IDENTIFYING AND ADDRESSING

THE ERROR SOURCES IN
DIFFUSE OPTICAL TOMOGRAPHY

By
Murat Giiven
A Thesis Submitted to the Graduate
Faculty of Rensselaer Polytechnic Institute

in Partial Fulfillment of the

Requirements for the Degree of
DOCTOR OF PHILOSOPHY

Major Subject: Electrical, Computer, and Systems Engineering

Approved by the
Examining Committee:

Birsen Yazici, Thesis Adviser

Eldar Giladi, Member

Badrinath Roysam, Member

Qiang Ji, Member

Xavier Intes, Member

Rensselaer Polytechnic Institute
Troy, New York

December 2007
(For Graduation December 2007)



IDENTIFYING AND ADDRESSING

THE ERROR SOURCES IN
DIFFUSE OPTICAL TOMOGRAPHY

By
Murat Giiven

An Abstract of a Thesis Submitted to the Graduate
Faculty of Rensselaer Polytechnic Institute
in Partial Fulfillment of the
Requirements for the Degree of
DOCTOR OF PHILOSOPHY
Major Subject: Electrical, Computer, and Systems Engineering

The original of the complete thesis is on file
in the Rensselaer Polytechnic Institute Library

Examining Committee:

Birsen Yazici, Thesis Adviser
Eldar Giladi, Member
Badrinath Roysam, Member
Qiang Ji, Member

Xavier Intes, Member

Rensselaer Polytechnic Institute
Troy, New York

December 2007
(For Graduation December 2007)



(© Copyright 2007
by
Murat Guven

All Rights Reserved

il



CONTENTS

LIST OF TABLES . . . . . . . .

LIST OF FIGURES . . . . . . . .

ACKNOWLEDGMENT . . . . . .. e

ABSTRACT . . . e

1.

2.

Introduction . . . . . ...
1.1 DOT in a Clinical Perspective . . . . . . . . . . ... ... ... ...
1.2 Diffuse Optical Tomography as an Imaging Problem . . . . . . . . ..
1.3 Thesis Outline . . . . . . . . . .. ...

1.3.1 Effect of discretization on the accuracy of optical absorption
Imaging . . . . . . ...

1.3.2 Adaptive mesh generation for DOT . . . ... ... ... ...

1.3.3 Effect of linearization by Born approximation on the accuracy
of DOT imaging . . . . . . . . .. .. . ... ... ... ...

1.3.4 Effect of discretization on the simultaneous reconstruction of

optical absorption and diffusion coefficients . . . . . . . . . ..

Effect of discretization error in diffuse optical absorption imaging . . . . .
2.1 Imtroduction . . . . . . .. . ...
2.2 Forward and Inverse Problems . . . . . . . . ... ... ... .....
2.2.1 Forward Problem . . . . ... ... ... ... . ........
2.2.2 Inverse Problem . . . . . . . . ... ... .. .. ... ...
2.3 Discretization of the Inverse and Forward Problems . . . . . . .. ..
2.3.1 Inverse Problem Discretization . . . . . . . .. ... ... ...
2.3.2 Forward Problem Discretization . . . . . . ... ... .. ...

2.3.3 Discretization of the Inverse Problem with Operator Approx-
Imations . . . . . . . .

2.4 Discretization-based Error Analysis . . . . .. ... ... ... ...
2.4.1 Case 1: The kernel s(x,%) isexact . . ... ... ... .. ..
2.4.2 Case 2: The kernel is degenerate . . . . . .. ... ... ...

2.4.3 Tterative Born Approximation . . . . ... .. ... ... ...

2.5 Conclusion . . . . . . ..

il



3.

4.

Adaptive mesh generation in diffuse optical absorption imaging . . . . . . .
3.1 Introduction . . . . . . . . ...

3.2 Overview . . . . . ..
3.2.1 Forward and inverse problems in DOT . . . .. ... .. ...
3.2.2 Effect of inverse problem discretization . . . . . .. ... ...

3.2.3 Effect of forward problem discretization. . . . . . . ... ...

3.3 Adaptive Mesh Generation . . . . . . ... ... .. ... ... ...
3.3.1 Adaptive Mesh Generation for the Forward Problem . . . . .

3.3.2 Computational cost of the adaptive mesh generation algo-
rithm for the forward problem . . . . . . ... ... ... ...

3.3.3 Adaptive mesh generation for the inverse problem:. . . . . . .

3.3.4 Computational cost of the adaptive mesh generation algo-
rithm for the inverse problem . . . . .. ... ... ... ...

3.4 Numerical Experiments . . . . . .. .. .. ... ...
3.4.1 Simulation Study 1 . . . . . ... ...
3.4.2 Simulation Study 2 . . . .. ... oo
3.4.3 Simulation Study 3 . . . .. ... oo

3.5 Conclusion . . . . . . . .
Error in Optical Absorption Images due to Born Approximation in Diffuse
Optical Tomography . . . . . . . . . .. ... ...
4.1 Introduction . . . . . . . ...
4.2 The Scattered Field and Born Approximation . . .. .. .. ... ..
4.3 Inverse Problem . . . . . . . . . ...
4.3.1 Inverse problem statement without Born approximation . . . .
4.3.2 Inverse problem based on Born approximation . . . . . . . ..

4.4 Analysis of the error resulting from Born approximation and Tikhonov
regularization . . . . ...

4.4.1 Effect of Born approximation . . . .. .. ... ... .. ...
4.4.2 Effect of Tikhonov regularization . . . . .. .. .. ... ...
4.4.3 Theoverallerror . . . . . .. ..o
4.5 Discussion . . . ... e
4.6 Numerical Experiments . . . . . . . . .. ... ... . 0L
4.6.1 Simulation 1. . . . . .. ...
4.6.2 Simulation 2. . . .. ..o

4.7 Conclusions . . . . . . . .

v



5. Effect of discretization on the accuracy of simultaneously reconstructed

absorption and scattering images . . . . . .. ... ... ... ... ... 107
5.1 Forward and Inverse Problems . . . . . . .. .. ... ... ...... 109
5.1.1 Forward Problem . . . . ... ... ... ... ......... 110
5.1.2 Inverse Problem . . . . . . . ... ... ... ... ... ... 112
5.1.3 Regularization of the inverse problem . . . . . . .. . ... .. 113
5.1.4 Existence and boundedness of the inverse operator . . . . . . 115
5.2 Discretization of the Forward and Inverse Problems . . . . . . .. .. 116
5.2.1 Forward Problem Discretization . . . . . . ... ... .. ... 116

5.2.2  Approximation of 7 and « with finite element solutions G;
and GY . . ..o 117
5.2.3 Discretization of the inverse problem . . . . .. .. ... ... 119
5.2.4 Summary: The inverse problem and its approximations . . . . 120
5.3 Discretization-based Error Analysis . . . . . .. ... ... ... ... 121
5.3.1 Effect of forward problem discretization. . . . . . . . .. . .. 122
5.3.2 Effect of inverse problem discretization . . . . . . . . ... .. 124
5.3.3 Iterative linearization by Born approximation . . . . . . . .. 126
5.4 Adaptive Mesh Generation . . . . . . . . .. .. ... ... ... .. 128
5.4.1 Adaptive mesh generation for the forward problem . . . . .. 128
5.4.2 Adaptive mesh generation for the inverse problem . . . . . . . 130

5.4.3 Computational complexity of the adaptive mesh generation
algorithms . . . . . . ... oL 133
5.5 Conclusion . . . . . . . ... 135
6. Conclusion . . . . . . . . . .. 140
LITERATURE CITED . . . . . . . . . . .. .. 143

APPENDICES

A. Appendix for chapter 2 . . . . . . ... 152
A1 Boundednessof A, . . . . . . . . ... 152
A2 Compactness of A, . . . . . . . . 153
A.3 Proof of the Lemma . . . .. ... ... ... ... ... ....... 153



B. Appendix for chapter 3 . . . . . . ... ... 154

B.1 Solution of the Model Problem (shorter version) . . ... ... ... 154

B.2 Solution of the Model Problem . . . . . . . ... .. ... ... .... 154

B.2.1 Homogeneous Optical Background . . . . . . .. .. ... ... 155

B.2.2 The scattered field due to the circular inclusion . . . . .. .. 158

C. Appendix for chapter 4 . . . . . . . . ... oo 160

C.1 Proof of theorem 1 . . . . . . . . .. .. ... ... .. ... ..., 160

C.2 Proof of theorem 2 . . . . . . . . . . .. ... 166

C.3 Proof of theorem 3 . . . . . . . . . .. ... ... ... ... 169

D. Appendix . . . .. 170

D.1 Finite Element Discretization of the Forward Problem . . . . . . . .. 170
D.1.1 Existence and Uniqueness of the Solution to the Variational

Problem . . . . . ... 171

D.1.2 Finite Element Discretization . . . . . ... .. .. ... ... 174

D.1.3 Generation of Element Matrices and Vectors . . . . . . . . .. 175

vi



2.1
2.2
3.1
3.2
3.3

3.4

3.5

3.6

4.1
4.2

4.3

LIST OF TABLES

Definition of variables, functions, and operators. . . . . . . ... . ... 22
Definition of function spaces and norms. . . . . . . . . .. ... .. ... 23
Definition of function spaces and norms. . . . . . . . ... ... ... .. 48

