgjei + pi€jllo- (D.10)
i,
A bound for max; ; |I';;| can be obtained by using (2.14):
Hll.%X|Fij| < max 195 dillolleello- (D.11)

Finally, to compute an upper bound for | f — fllo, we expand the L2(€2) norm

computed on €2 as a summation on the finite elements Q,,,;, m =1,--- | N, i and ,,;,
n=1,---,Ni:
1f = fllo
NS NA Np *] NS
< maXngqbZH [[llo Z Z ||g]”oom|ez||0m+z Z ||¢2||ooij€ [l0,my
(D.12)

In the end, using the discretization error bounds (2.40) and (2.41) leads to the

theorem.



APPENDIX E
PROOF OF THEOREM 2: UPPER BOUND FOR THE

ERROR DUE TO INVERSE PROBLEM
DISCRETIZATION

Taking (2.42) as the starting point, by coercivity we can write

D).

1 -
TP Fu— P -
i — p ||1_mm<)\h)\2) (m—p” = p

Let ¢ € V, then the above inequality is equivalent to

1
H/’l’ 2 ||1 — min(Al,A2>

1 ~ D ~
mf(ﬂ—u 7M—90)7

[f(ﬁ—uD,ﬁ—so) +7"(ﬁ—uD,so—uD)]

because ¢ — uP € V and the error i — p is orthogonal to the finite-dimensional

subspace with respect to the norm induced by the bilinear form [94]. Noting

F—uPji—¢) = <ﬁ—ﬂD7E(ﬁ—90)>+)\1(/7—#D7M—90)
+X (V=) V(i — ), (B.1)

it is clear that

1

~_D2<—[~_D R Nl — Pl —
I —prlli < O ) 18— 1ol B(E = @)llo + Aullie — w7 [lollz — #llo
+ X[V = Vil o] Vi — Vil o]
1 - ~ - -
< (12 = 1P 1B = @) llo + Al = 1P [ ]1E = el

min()\l,)\Q)
+ Xollfi = 1P 11 VE = Veello] - (E.2)

Canceling || — (|1 terms on both sides, we have

1

min(, ) [HB(M —©)|lo + Ml = ¢llo + X[ Vi — VSOHO] - (E3)

7= Pl <
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Let ¢ € V be the interpolant of ;i and e, = 1 — ¢ be the interpolation error. Then
the first term in the bound (E.3) can be expanded as follows:

IB(i—@llo = 1Besllo

/ Z G ()0, G ()@ (F)e, ()

Ns,Np

> 165 / GO )dE. (B4

0

IA

Then if we expand the integral on 2 as a summation of the integrals on the finite

element €y, t =1,--- , N:

Ns,Np

1B = @)lo < Z 1G5 P ||oZ||G*<I’ lo.ellesllos

Ng,Np Na

max [| G @iflo >, ZIIG*<I> lo.elleplo.s-
i,j t=1

IN

The remaining two terms in (E.3) can be expressed in a straightforward way:

Na
Mz =ello = Mleullo <MD lleullos,

t=1
Na

MllVE—Vello = XalVeullo < A2 > [Veullos

t=1

Assume that our solution also satisfies 7 € H?(f2). Then the bounds for the inter-

polation error and its gradient on each element can be given by [94]:

lewllos < Cllfllzehs, (E.5)
IVeullor < Cllalla,ihe,
where C is a positive constant, || - [los and || - ||z, are respectively the L? and H?

norms on £2; and h; is the diameter of the smallest ball containing the finite element

;. Finally, substituting (E.5) and (E.6) into (E.3) proves the theorem.



APPENDIX F
SOLUTION OF THE MODEL PROBLEM

In order to initialize the adaptive mesh for the solution of the forward problem
(provided D(x) = D and p,(x) = i, are spatially constant), we use an analytical
solution to compute the approximations of ¢; and g;. Below, we give the solution

in 2D for the forward problem (2.5) [60]:

S 4 (1
g;(p, p2;0,07) = ——{—Io(/fszﬂ<)Ko(ka>)
Dr (2

+ Z cos[m (0 — 05)]Im(ka<)Km(ka>)} ;

where p. means the smaller of p and p/, p~ means the greater of p and p?, I, and
K, are the modified Bessel functions of the first and second kind, respectively [119],
and kg = \/_—Kg% . Under the same conditions, an analytical solution for the adjoint
problem (2.9) can be obtained in a similar way. The solution of the problem in

three-dimensional can be derived in a similar manner [120,121].