The mesh scenarios and the background g, values in simulation study 1. 61

The error ||a*—a;) | 11(q) for each experiment described in the simulation
study 1 and Table 3.2. The first column shows the type of the meshes
used in the forward and inverse problems, respectively. The unit of
background g, isem™ ..o 63
The L' norm of o* and the error |[a* — @p||z1(0) for each experiment
described in the simulation study 2. The first column shows the type of
the meshes used in the forward and inverse problems, respectively. The
radius of the circular heterogeneity is giveninem. . . . . . . . .. . .. 66

The relevant parameters in the experiments 1-5 in simulation study
3. The abbreviation “Conv.” implies that the corresponding mesh
was generated using the conventional a prior:i discretization error esti-
mates (3.14)-(3.15) for the forward problem solution, and the conven-
tional a priori interpolation error estimate (3.11) for the inverse prob-
lem solution. The abbreviation “Prop.” refers to the adaptive meshes
generated by using the proposed adaptive mesh generation algorithms
based on Theorems 1 and 2, for the inverse and forward problem solu-
tions, respectively. The last column in the table shows the coordinates
of the center of the circular heterogeneity, considered in each experiment. 69

The error ||o* — @)||11(q) for each experiment described in the simu-
lation study 3. The first column shows the type of the meshes used
in the forward and inverse problems, respectively. The superscript ‘C’
denotes that the corresponding adaptive mesh generation is based on

the conventional a priori error estimates (3.14)-(3.15) and (3.11).. . . . 70
The list of notation. . . . . . . . .. ... ... 101
Definition of function spaces and norms. . . . . . . . . . ... ... ... 102

The error norm ||a — &*||p measured for each image reconstruction in
simulation study 1 (normalized by ||a — a*||o for = 0.040 cm™1.) . . . 102

vil



4.4

5.1
5.2

The error norm |ja — @*||11() measured for each calculation in simula-
tion study 2 (normalized by ||a — &*|p for a = 0.040 cm™" in the first

experiment. . . ... L L. 102
Definition of variables, functions, and operators. . . . . . . .. .. ... 138
Definition of function spaces and norms. . . . . . . . . . ... ... ... 139

viil



1.1
1.2

1.3

14

3.1

3.2
3.3

3.4

3.5

3.6

3.7

LIST OF FIGURES

A typical solution of the diffusion equation for a point source. . . . . . .
Sample uniform and adaptive meshes. . . . . . . ... ... ... ...

An example of crosstalk in simultaneous reconstruction of absorption
and diffusion coefficients. . . . . . .. ..o

A typical optical setup with transmission geometry with 29 sources
(triangles) and 29 detectors. . . . . .. ...

The setups used for the simulation studies 1, 2, and 3. The squares and
triangles denote the detectors and sources, respectively. . . . . . . . ..

Examples of meshes used in the first simulation study. . . . . . . . . ..

The reconstruction results of simulation study 1, with the background
te = 0.032 con™t. L

1

The results of simulation study 1, with the background g, = 0.050 cmm™".

The cross-sectional views from the reconstructed images in simulation
study 1, corresponding to the cases where the background p, = 0.032
and ji, = 0.050 cm ™!, respectively. . . . . .. ...

The results of simulation study 2. The left and right columns show the
reconstructed images regarding the optical heterogeneity with radius
0.50 cm, and 1.25 cm, respectively. The background j, = 0.040 cm™!
in all of the reconstructions. The reference images shown in (a) and
(b) are obtained using a uniform mesh with 61 x 61 nodes in both the
forward and inverse problems. . . . . .. ... 000

(a)-(b) Samples of adaptive meshes in the third simulation study, gen-
erated by using the conventional error estimates (3.14) and (3.15), which
led to unstable optical image reconstruction shown in (c) to (f), for the
circular heterogeneity centered at (3.0,3.5). (c)-(d) The unstable op-
tical image reconstructions in the third simulation study, obtained by
using the adaptive meshes for the forward problem solution whose ex-
amples are shown in (a)-(b). A = 107%. (e)-(f) The unstable optical
image reconstructions in the third simulation study, obtained by using
the adaptive meshes for the forward problem solution whose examples
are shown in (a)-(b). A was set to 107% to suppress the significantly
large artifacts observed in (¢)-(d). . . . . ... ... L.

X

65



3.8

3.9

3.10

4.1

4.2

4.3

4.4
4.5

4.6
5.1

5.2

B.1

Samples of adaptive meshes used in the third simulation study, which
led to the optical image reconstructions shown in Figure 3.10. The
meshes were generated for the circular heterogeneity centered at (3.0,4.5). 75

The reconstructed optical images regarding the circular heterogeneity
centered at (3.0, 3.5) in the third simulation study. . . . . . . ... ... 76

The reconstructed optical images regarding the circular heterogeneity
centered at (3.0,4.0) in the third simulation study. . . . . . . ... ... 7

The setups used for the simulation studies 1 and 2. The squares and
triangles denote the detectors and sources, respectively. . . . . . . . .. 95

The L*(2) norm of the scattered field vs each source position (on x-axis)
in each of the experiments in the first (a) and second (b) simulation
studies. . . . .o 97

The cross-sections of |u?a| and |g#@*| in simulation study 1, which con-
stitute the bound (4.34) for the error resulting from Born approxima-
tion. The jth source is located at (3,0) and the ith adjoint source is
located at (3,6) . . . . . . ... 103

Samples of the reconstructed images in the first simulation study. . . . . 104

The cross-sections of |u?a| and |g#@*| in simulation study 2, which con-
stitute the bound (4.34) for the error resulting from Born approxima-
tion. The jth source is located at (3,0) and the ith adjoint source is
located at (3,6). . . . . . .. 105

Samples of the reconstructed images in the second simulation study. . . 106

An example of crosstalk in simultaneous reconstruction of absorption
and diffusion coefficients. . . . . . . ... ..o oL 137

Samples of the reconstructed images in the second simulation study. . . 139

The setup considered for the solution of the model problem in equa-
tion (B.1). . . . .o 155



ACKNOWLEDGMENT

Babama (to my Dad)

I would like to dedicate my Ph.D degree to my father, who always knew...

I would like to specially thank my advisor Dr. Birsen Yazic1 for discovering
my potential and inviting me for Ph.D program to the USA. I am grateful for her
patience, guidance, help, and support during times that I believed getting my Ph.D
degree was impossible. I am also thankful to her for providing me with great working
conditions and the great research topic and for the opportunity to freely do research
under her supervision and guidance.

This is a small step for the mankind but a giant leap for myself. Do not get
me wrong; I did pretty good work. I am just trying to be modest. Perhaps, it is not
a good time to be modest. All right, this is a small step for me, but a giant leap for
the mankind.

But it was difficult. Not everyone should do a Ph.D, nor is there a need for
this. I felt that I should have lived the Ph.D education period to do endless research
and to feed my need and enthusiasm for learning and knowing more.

I would like to thank my family for their endless support and for repeatedly
saying “Don’t worry, you will do fine”. I worried, but I think I did fine. Maybe it
is not possible to do fine without worrying.

I would like to thank Dr. Xavier Intes and Dr. Eldar Giladi for their support
and help on my research and during my Ph.D life.

I would like to thank Dr. Kiwoon Kwon and Dr. Laurel Reilly for fruitful
discussions and for their friendship.

I would like to thank my thesis committee members for their feedback, which
helped me make this thesis better.

I would like to thank Dr. Aydan Erkmen, Dr. Gozde Bozdagi, Dr. Mu-
rat Eyuboglu, and Dr. Tolga Ciloglu from Middle East Technical University who
encouraged me to go to the graduate school.

I would like to thank Dr. Nihat Bilgutay from Drexel University for his support

xi



during the difficult first days and Dr. Dagmar Niebur for her help and encourage-
ment during the wonderful course series at Drexel University.

I would like to thank Dr. Vitor Schneider for his help and friendship during
my internship at Corning Inc.

I would like to thank Ann Bruno, Priscilla Magilligan, Laraine Michealides,
and George Narode for their patience, interest, and help. I always forgot to do
something, and they were there to remind and help me.

I would like to thank the human resources guy who did not hire me to a
consulting company back in 2001, suggesting that I should deal with “more technical
stuftf”. T took his advice.

I would like to thank Burak Alagam. Both of us went through almost the same
in the last few years. We shared a lot, we fought a lot; we had fun and suffered
together.

I would like to thank my roommates and all of my friends. I have been annoy-
ing for a long time and they must have been suffering. I hope everything is going
to be better after I get my Ph.D degree.

I would like to thank Pink Floyd for those long hours of music that I listened
to during my simulations.

I would like to thank the makers of the show “Modern Sabahlar” (Modern
Mornings) on RadyODTU which made it easier to wait for the simulation results
(thanks to the 7-hour time difference).

I would like to thank Fenerbahce for being the greatest soccer team on Earth.
They are absolutely the greatest even far far away (Uzaklarda da en biiyiiksiin!).
They made the weekends and weekdays more enjoyable.

And thanks to all members of forum antu. It was great to share ideas and
opinions about Fenerbahge, life, and speeding tickets.

Finally, T wish I had written all my daily experience on a regular basis. I
would have had a magnificent source for the new graduate students. I even thought
of a nice title: “Ph.D or not Ph.D”. Maybe I will do it during my next Ph.D degree
program.

Ph.D... an adventure.

xii



ABSTRACT

Diffuse Optical Tomography (DOT) is a minimally invasive imaging modality that
makes use of the light in the Near-Infrared (NIR) spectrum. The inverse prob-
lem in DOT involves reconstruction of spatially varying absorption and diffusion
coefficients as well as fluorophore lifetime and yield in tissues from boundary mea-
surements. These fundamental quantities can be utilized to obtain tissue oxy- and
deoxyhemoglobin concentrations, blood oxygen saturation, water and fat amount,
and to observe uptake and release of contrast agents and organelle concentration
in tissue. The unique physiological and biochemical information offered by DOT
is very valuable for practical applications such as breast cancer diagnosis, cogni-
tive activity monitoring, brain tumor and hemorrhage detection, functional muscle
imaging with a growing list of applications in molecular and cellular imaging.

Diffuse Optical Tomography (DOT) poses a nonlinear ill-posed inverse prob-
lem. Furthermore, propagation of NIR light is not restricted to a plane owing to
the diffuse nature of photons in turbid media. As a result, DOT is an inherent 3D
problem and suffers from low spatial resolution. One has to address all of these
drawbacks in order to provide accurate and computationally viable optical image
reconstructions.

This thesis focuses on the factors that affect the accuracy of DOT imaging
and on how to eliminate these factors. In this context, we present an error analysis
to show the effect of the discretization of the forward and inverse problems, and
the linearization of the inverse problem on the accuracy of the reconstructed optical
images.

First, we consider the inverse problem for which we reconstruct the unknown
optical absorption coefficient of a bounded optical medium while the optical diffu-
sion coefficient is assumed to be known. Then, we analyze the error in the recon-
structed optical absorption images resulting from the discretization of the forward
and inverse problems and the linearization of the inverse problem by Born approx-

imation. Our analysis identifies several factors which influence the extent to which
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the discretization and Born approximation impact the accuracy of the reconstructed
optical absorption images. For example; the mutual dependence of the forward and
inverse problems; the number of sources and detectors, their configuration and their
locations with respect to optical heterogeneities. Based on the error analysis, we
propose novel adaptive discretization schemes for the forward and inverse problems.
The proposed discretization schemes lead to adaptively refined composite meshes
that yield the desired level of imaging accuracy while reducing the size of the dis-
cretized forward and inverse problems.

Finally, we extend our error analysis for the simultaneous reconstruction of the
unknown optical absorption and diffusion coefficients. For this problem, while the
model for NIR light propagation remains the same, the inverse problem formulation
becomes more challenging since two parameters need to be estimated simultaneously.
Our analysis shows that the error in the reconstructed optical images due to forward
problem discretization depends on the solutions of the inverse problem. Similarly,
the error due to inverse problem discretization depends on the solutions of the
forward problem, thereby implying the inter-dependence of the forward and inverse
problems. One important implication of the analysis is that poor discretization of
one optical parameter may lead to error in the reconstruction of the other. Based
on the error analysis, we develop adaptive mesh design algorithms which are of low
computational complexity as compared to the computational complexity of solving

the respective problems, namely the discrete forward and inverse problems.
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CHAPTER 1

Introduction

Diffuse Optical Tomography (DOT) is a minimally invasive imaging modality that
makes use of the light in the Near-Infrared (NIR) spectrum [87, 43, 42, 49]. The
inverse problem in DOT involves reconstruction of spatially varying absorption and
scattering properties [72, 15, 4]. These quantities can be used to compute the oxy-
and deoxyhemoglobin concentrations, blood oxygen saturation, and the amount
of water and fat in tissue [56]. Similarly, diffuse optical fluorescence tomography
is concerned with the estimation of fluorophore lifetime and yield in tissues from
boundary measurements [23, 41, 29], which can be utilized to observe the uptake and
release of contrast agents in tissue [56]. The unique physiological and biochemical

information offered by DOT is very valuable for practical applications such as
e breast cancer diagnosis [21, 79, 51],

e cognitive activity monitoring [80, 84, 22],

brain tumor and hemorrhage detection [42],

functional muscle imaging [75], and

molecular and cellular imaging [32, 86].

DOT poses a nonlinear ill-posed inverse problem [4] with a relatively limited
number of measurements. Furthermore, the propagation of NIR light is not re-
stricted to a plane owing to the diffuse nature of photons in turbid media. Hence,
DOT image reconstruction is an inherent 3D problem, which suffers from poor spa-
tial resolution. In addition, the solution of the inverse problem calls for the solution
of the forward (direct) problem. As a result, DOT image reconstruction is an in-
volved mathematical problem with several computational challenges.

In this work, we focus on the computational aspects of the DOT problem. In
this context, we examine the factors that affect the accuracy and computational com-

plexity of DOT imaging, such as discretization of the forward and inverse problems



and linearization of the inverse problem. Based on the analysis of these factors, we
propose algorithms/methods to address the computational complexity of the DOT
imaging problem, without compromising the imaging accuracy.

In the following we briefly give an overview of the two aspects of the DOT
imaging problem: DOT in a clinical setting and DOT as an imaging problem. The
first part of the discussion summarizes the motivation for the use of DOT as a
clinical tool. The second part defines briefly the steps in formulating, modeling and

solving the DOT imaging problem and describes the challenges therein.

1.1 DOT in a Clinical Perspective

In anatomical imaging, the main interest is the imaging of internal struc-
tures. On the other hand, functional imaging is concerned with imaging physio-
logical changes in the body. Examples of anatomical imaging modalities include
x-ray imaging, magnetic resonance imaging (MRI) and ultrasound (US). Functional
imaging modalities include for example positron emission tomography (PET), single
photon emission computed tomography (SPECT), and optical tomography.

In tissue, light is attenuated in the visible region of the spectrum (with wave-
length between 450 and 700 nm) and can penetrate less than one centimeter. On
the contrary, in the near infrared (NIR) region (wavelengths 700 to 1000 nm), the
absorption is significantly lower and light can travel up to 8 centimeters of tissue
before it is totally attenuated. Thus, NIR light can be used to interrogate tissue.

DOT offers several potential advantages over existing radiological techniques [42]:

e NIR radiation is minimally invasive, thus can be safely used for screening and

continuous monitoring.

e DOT is inexpensive and portable as compared to x-ray computed tomography

(CT) and magnetic resonance imaging (MRI).

e DOT offers the potential to differentiate between soft tissues which differ in
optical properties such as absorption, scattering coefficients, which are linked
to tissue chromophores (water, Haemoglobin (Hb) etc.). Note that more than

97% of the transported oxygen is delivered by oxyhaemoglobin (HbO,) [58].



Thus, DOT provides information about the metabolic state of an organ by
measuring the concentrations of Hb and HbO, in the tissue using near-infrared

light. On the contrary, MR can not provide this kind of information.

e NIR methods offer novel criteria for cancer differentiation with the ability to
in-vivo measure oxygenation and vascularization state, the uptake and release
of contrast agents and organelle concentration. These properties are believed
to be malignancy specific and may significantly contribute to increased speci-
ficity in malignancy diagnosis. Therefore, DOT has the potential as a func-
tional imaging modality, and its applications range from brain oxygenation
monitoring in newborn and preterm infants to brain activation studies during
physical exercise or mental stimulation, and breast cancer detection/diagnosis

and screening.

1.2 Diffuse Optical Tomography as an Imaging Problem

“Solution of an inverse problem entails determining unknown causes based
on observation of their effects” (Oleg Mikailivitch Alifanov)... An inverse problem
invokes the need for a description of the relationship between these causes and
their corresponding effects. This relationship is provided by the forward (direct)
problem. Hence, solving an inverse problem calls for a well-defined forward problem
and its solution. As a result, DOT imaging requires the definition and solution of a
forward and an inverse problem. The forward problem in DOT can be defined by a
model that predicts the propagation of the NIR light in a bounded domain given the
optical coefficients of the medium. Then, the inverse DOT problem is to estimate
the unknown optical coefficients (namely the scattering and absorption coefficients)
of the medium from the boundary measurements based on this forward model. In
this respect, the forward and inverse problems are the inter-dependent components
of the DOT imaging.

In the following, we will describe the components of DOT imaging together
with the associated challenges. Note that each of the following can be considered

as a factor that affects the accuracy of DOT imaging:



1. Model for the NIR light propagation (forward problem): Before image
reconstruction can be attempted, a model of photon transport in tissue is

required.

In optical tomography of biological tissues, the use of the radiative transport
equation (RTE) is frequently required to accurately describe propagation of
multiply scattered light photons. This is especially true in close proximity
to sources or boundaries, or in regions with high absorption and low scatter-
ing [73]. RTE is a conservation equation which states that the radiance (the
number of photons per unit volume), for photons travelling from point r in
direction s at time ¢ is equal to the sum of all the mechanisms which increase
the radiance minus those effects which reduce it [34]. Provided the scattering
coefficient is much larger than the absorption coefficient, the diffusion approx-
imation to RTE is a commonly used model, especially in DOT imaging of deep
tissue such as breast (see in figure (1) for a typical solution of the frequency-
domain diffusion equation on a bounded domain). We refer to [4] for a more

detailed review.

w
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Figure 1.1: A typical solution of the diffusion equation for a point source.