142



APPENDIX G
LOWER BOUND ON ©

Substituting the constraint (3.13) into the bound (2.54), we get

1 Na Ns,Np
n— P < - G:9; G Dillo.h
[ —pll < min(A, Ao) (H%XH j HOG; ; | j llo,¢h
Na Na
+Alzeht+)\226>
t=1 t=1
= 0. (G.1)
Next, we compute a lower bound for © in (G.1).
1 Na Ns,Np Na Na
0 = ——— G, G:D;llothe + A hy + A
NAE max; ; HG*q)zHO NeNp /\1
> L i G:®illohi + ———=N in i
> min(r, ) min ; 1G5 ®illohe + min (. ) A€ Ay
A2
—F N
+min()\1,)\2) ac
* Ng,Np
. maxm HGJCI)Z“O . "
> Nae 1—i—mtlnht+ O, Ay) min Zz]: 1G5 ®illo,+he (G.2)
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APPENDIX H
PROOF OF THEOREM 3: UPPER BOUND FOR THE

BIAS OF MAP ESTIMATE

Let finrap(r) = Eluaap(r)] and fiap(r) = Elugap(r)], then Elerap(r)] =

farap(r) — 1Y 4p(1). We can further express Bias?[u? , 5] in (4.25) as

. _ _ 2
Bios'ufyar] = | [maaan(r) = aptor) dr

= |lisrap(r) — fixpap(r)llo-

It is clear that Bias?*[u%) ,p] is the square of L?(€2) norm of the difference between
finrap and i) 4p.

Taking the expectation on both sides of (4.9) and (4.18), and applying Fubini’s
theorem [122], we can show that fiyyap and ¥ ,p satisfy the following variational

forms:

Faar(ufiaar) = (0 AZIT) + (0,2, wpelQ), (R
Frar(Wiifap) = (LASST) + (05D, vev@,  (H2)

where I' = E[I']. Further, we let fiyap € L?(Q2) be the solution of the following

approximate inverse problem:

Fruar(,finar) = (0, AZ'T) + (0,20), vy e 17(9).

Then we have

. _ = = _ 2
Bias®[pyrap) < [HNMAP — finrapllo + [|fiarap — MJI\DMP”O] , (H.3)

by the triangular inequality.

For the first term ||fipzap — fiarapllo in (H.3), we follow the similar procedures
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given in Appendix D and obtain

lisear = fncarlle < il ||| (Ben = Buinsar|| + (A" = aze'n|| |-
(H.4)

we have [79]

For term H(BLH — ELH),HMAP’ .

- NelNp gx .
H (Bru — BLH),HMAPH ~ 2 Z /(g;ei + ¢ie}) i apdr
0 ;. J€iiJa o
Xl
g, ¢z||0
S 2 ] / | ’L+¢Z )ﬂMAP|d’r
Ez]

0]

where ¢; = ¢; — ®; and e¢f = g; — G}. Decomposing the integral on {2 into a

summation of the integrals on the finite elements €Q,,;, m = 1,--- ,sz and $2,;,
n=1,---, N4, which are used to discretize the forward problem, we arrive at

N NaND ¢ lo
1

| (BLu _ELH)ﬂMAP’|O < Z Z

||gJ/~LMAPH0m||€Z
Ez]

Np NA 7NS *¢ HO
1

R

| pirirsapllomsllejllom; | (H-5)

Similarly, for term H(;t* - ANZ'T

, we have its upper bound as
0

NS7ND * *
H(A* _./4*)2_1 ~ Z g] 7 ~ ¢z ]Fi’j
0] T¢.ij .
Ng Ni,Np =
T
< (X z 1 el

Lyl
+Z Z 5 illsomslie;lloms | - (H6)

Ez]

In the end, substituting (H.5) and (H.6) into (H.4) and using the discretization error
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bounds (2.40) and (2.41) lead to B, and B in Theorem 3.
For the second term ||fiazap — ¥ 4pllo in (H.3), we follow the procedures in

Appendix E and obtain

ﬁMAP - @
K

] ()

|fzrrar = fixrapllo < Al [HBLH(/]MAP B S0>H0 * H

Let ¢ € V(2) be the interpolant of fiyap and e, := fiprap — ¢ be the interpolation

error, we have

Ns Np- s (). (-
> GO0 /Q G () Dy (F e, () di

HgLH(ﬁMAP - <P)HO =

2
ij Og.ij i
Pl
= G5 (7 e (7)|dr
OEz] /
ot IG; 2l illo &
= Z 2. ZHG*CI)HOtHelLHOt, (H.8)
1,7 52,

and

1

K

MMAP -

<3|

)
K

lenllo, - (H.9)

0o,t

Approximating fipsap by fisrap, and substituting (H.8), (H.9) and the discretization

error bound given by

||€u|’0,t < C|mMAPH1,tht7

into (H.7), we obtain Bs in Theorem 3.