2. Ill-posedness of the inverse problem: While the forward problem is well-
defined and well-posed, the inverse problem in DOT is ill-posed. The ill-

posedness (in Hadamard sense [52]) in general implies:



e The solution does not depend continuously on the measurements (bound-

ary data).
e There is no unique solution to the inverse problem.

e There is no solution to the inverse problem.

In DOT, a solution exists provided there is sufficient amount of data. On the
other hand, the solution is not unique [6] owing to the null-space of the operator
which relates the unknown coefficients to the boundary data. Furthermore,
the solution is not stable, i.e. a small variation in the measurement data can

lead to large deviations in the solution.

. Discretization and size of the discretized forward and inverse prob-
lems: The propagation of the photons in biological tissues is isotropic due to
large and isotropic scattering coefficient of the medium. This makes the DOT

inverse problem an inherent 3D problem.

In general, no analytical solutions are available for the forward problem. Thus,
analytical solutions are rare to obtain for the inverse problem as well. In this
context, one can obtain only a finite-dimensional approximation of the solu-
tions to the forward and inverse problems. The size of the forward and inverse
problems may become large, extent of which depends on the discretization of
these problems. We note that poor discretization of the forward and inverse
problems may lead to severe artifacts in the reconstructed optical images (see
chapters 2-3-4). See figures (1.2(a)) and (1.2) for sample two dimensional

uniform and adaptive meshes with triangular elements.

. Dual-parameter: The inverse problem in optical tomography is concerned
with reconstructing the optical coefficients of the medium under inspection.
In general, one has to reconstruct both the absorption and scattering coeffi-
cients of a medium simultaneously. As a result, the inverse problem becomes
larger in size with the same number of measurements, which implies a more
challenging inverse problem with an increase in its computational complexity.

Furthermore, dual-parameter reconstruction often ends up with the so-called
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(a) A sample uniform coarse mesh that (b) An adaptive mesh that can be used for
can be used for the discretization of the the discretization of the forward or inverse
forward or inverse problem. problem.

Figure 1.2: Sample uniform and adaptive meshes.
crosstalk problem between the two images [65, 74, 26, 44], which degrades

the imaging accuracy (see figures (1.3(a)) and (1.3(b)) for an illustration of

crosstalk).

Ghost image due to Ghost image due to
crosstalk crosstalk

Diffusive

l heterogeneities

Absorptive

heterogeneities l

(a) Reconstructed absorption image with (b) Reconstructed diffusion image with
crosstalk. Red circles indicate the recon- crosstalk. Blue circles indicate the recon-
structed absorptive heterogeneities and the structed absorptive heterogeneities and the
light blue circle on the top right is the ghost pink circle on the top left is the ghost image
image introduced as a result of crosstalk from introduced as a result of crosstalk from the
the diffusion image. absorption image.

Figure 1.3: An example of crosstalk in simultaneous reconstruction of
absorption and diffusion coefficients.

5. Non-linearity of the inverse problem: Except for special geometries, there
is, in general, no closed form relationship between the unknown optical coef-

ficients and the boundary data. Furthermore, this relationship is nonlinear



including the special cases, in which closed-form solutions are available. This
precludes the use of analytic methods such as back-projection methods. Lin-
earization of this relationship (that is linearization of the inverse problem)
affords a great simplification at the expense of a compromise in imaging accu-
racy (see Chapter 4). In this context, Born and Rytov approximation schemes

are the widely used approximation schemes [17, 24, 68].

. Model mismatch: Apart from the selection of the NIR light propagation
model, model mismatches occur in the presence of measurement noise. Due
to the ill-posed nature of the inverse problem, measurement noise can be the

largest error source in a DOT imaging system.

Note that linearization of the inverse problem can also be viewed as re-modeling,

which poses a model mismatch problem.

It is also common to reconstruct only the absorption coefficient of a medium,
as it is the main optical property that relates directly to the chromophore con-
centrations in the medium, which can be used to assess the tumor character-
istics. However, assuming a known spatially homogeneous diffusion coefficient
for the medium of interest may lead to model mismatches as well. A similar
situation is observed in fluorescence tomography when the inverse problem is
linearized around a background with homogeneous absorption coefficient at

the excitation wavelength [69].

. Choice of algorithms and numerical solvers: Since, in general, no an-
alytical solution is available for the forward and inverse problem, numerical
algorithms have to be used. Due to the large size of these problems, and the
ill-posedness of the inverse problem, the choice of the numerical solvers and
the design of the algorithms becomes important. The convergence rate and the
computational complexity are the key factors in the selection of a numerical
solver. The computational complexity of a numerical algorithm increases with
the size of the discrete forward and inverse problems. Thus, the efficiency of
the numerical solver depends on the discretization of the forward and inverse

problems, as well.
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Inverse problem formulation: The formulation of the inverse DOT prob-
lem has to address the ill-posedness of the inverse problem. This is usu-
ally done by using regularizers, which in general accounts for both the non-
uniqueness and the instability of the solution in the presence of measurement
noise. On the other hand, using regularizers often impose a bias on the recon-
structed images. Thus, the choice of regularizers has to be addressed quanti-

tatively (see [37] and the references therein).

Low spatial resolution: The reason for the low spatial resolution of DOT
images is the high scattering coefficient of biological tissues for the visible and
near-infrared light, which makes light propagation a diffuse process. Each
detected photon undergoes multiple scattering events and deviates from the
direct line of sight between the source and detector sites, thereby blurring the

spatial information content it carries.

Both the inherent low resolution and the ill-posedness of the problem make it
desirable to combine DOT with a second independent imaging modality such
as MRI whose high-resolution spatial information could be used to guide the
reconstruction process. In this context, a priori anatomical and/or physiolog-
ical information can be used to assist the design of regularizers which result
in minimum bias and variance. Use of a priori information may enhance
the imaging accuracy and the spatial resolution significantly (see [37] and the

references therein).

Information content provided by the imaging setup: The number of
sources and detectors and their orientation with respect to each other and
with respect to internal optical heterogeneities determine the size (dimension)
of the space of observable objects (the space of functions which can be resolved
from the boundary data) in a diffuse optical tomography system [18, 2]. We

refer to figure (10) for a sample optical setup with transmission geometry.

A priort information about the optical properties of a medium can be used to
maximize the information content by placing the sources and detectors accord-

ingly or even to compensate for the missing information content. Furthermore,



a priori information can assist the discretization of the forward and inverse

problems (see for example Theorems 1-2 in Chapter 2).
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Figure 1.4: A typical optical setup with transmission geometry with 29
sources (triangles) and 29 detectors.

1.3 Thesis Outline

In Section 1.1, we have outlined the motivations for DOT imaging in a clinical
setting and in Section 1.2, we have summarized the main components of DOT
imaging. In this thesis, we focus on the computational aspects of the DOT imaging
problem, which can be identified by the inter-dependent factors described in section
1.2. In particular, we focus on the discretization of the forward and inverse problems
and linearization of the inverse problem by Born approximation. We show the
factors that determine the extent to which the discretization of the forward and
inverse problems and linearization of the inverse problem affect the accuracy of
DOT imaging. Note that as we concentrate on the discretization of the forward and
inverse problems and linearization of the inverse problem, we discuss and address
each of the computational challenges (Section 1.2) associated with DOT imaging.

Below, we present the details of our approach in analyzing the effect of dis-
cretization of the forward and inverse problems, and linearization of the inverse

problem on the accuracy of DOT imaging.
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1.3.1 Effect of discretization on the accuracy of optical absorption imag-
ing

Numerical approaches in solving the forward and inverse problems in DOT
poses a tradeoff between computational efficiency and imaging accuracy. This trade-
off is a direct consequence of the discretization of the forward and inverse problems
and the size of the resulting discrete forward and inverse problems. The imaging
accuracy depends on the discretization error in the forward and inverse problem
solutions. On the other hand, attempting to minimize the discretization error in
the solutions of both problems separately implies a significant increase in the size of
the discrete forward and inverse problems. Hence, it is important to understand the
relationship between the discretization error and the resulting error in the solution
of the inverse problem. Such a relationship can illuminate the mutual dependence of
the forward and inverse problem solutions and identify the factors that control the
extent to which the discretization error in the solutions of the forward and inverse
problems affects the accuracy.

In Chapter 2 of this work, we present an analysis to show the effect of dis-
cretization on the accuracy of DOT imaging. The objectives of this part of the

thesis are:

1. To show explicitly the effect of discretization of the forward and inverse prob-

lems on the accuracy of the reconstructed optical absorption images.

2. To identify the parameters that influence the extent to which the choice of
basis functions and discretization points for the forward problem discretization

affects the accuracy of the reconstructed optical absorption images.

3. To identify the parameters that influence the extent to which the choice of
basis functions and discretization points for the inverse problem discretization

affects the accuracy of the reconstructed optical absorption images.

4. To show that an effective discretization approach should take into account the

inter-dependence of the forward and inverse problem solutions.

5. To obtain a measure of the error resulting from discretization which can be
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used in the design and development of adaptive discretization methods for the

forward and inverse problems.

To meet these objectives, we first define the forward and inverse problems.
In this work, we model the forward problem by the frequency-domain diffusion
equation. For the inverse problem, we focus on the estimation of the absorption
coefficient. We consider the linear integral equation resulting from the iterative
linearization of the inverse problem based on Born approximation and use zeroth
order Tikhonov regularization to address the ill-posedness of the resulting integral
equation. We use finite elements with first order Lagrange basis functions to dis-
cretize the forward and inverse problems and analyze the effect of the discretization
of each problem on the reconstructed optical absorption image. In our analysis,
we first consider the impact of the inverse problem discretization when there is no
discretization error in the solution of the forward problem, and provide a bound for
the resulting error in the reconstructed optical image. Next, we analyze the effect
of the forward problem discretization on the accuracy of the reconstructed image
without discretizing the inverse problem, and obtain another bound for the resulting
error in the reconstructed optical image.

As a result, in chapter 2, we summarize the implications of the error analysis
in two theorems which provide an insight into the impact of forward and inverse
problem discretizations on the accuracy of the reconstructed optical absorption im-
ages. These theorems show that the error in the reconstructed optical image due
to the discretization of each problem is bounded by roughly the multiplication of
the discretization error in the corresponding solution and the solution of the other
problem. In particular, the study shows that solving the forward problem (diffusion
equation and the associated adjoint problem) accurately may not avoid errors in the
reconstructed optical images. Similarly, relatively large discretization error in the
solution of the forward problem may have relatively low impact on the accuracy of
the reconstructed optical images, depending on the source-detector configuration,
and orientation with respect to the optical heterogeneities. Finally, we extend our
analysis to show the effect of noise on the accuracy of the reconstructed optical im-

ages. Our analysis shows that the presence of noise results in error terms in addition
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to the error in the reconstructed optical images induced by the discretization of the

forward and inverse problems.

The presented analysis brings several advantages:

A clear relationship between the error in the reconstructed optical absorption
images resulting from discretization and the parameters associated with the
forward and inverse problems, such as source-detector configuration, orienta-
tion of the sources and detectors with respect to the support of the optical

absorption coefficient.

Two new error estimates which are used to develop new adaptive discretization

algorithms (See Chapter 3).

Provided there is a priori information about the support of the absorptive het-
erogeneity, the error estimates can be used to place the sources and detectors

such that the error resulting from discretization is reduced.

The error analysis can be extended to show the effect of the discretization
error on the accuracy of the simultaneous reconstruction of scattering and

absorption coefficients (See chapter 5).

The framework used to analyze the error in the reconstructed optical images
resulting from discretization can be employed to analyze the error resulting
from linearization of the inverse problem by Born approximation (See chapter

4).

The error analysis introduced in this work is not limited to DOT, and can
easily be adapted for similar inverse parameter estimation problems such as
electrical impedance tomography, bioluminescence tomography, optical fluo-

rescence tomography, microwave imaging etc.

1.3.2 Adaptive mesh generation for DOT

Based on the two error bounds provided by the error analysis in Chapter 2, we

introduce an adaptive discretization scheme for the forward and inverse problems,
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respectively. The presented adaptive mesh generation algorithms address the in-
terdependence between the solutions of the forward and inverse problems and take
into account the orientation of the source-detectors and the absorptive perturba-
tions. This makes the adaptive discretization algorithms introduced in this work
different from the previous approaches [28, 36, 82, 35, 46, 54], which make use of
conventional error estimates.

The objectives of this study can be summarized as follows:

1. To develop adaptive mesh generation algorithms for the discretization of the
forward and inverse problems in DOT, by using the error estimates derived in

Chapter 2.

2. To address the tradeoff between the computational efficiency and accuracy in
DOT imaging, i.e. to reduce the number of unknowns in the discrete forward

and inverse problems, yet sustain the accuracy.

3. To improve spatial resolution of the reconstructed optical absorption images

without compromising the computational efficiency.

Our simulation experiments validate the implications of the error analysis
presented in Chapter 2 and show that the proposed mesh generation algorithms
significantly improve the accuracy of the reconstructed optical images while keeping
the number of unknowns in the discrete forward and inverse problems for a given
number of unknowns in the discrete forward and inverse problems. We specifically
show that using the discretization error estimates, which do not take into account
the interdependence of forward and inverse problems as a criterion for discretization,
may lead to severely degraded image reconstructions (see simulation study 3 in
Chapter 3). We also discuss the computational complexity of the proposed adaptive
mesh generation algorithms and compare it to the computational complexity of mesh
generation algorithms based on the conventional discretization error estimates.

The advantages of this study are as follows:

e The proposed mesh generation algorithms significantly improve the accuracy

of the reconstructed optical images for a given number of unknowns in the
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discrete forward and inverse problems while conventional error estimates do

not include domain specific factors.

e The proposed adaptive mesh generation algorithms can be adapted for similar
inverse parameter estimation problems, such as electrical impedance tomogra-
phy, optical fluorescence tomography, bioluminescence tomography, microwave

imaging, etc.

1.3.3 Effect of linearization by Born approximation on the accuracy of
DOT imaging

The nonlinearity of the associated inverse problem makes DOT imaging a com-
putationally intense problem, which calls for the use of nonlinear inversion methods.
In general, nonlinear inversion algorithms require repetitive solution of the forward
problem defined by the light propagation model, which is followed by the update
of the inverse problem solution. As a result, nonlinear algorithms provide accuracy
at the expense of high computational complexity. A widely used approach to over-
come the difficulties posed by the nonlinearity is to linearize the inverse problem
using Born (or Rytov) approximation and solve the resulting linear problem to re-
construct the optical parameters [7]. Such approximation schemes assume a small
perturbation on the background optical coefficients, which are in general assumed to
be spatially homogeneous. Spatially homogeneous backgrounds allow for analytical
solutions of the forward problem for certain domain geometries [64] and analytical
solutions for the linearized inverse problem as well [63]. Hence, linearization of the
inverse DOT problem brings several computational advantages. As a result, Born
approximation can be considered as a compromise between accuracy and compu-
tational complexity. Intuitively, it can be deduced that the accuracy of the Born
approximation is determined by the perturbation in the optical coefficients with re-
spect to a background with known optical properties. In this work, we show what
other factors lead to an increase in the error in the reconstructed optical absorption
images resulting from linearization by Born approximation.

The objectives of this study can be summarized as follows:

1. To provide an insight into the effect of linearization by Born approximation



15

on the accuracy of DOT imaging.

2. To present an error analysis to show the parameters that determine the extent
to which the linearization by Born approximation affects the accuracy of DOT

imaging.

3. To show under what conditions the linearization of the inverse problem by

Born approximation may ensure the accuracy of DOT imaging.

Our analysis provides a tight error bound that takes into account the spatial
orientation of the optical absorptive heterogeneity, the optical field generated by
the light sources and the detector positions. This makes the derived error bound
significant, especially in optical media with relatively small sizes.

The advantages of this study and its results are as follows:

e The presented error analysis shows the factors that determine the extent to
which the accuracy of DOT imaging is affected by the linearization of the

inverse problem.

e The error analysis provides a measure for the choice of step length in itera-
tive linearization based nonlinear optimization methods, such as trust-region

algorithms.

e Provided there is a priori information about the support of the heterogeneity,
the analysis can be used to place the sources and detectors such that the error
in the reconstructed images resulting from linearization is reduced. One pos-
terior approach can be to use only the specific sources-detectors in the image
reconstruction, such that the error due to linearization by Born approximation

is reduced.

1.3.4 Effect of discretization on the simultaneous reconstruction of op-
tical absorption and diffusion coefficients

In Chapter 5 of this work, we present an analysis to show the effect of dis-

cretization on the accuracy of simultaneously reconstructed optical absorption and

diffusion images. In this respect, we extend our work presented in chapter 2 and 3
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for the simultaneous reconstruction of optical absorption and diffusion coefficients.
While the light propagation model remains the same as in chapters 2 and 3, the
inverse problem formulation needs to be extended to estimate the unknown optical
diffusion coefficient as well. Since this is a two-parameter inverse problem, the dis-
cretization of the inverse problem implies an increase in the number of unknowns in
the resulting discrete inverse problem. Consequently, the tradeoff between compu-
tational complexity and accuracy of DOT imaging becomes more critical: One has
to minimize the number of unknowns in the discrete inverse problem while providing
the desired level of imaging accuracy.

The objectives of this part of the thesis are:

1. To show explicitly the effect of discretization of the forward and inverse prob-
lems on the accuracy of simultaneously reconstructed optical absorption and

diffusion coefficient images.

2. To identify the parameters that enhance the effect of poor discretization on

the accuracy of simultaneous DOT imaging.

3. To show that an effective discretization approach should take into account the

inter-dependence of forward and inverse problem solutions.

4. To reveal that the accuracy of one optical parameter reconstruction depends
not only on how well it is discretized but also on how well the other opti-
cal parameter is discretized, thereby providing a different perspective on and
addressing so-called the “inter-parameter cross-talk” resulting from discretiza-

tion.

5. To obtain an estimate of the error resulting from discretization which can be
used in the design and development of adaptive discretization methods for the
forward and inverse problems, with relatively low computational complexity
as compared to the computational complexity of solving the resulting discrete

problems.