APPENDIX I
PROOF OF THEOREM 4: UPPER BOUND FOR THE

VARIANCE OF MAP ESTIMATE
We express Var{ufy4p] in (4.26) wsing rasap. o5 p. finrar and fivap as
Varlifiapl = [ B [lnasar(r) = ihar(r) = fisear(r) = fiap(r))] ar
= [ B lmseartr) = paaar(r)) = ian(r) — ifrap )]
Subtracting (H.1) and (H.2) from (4.9) and (4.18), respectively, we obtain

Frap(W, ippap(r) — fivap) = (0, AZZHT —T)), Vo e L*(Q), (L1)
Fuiap(U plap(r) — ihap) = (AZC-D), YeeV(Q). (12)

Let e;; € RN¥s¥p = 1,... Ngand j = 1,..., Np, be the unit vector given
by
eij:[O,...,l,...,O]T,

with only non-zero entry at [(i—1) Np+j]th position. Then we define 7;;(r) € L*()
and IL;;(r) € V(Q) as the solution of the following variational problems:

]:MAP(wﬂrij) = (¢7A*Egleij)7 Vl/}GLQ(Q)’
Fuap(WIL;) = (U, AT e;), VU eV(Q).

Further, we define 7w (7) and II(r) as

w(r) = [7(r), ..., T(")ing, T(T)21, - .., W(T)NSND]T,

M(r) = [(@), - () ivg, (a1, - (P vgn, ]

Due to the linearity of (I.1) and (1.2), it can be shown that ppap(r) — fiprap(r) and
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18 4p(r) — 5 4p(r) can be given as

parap(r) = finrap(r) = m(r)" (T = T),

parap(r) = fipap(r) = H(r)" (T = T).

Then, we have

Varlidias] = [ B||fmr) - o @ -

= [ () =) = () =TT ar. (L3)

where Xy is the covariance matrix of T'.

From the property of Gaussian random field, it can be shown that I'y in our
measurement model (4.1) is a multivariate Gaussian random variable statistically
independent to the noise €. More specifically, using the Fubini’s theorem, we can

derive the mean of I'y and the covariance between each pair of its entries:

E[To] = Apo,
Cov (Lo, Tom] = /n(r)aij('r)akl(r)d'r.
Q

Then, due to the independence between the noise and fluorophore concentration,
3 can be obtained as the sum of the covariance matrices of I'y and noise €. We

use (EI‘)p,q7 forp=1,...,NgNp,and ¢ =1,..., NsNp, to denote the entry at the

p" row and the ¢'" column of 31, then we have

®ru;=mém+[fwmmmWWMn

where 9,, is the Kronecker delta function and the indices i, j, k, [, p and g have the

following relationship:
p=(i—1)Np+j, q=(k—1)Np+I,

fort,k=1,...,Ng, j,l=1,...,Np,and p,q=1,..., NsNp.
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In this respect, we can express (1.3) as

Var i3y 4p)
Ns,Np

2
- /QZ (2F)(i—1)ND+j,(z‘—1)ND+j |5 () — ILi (r)[” dr
.3

Ns,Np Ng,Np

+/Q > (E1) vy i eetyvp it [T (1) = g (7)) [ (1) — Ty ()] dr.

1,5  k,Lkl#ij

Applying Cauchy-Schwarz inequality, we obtain

Var(uy 4p)
NS 7ND

2
< Y B0y () = (03
/L?.]
Ns,Np Ns,Np

3 Y O s [T () = T () () — (),

ikl kl#i]

Since X is positive semi-definite, we have [123]

1/2 1/2
(=), <=, |E0).,]
and
Var[:u]\%AP]
Ns,Np
2
< Y (B0 iywpesityvgey 17T = T (r)1
1,3
Ns,Np,Ns,Np 1/2 1/2
+ Z ‘ (=p) (i—=1)Np-+4,(i—1)Np+j ‘ (=r) (k—1)Np+1,(k—1) N+
i,d,k,l,ii#kl
735 (r) = Ty ()l e () — T ()
Ns,Np 1/2 2
< Y D) oy 7 =) o] (1.4)
1,J

Note that, when the measurements are noise-free and the fluorophore concentration

is also deterministic, we have ¥p = E [(T' = T')(T' = T')] = 0, thereby Var[uf, ,p] =
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For each ||m;;(r) — IL;(7)|lo in (L4), we can let T' = e;; and follow the same

approach in Appendix H to obtain an upper bound for ||m;;(r) — IL;;(r)|o given by

|75 () — iz () lo

Ni N
AENarS D2||/€||oollgj dillo

< Z Z 19575l 0, | i | 1,mir o
i'=1 n,j’ EZJ

KR

“ ||OOZHg]HOOan¢ZH1m nz

Ezy n—=1

ND NA 7

K
+Z Z || ||OO||g] ¢’L ||0||¢7/7r2]||0,MJ/||g;/||l,m]’hm]’
m,i’ 81]

Iloe <
s Z 164l oc.m 193 1m0y

677«7 m=1

> (NS,ND 16]lo0 |G @i [lo]| G @it 0,0

7 i/ 110, 1
D o SR ) ||mj||1,tht] 15
t=1 00,

il U€,i’j’

1/2

Finally, let D;; = )(EF)@A)NDH (-nnpsj|  and substitute (I.5) into (I1.4), we

arrive at (4.28) in Theorem 4.