In this study, we use an approach similar to the one followed in chapters 2

and 4. In this respect, we consider the iterative linearization of the inverse problem
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based on Born approximation. In order to regularize the resulting linear integral
equation, we use zeroth order Tikhonov regularization. We use finite elements with
first order Lagrange basis functions to discretize the forward and inverse problems
and analyze the effect of the discretization of each problem on the reconstructed
optical absorption and diffusion images. Different than chapter 2, in the analysis we
first consider the impact of the forward problem discretization and provide a bound
for the resulting error in the reconstructed optical images. Next, we analyze the
effect of the discretization of the inverse problem whose formulation is based on the
numerical (finite element) solutions of the forward problem, which possess error due
to forward problem discretization.

As a result, in chapter 5, we summarize the implications of the error analysis
in two theorems which provide an insight into the impact of forward and inverse
problem discretizations on the accuracy of the simultaneously reconstructed optical
absorption and diffusion images. These theorems show that the error in the re-
constructed optical image due to the discretization of each problem is bounded by
roughly the multiplication of the discretization error in the corresponding solution
and the solution of the other problem. In addition, the analysis of the error due
inverse problem discretization reveals that the discretization of the optical diffusion
coefficient has an influence on the accuracy of the reconstructed optical absorption
coeflicient. As a result, one has to take into account the dependence of the error
in the reconstructed optical images due to discretization on all of the fundamental
elements of DOT imaging; i.e. the solutions of the forward problem for each source
and detector, the absorption coefficient, and the diffusion coefficient. Finally, we
use the error bounds obtained in the analysis to devise adaptive mesh generation
algorithms that can address the compromise between computational efficiency and
accuracy. We present two practical adaptive mesh generation algorithms whose com-
putational complexity is relatively low as compared to the computational complexity
of solving the resulting discrete forward and inverse problems.

The error analysis and the proposed adaptive mesh generation algorithms pro-

vide several advantages including the following:

e The error analysis helps to understand the factors that control the extent to
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which the discretization affects the accuracy of DOT imaging when both the

scattering and absorption coefficients are reconstructed.

The analysis reveals how the discretization of one optical coefficient will af-
fect the accuracy of the reconstruction of the other optical coefficient. In
this respect, the error analysis provides a perspective to understand the inter-
parameter cross-talk (see Chapter 5) between the optical absorption and scat-

tering coefficients resulting from discretization.

The error analysis indicates that an effective discretization scheme for both the
forward and inverse problems has to take into account the inter-dependence
of the forward and inverse problems. In other words, the discretization of one

problem can not be independent of the solution of the other problem.

The error estimates obtained in the analysis used to develop new discretiza-
tion algorithms for the simultaneous reconstruction of the optical coefficients.
The computational cost of the algorithms does not exceed that of solving the

resulting discrete forward and inverse problems.

The adaptive mesh generation algorithms can be applied a prior:t or a poste-
riori depending on the availability of a priori information about the solutions
of the forward and inverse problems that are required to compute the error

bounds.

The error analysis and adaptive mesh generation algorithms introduced in
this work is not limited to DOT, and can easily be adapted for similar two-
parameter inverse problems. In addition, the analysis framework can be used
to examine the inter-parameter crosstalk occurring due to other factors, such

as linearization by Born approximation, modeling errors, regularization etc.



CHAPTER 2

Effect of discretization error in diffuse optical absorption

imaging

2.1 Introduction

Imaging in Diffuse Optical Tomography (DOT) is comprised of two interde-
pendent stages which seek solutions to the forward and inverse problems. The
forward problem is associated with describing the Near Infrared (NIR) light propa-
gation, while the objective of the inverse problem is to estimate the unknown optical
parameters from boundary measurements [4].

There are a variety of factors that affect the accuracy of the DOT imaging,
such as model mismatch (due to light propagation model and/or linearization of the
inverse problem), measurement noise, discretization, numerical algorithm efficiency,
and inverse problem formulation. In this two-part study, we focus on the effect of
discretization of the forward and inverse problems. In the first part of our work,
we present an error analysis to show the effect of discretization on the accuracy of
the reconstructed optical absorption images. We identify the factors specific to the
imaging problem, which determine the extent to which the discretization impacts
the accuracy of the reconstructed optical absorption images. In the sequel, first,
we use the error analysis to develop novel adaptive discretization algorithms for
the forward and inverse problems to reduce the error in the reconstructed optical
images resulting from discretization. Next, we present numerical experiments that
support the main results of part I and demonstrate the effectiveness of the developed
adaptive mesh generation algorithms.

There has been extensive research on the estimation of discretization error in
the solutions of partial differential equations (PDEs) [3, 10, 11, 13, 81, 83]. On the
contrary, relatively little has been published in the area of parameter estimation
problems governed by PDEs. See for example [14] for an a posteriori error estimate
for the Lagrangian in the inverse scattering problem for the time-dependent acoustic

wave equation and [62] for a posteriori error estimates for distributed elliptic optimal

19
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control problems. In the area of DOT, it was numerically shown that the approxi-
mation errors resulting from the discretization of the forward problem can lead to
significant errors in the reconstructed optical images [5]. However, an analysis re-
garding the error in the reconstructed optical images resulting from discretization
has not been reported so far.

In this work, we model the forward problem by the frequency-domain diffu-
sion equation. For the inverse problem, we focus on the estimation of the absorption
coefficient. We consider the linear integral equation resulting from the iterative lin-
earization of the inverse problem based on Born approximation and use zeroth order
Tikhonov regularization to address the ill-posedness of the resulting integral equa-
tion. We use finite elements with first order Lagrange basis functions to discretize
the forward and inverse problems and analyze the effect of the discretization of each
problem on the reconstructed optical absorption image. Our analysis describes the
dependence of the image quality on the optical image properties, the configuration
of the source and detectors, the orientation of the source and detectors with respect
to absorptive heterogeneities, and on the regularization parameter in addition to the
discretization error in the solution of each problem. In our analysis, we first con-
sider the impact of the inverse problem discretization when there is no discretization
error in the solution of the forward problem, and provide a bound for the result-
ing error in the reconstructed optical image. Next, we analyze the effect of the
forward problem discretization on the accuracy of the reconstructed image without
discretizing the inverse problem, and obtain another bound for the resulting error
in the reconstructed optical image. We see that each error bound comprises the
discretization error in the corresponding problem solution, scaled spatially by the
solutions of both problems. This is a direct consequence of the fact that the inverse
problem solution depends on the model defined by the forward problem. As a result,
the error analysis yields specific error estimates which are different than the conven-
tional discretization error estimates (see equations (5.25)-(5.26) and (2.41)) which
take into account only the smoothness and support of the function of interest, and
the finite dimensional space of approximating functions [20]. We further discuss the

use of other basis functions and methods in the discretization of the forward and
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inverse problems and explain how the error bounds can be modified accordingly.
Finally, we extend our analysis to show the effect of noise on the accuracy of the
reconstructed optical images. Our analysis shows that the presence of noise results
in error terms in addition to the error in the reconstructed optical images induced
by the discretization of the forward and inverse problems.

This work not only provides an insight into the error in reconstructed optical
absorption images resulting from discretization, but also motivates the development
of novel adaptive mesh generation algorithms to address this error [40]. In addi-
tion, the analysis presented in this work provides a means to identify and analyze
the error in the reconstructed optical images resulting from the linearization of the
Lippmann-Schwinger type equations [25] using Born approximation [38]. Further-
more, the error analysis introduced in this paper is not limited to DOT, and can
easily be extended for use in similar inverse parameter estimation problems such as
electrical impedance tomography, bioluminescence tomography, optical fluorescence
tomography, microwave imaging etc., in all of which the inverse problem can be
interpreted in terms of a linear integral equation, whose kernel is the solution of a
PDE that models the forward problem.

The outline of this paper is as follows: Section 2 defines the forward and inverse
problems. In Section 3, we discuss the discretization of the forward and inverse
problems. In Section 4, we present two theorems that summarize the impact of
discretization on the accuracy of the reconstructed optical images, which is followed
by the Conclusion section. The Appendix includes results regarding the boundedness
and compactness of the linear integral operator used to define the inverse problem,

and the proof for the convergence of the inverse problem discretization.

2.2 Forward and Inverse Problems

In this section, we describe the model for NIR light propagation and define the
forward and inverse DOT problems. Table 5.1 provides a list of the notation and
Table 5.2 provides the definition of function spaces and norms used throughout the
paper. We note that we use calligraphic letters to denote the operators, e.g. A,, Z,
IC etc.
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Table 2.1: Definition of variables, functions, and operators.

Notation Explanation

Q Bounded domain in R? with Lipschitz boundary

o) Lipschitz boundary of €2

X Position vector in €2 U OS2

g5(x) Solution of the diffusion equation at x for the ;"
point source located at x?

g5 (x) Solution of the adjoint problem at x for the 4"
adjoint source located at x,

G(x) Finite element approximation of g; at x

Gf(x) Finite element approximation of g at x

e;(x The discretization error at x in the finite element
approximation of g,

er(x) The discretization error at x in the finite element
approximation of g;

a(x) Small perturbation over the background p, at x

L Differential measurement at the i*" detector
due to the j* source

A, The integral operator mapping o € L=(R2) to T; ; € CNax NV

A The adjoint of A, mapping from CNe*Ns to L1(()

H,; (%) The kernel of A, at x

H; (%) The kernel of A} at x

v(x) AT, 5 at x

A The regularization parameter

ot (x) Solution of the regularized inverse problem at x

) (x) Solution of the discretized regularized inverse problem

with exact kernel at x

Solution of the regularized inverse problem

with degenerate kernel at x

Solution of the discretized regularized inverse problem
with degenerate kernel at x

2.2.1 Forward Problem

We use the following boundary value problem to model the NIR light propa-

gation in a bounded domain 2 C R?® with Lipschitz boundary 99 [20, 4]:

—V - D(x)Vyg,(x) + (ua(x) + %) gj(x) =Q,(x) x€Q, (2.1)

gj(x) + QCLD(X)%(X) =0 x €09, (2.2)
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Table 2.2: Definition of function spaces and norms.

Notation Explanation

f The complex conjugate of the function f

() Space of continuous complex-valued functions on 2

Ck(Q) Space of complex-valued k-times continuously
differentiable functions on €2

L>(Q) L>(Q) = {f| esssupq | f(x)| < o0 }

17(%) L2() = {f] (fy |fGOPax) P < 0 }, p € [1,00)

D:f 2 weak derivative of f

Hr(8) HP(Q) = {f| (X1, IDEFIG)? < 00 }, p € [1,00)

1 £llo The L*(Q2) norm of f

I fllp The H?(2) norm of f

1 £ |l The L*°(2) norm of f

1l e o) The LP(2) norm of f

I fllom The L? norm of f over the m' finite element €,

I/l pm The H? norm of f over the m'™ finite element ©,,

where g;(x) is the photon density at x, @, is the point source located at x7, D(x) is
the diffusion coefficient and j1,(x) is the absorption coefficient at x, i = v/—1, w is
the modulation frequency of the source, ¢ is the speed of the light, a = (1+ R) /(1 —
R) where R is a parameter governing the internal reflection at the boundary 052,
and 0 - /On denotes the directional derivative along the unit normal vector on the
boundary. Note that we assume the diffusion coefficient is isotropic. For the general
anisotropic material, see [55].

The adjoint problem [4] associated with (5.1)-(5.2) is given by the following

boundary value problem:

V- D)V () + (ua<x> - ﬁ) G =0 xeq, (2.3)
g7 (x) + 2aD(x) aa‘(f (x) = Qi (x) x €09, (2.4)

where @ is the adjoint source located at x%. We note that we approximate the
point source @; in (5.1) and the adjoint source @)} in (5.4) by Gaussian functions
with sufficiently low variance, whose centers are located at xJ and x!, respectively.

In this work, we consider the finite-element approximations of the solutions
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of the forward problem. Hence, before we discretize the forward problem (see Sec-
tion 5.2.1), we consider the variational formulations of (5.1)-(5.2) and (5.3)-(5.4) by
multiplying (5.1) by a test function ¢ € H'(Q) and integrating over  [20]:

/[VE-Dng%—a(ua%—%w) gj—aQ]} dx+i og;dl = 0, (2.5)
Q

2a 80

where the boundary integral term results from the boundary condition (5.2).

Equivalently, we can express (D.6) by defining the sesquilinear form b(¢, g;)[47]:

b6,05) = A0,5) + (6. 5000 ) = (6.0), 26)

where

A, g5) = / [V5~ DVyg; + (ua + Zﬁ) 59]'] dx,
Q C
1

1 _
<¢,%9j> = o agqﬁgjdl-

Similarly, the variational problem for (5.3)-(5.4) can be formulated by defining the
sesquilinear form b*(¢, g;):

b 0050) = A0, + (00500 ) = (6,500 ), 27)

where in A(¢, gF), w is replaced by —w.

The sesquilinear forms b(¢, g;), b*(¢, g7) are continuous and positive definite
for bounded D and p, [47]. As a result, the variational problems (5.6) and (5.7) have
unique solutions, which follows from the Lax-Milgram Lemma [20]. The solutions
g; and g of the variational problems (5.6) and (5.7) belong to H*(2), which results
from the H'-boundedness of the Gaussian function that approximates the point
source ); and the adjoint source QF [47]. Assuming D, u, € C*(Q) and noting that
Q;, Qr € H'(Q); the solutions g;, g satisty g;, gf € H.(Q2) (Chapter 6.3, Theorem

loc
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2 in [30]). This last condition implies (Chapter 5.6, Theorem 6 in [30])
95:9; € C(9). (2.8)

2.2.2 Inverse Problem

In this work, we focus on the estimation of the absorption coefficient; therefore
we assume D(x) is known for all x € Q U 99Q. To address the nonlinear nature of
the inverse DOT problem, we consider an iterative algorithm based on repetitive
linearization of the inverse problem using first order Born approximation [4]. As
a result, at each linearization step, the following linear integral equation relates
the differential optical measurements to a small perturbation a on the absorption

coefficient p4:

r, = - / g, (x)a(x)dx (2.9)

= /QHi,j(x)oz(x)dx
= (.AaOé)i,j, (210)

where H;; = —gFg; is the kernel of the integral operator A, : L>®(Q)) — CNaxNs,
g; is the solution of (5.6), ¢; is the solution of (5.7), and I'; ; is the (¢, j)th entry in
I' € CNe*Ns which represents differential measurement at the i detector due to the
j" source. Note that approximating QF in (5.4) by a Gaussian function centered
at xY implies that T';; corresponds to the scattered optical field evaluated at x?,
after filtering it by that Gaussian function. Thus, the Gaussian approximation of
the adjoint source models the finite size of the detectors. Similarly, approximating
Q); in (5.1) by a Gaussian function models the finite beam of the source.

The linear operator A, : L®(Q) — CNa*Ns defined by (5.9) is compact and
bounded by (see A.1 and A.2)

[Mellzoe @) < NNy max g7 llo max lgglo- (2.11)

For the given solution space L>®(2) for «, the compactness of the linear operator

A, implies the ill-posedness of (5.9). Hence, we regularize (5.9) with a zeroth order



26

Tikhonov regularization. This yields the following equation which defines our inverse

problem at each linearization step:

y=AT;, = (AlA,+ D)o’ (2.12)
= Ko, (2.13)

where A > 0 and o is an approximation to . In this representation, Az : CNa*Ns —
L'(Q) is the adjoint of A, and Z is the identity operator.
Let A = A*A,, then A : L>®(Q) — L'() is defined as follows:

NdyNs

A)) = Y (%) /Q Hi (%) (%) d%
= /QI{(X,)/()Q()/()CZ)/(, (2.14)

where k(x, %) stands for the kernel of the integral operator A and is given by

Ndst

KX, %) = Z H;(x)H, (%), (2.15)

and H;; is the kernel of the adjoint operator A7 given by:

Ng,Ns Na,Ns _
(AP = D (085 = D ~6i ()90, (2.16)

for all 3 € CNaxNs,

Having defined the adjoint integral operator, we note that the operator A :
L>(Q) — LY(Q) is compact and that the operator K : L>=(Q) — L!'(Q) is bounded
by |K|| < [|All> + A. We assume that the solution o € L>®(€) also satisfies
a* € HY(Q). For the rest of the paper, we will denote L>(2) and L'(Q2) by X and
Y respectively.
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2.3 Discretization of the Inverse and Forward Problems

In this section, we outline the discretization of the inverse and forward prob-

lems.

2.3.1 Inverse Problem Discretization

In practice, we seek a finite dimensional approximation to the solution of the
inverse problem (5.19) at each linearization step. Therefore, we discretize (5.19) by
projecting it onto a finite dimensional subspace.

Let X,, C X and Y,, C Y denote a sequence of finite dimensional subspaces of
dimension n = 1,2,. .., spanned by first order Lagrange basis functions { Ly, ..., L, },
and {x,}, p=1,...,n, be the set of collocation points on 2. Then, the collocation

method approximates the solution of (5.19) by an element o) € X,, which satisfies

(Kad)(x,) = 7(x), p=1,....m, (2.17)

where we express Ckiz as

(%) = arLi(x). (2.18)

Note that in (3.10), a, = ) (x,), p = 1,...,n. Then, (2.17) can be written explicitly

as follows:
Aay + ) ak/ K (Xp, %) Lp(X)d% = v(x,), p=1,...,n. (2.19)
k=1 &

Equivalently, the collocation method can be interpreted as a projection with the

interpolation operator P, : Y — Y, defined by [57]

Puf(x) =Y f(x,)Lp(x), x€Q, (2.20)
p=1
for all f € Y. Then, (2.17) is equivalent to

P = Ppy. (2.21)
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2.3.2 Forward Problem Discretization

In this section, we consider the finite element discretization of (5.6) and (5.7),
and use their solutions to approximate H;; and H;;. As a result, we obtain finite
dimensional approximations to K and ~.

Let Ly, be the first order Lagrange basis functions. Replacing ¢ and g; in (5.6)

with their finite dimensional counterparts:
Nj
O(x) = > prlir(x),
k=1
Nj
Gi(x) = exLy(x),
k=1
and replacing ¢ and g} in (5.7) with
N;
O(x) = > prli(x),
k=1

Gi(x) = 3 diLi(x),

yields the matrix equations:

Sc; = q;, (2.22)
$'d; = q, (2.23)
for ¢; = [e1, 2, en,]" and d; = [dy,d, -+, dy,]". Here S and S* are the finite

element matrices and q; and q; are the load vectors resulting from the finite element
discretization of (5.6) and (5.7). Note that for each source (detector), the dimension
of the finite element solution G; (G}) can be different, therefore N; (IV;) may vary.

The H'(Q) boundedness of the solutions g; and gf implies that the discretiza-
tion error e; and e} in G, and G} on the m' finite element is bounded. A bound

for e; and €] on each finite element can be found by using the discretization error
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estimates (Theorem 4.4.4 in [20, 9]):

lejllom < Cllgillmhin, (2.24)

e llo.m < Cllg7 l1,mhim; (2.25)

where C' is a positive constant and hJ  (hi) is the diameter of the smallest ball

containing the m!” finite element.

2.3.3 Discretization of the Inverse Problem with Operator Approxima-
tions

Substituting the finite element approximations G; and G} in (4.23) and (5.15),

and using the resulting finite dimensional operator approximations in (3.9), we ob-

tain the following linear system in terms of &} which approximates a:

P&} = P,7. (2.26)

In (2.26), the operator K : X — Y is the finite dimensional approximation of K
in (5.19) and P,K : X,, — Y,. Similarly,

7 =Al, (2.27)

where ftz is the approximation to the adjoint operator A, obtained by substituting

Gj and G} in (5.15).

2.4 Discretization-based Error Analysis

As a result of the discretization of the forward and inverse problems, the re-
constructed image & in (2.26) is an approximation to the actual image o*. Thus,
the accuracy of the reconstructed image depends on the error incurred by the dis-
cretization of the forward and inverse problems.

In this section, we analyze the effect of the discretization of the forward and
inverse problems on the accuracy of DOT imaging. The analysis is carried out based

on the inverse problem at each linearization defined by (5.19) and the associated
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kernel k(x,X%).

In this work, we follow an approach which allows us to separately analyze the
effect of the discretization of each problem on the accuracy of the reconstructed
optical image. In this respect, we first consider the impact of projection (i.e. inverse
problem discretization) by collocation method when the associated kernel r(x,X%)
in (5.19) is exact. Next, we explore the case in which the kernel is replaced by
its finite dimensional approximation (i.e. degenerate kernel) and analyze the effect
of the forward problem discretization on the accuracy of the reconstructed image
without projecting (5.19).

Our analysis reveals that even the kernel is exact, the accuracy of the solution
approximation o) in (3.9) resulting from the inverse problem discretization depends
on the kernel k(x, X) of the integral operator. Likewise, the error in the reconstructed
optical image due to the discretization of the forward problem is a function of the
inverse problem solution. These results suggest that the discretization of the inverse

and forward problems can not be considered independent of each other.

2.4.1 Case 1: The kernel x(x, %) is exact

In this section, we show the effect of projection on the optical imaging accuracy.
In the analysis, we assume that the kernel k(x,%) is exact. We first prove the
convergence of the projection method for the operator K, and then analyze the
effect of projection on the imaging accuracy.

Clearly, the inverse operator ! : Y — X exists since K is positive definite
for A > 0. Furthermore, by the compactness of A and Riesz Theorem, the inverse
operator K~! is bounded by

e < 5 (2.28)

Lemma: Projection by collocation method for the operator K : X — Y converges.
Specifically, the sequence of finite dimensional operators P, : X,, — Y,
are invertible for sufficiently large n, and (P,K)"'P,Ka* — o, n — oc.
Furthermore,

Kl x-
||(PnK)_1Pn’C||X—>Xn S CM”H% (229)

for some C; > 0 independent of n.
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Proof. See A.3. U

Based on the Lemma, the following theorem provides an upper bound for
the L'(2) norm of the error between the solution o of (5.19) and the solution )

of (3.9).

Theorem 1: Let {Q,,} denote a set of linear finite elements for m = 1,---, Na,
such that UZA Q,, = Q and h,, be the diameter of the smallest ball that

contains the m* element. Then,

Na
o = i) < CVVAIT = Tally—x, Y oM lmbm
m=1

Na Ng,Ns

C . *
+ STl max gl gilline D2 > 19igslomle imfim,

m=1 i

(2.30)

where C' is a positive constant, Vg is the volume of 2 and 7,, : Y — X, is a

uniformly bounded operator given by 7,, = (Z + P, A) "' Ph.

Proof.

at—a) = [IT—(P.K)'P.Lla?
= [T - (P.K)'P.K](a* — ) (2.31)

since [Z — (P, K) 1P, K] = 0, where ¢ € X,, is the interpolant of a* [20, 9].

Using (A.6),
1 1 41
Z—-(P.K)""P.K] = T—-(ZT+ XPR.A) XP,JC
- T- Tn%IC, (2.32)

where 7, = (Z + $P,A) "' P, is a uniformly bounded operator (see A.3). We
use K defined by (5.19) and (2.32) in (2.31) to obtain

0 — @) = (T~ T)(a — ) ~ 2 A~ ). (2.33)
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Then we use the definition of A in (2.33) and find

0 -y = (T T ) - / w( 20— P)R)d% (2.34)

This leads to

IN

IZ — Ty —x, ]l = ¥l i

L A RO IR DT e
VVRlIT = Tlly—x, o = vl

+ JITlvx, [ ax [ xR0 — 0)(lak. (235)

||04A - 042||L1(Q)

IN

The second term in (2.35) can be rewritten as:
Ty, [ ax [ stx 00 = v) )l
Na
Tl [ ax (Z [ x5t - w><f<>|d>'<> )
Q m=1"m

>l= >

Let e, be the interpolation error:
o =t — 1. (2.37)

Then, using (4.18),

Na
> [ Iee ke ]k
m=1 Qm

Ny, N,

=3 [ |2 I i

szz x)g5(x |/ 197 ()9, (50 [[eal3)] 5%

NaA Ng,Ns

< Z Z |gz |||glgjl|0m||ea‘|0m7 (239)

m=1 1,5

% (2.38)
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where (2.39) follows from the Schwarz’ inequality. Note that gfg; € L*(Q2) by
assuming (5.8) holds up to the boundary 052.

We now use (2.36) and (2.39) to obtain

Ty, [ ax (g st %)~ )0 )

1
< —|7.lly=
< S Tllv—x,

Na Ng,Ns

x / ax S S 1t )05 110595 o leallom. (2.40)
m=1 4j

Using the bound (2.40) in (2.35) and substituting the interpolation error
bound [20, 9]
leallom < CllaM1mhm, (2.41)

we obtain

Na
lo? = Aoy < CVVAIT = Tolly—x, D 1o |1 mhm
m=1

Na Ng,Ns

C « *
51 Tally—x. D D Noigille g gsllomllo [Lmbm.
m=1 1,

Na
< CVVAllT = Tolly—x. D 1o |1mhm
m=1

C NA NdyNs
5 1 Tally—x, H;E;XHg;*ngum)Z > g gillomlaimbm. — (2.42)
’ m=1 i,

Remarks 1:

1. Theorem 1 shows the spatial dependence of the inverse problem discretization

on the forward problem solution.

2. The first term in (2.42) suggests that the mesh of the inverse problem be

refined where ||a?[]; is large.
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3. The second term in (2.42) shows that the term ||a?||;,, is scaled spatially by
Ilg7g;llom- Thus, the effect of the interpolation error e, (see equation (3.11)) in
the inverse problem solution is scaled spatially by the solution of the forward
problem. As a result, the orientation of the sources and detectors with respect
to the support of the optical heterogeneity determines the extent of the bound

on [lo* — a1 (e)-
4. The regularization parameter affects the bound on [la* — |11 (q).-

5. Increasing the number of sources and detectors increases the bound on |a* —

Oéf‘1 HLI(Q).
Remarks 2:

1. Note that the conventional interpolation error estimate given in (2.41) depends
on only the smoothness and support of a’, and the finite dimensional space
of approximating functions [20]. On the other hand, the error estimate (3.12)
in Theorem 1 shows that the accuracy of the reconstructed image o) depends
on the orientation of the absorptive heterogeneity with respect to the sources

and detectors, as well as on the bound (2.41) on the interpolation error.

2. An error bound similar to (3.12) follows if one uses the Galerkin method [57]

instead of the collocation method for projection.

3. The interpolation error bound (2.41) can be modified based on the choice of
the basis function in (3.10) and the smoothness of the solution a* (Theorem
4.4.4. in [20, 9]). For instance, if o* € H?(Q) and quadratic Lagrange basis

functions are used, then (2.41) can be replaced by

leallom < Clla*l2mh.

4. An error bound similar to (3.12) can be derived for the error that occurs as
a result of the discretization of the inverse problem in electrical impedance
tomography, optical fluorescence tomography, bioluminescence tomography,

and microwave imaging. Note that in all these imaging modalities, the forward
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problem is modeled by a PDE and the inverse problem can be interpreted in

terms of a linear integral equation, whose kernel is related to the solution of

this PDE.

5. Let 7% be the perturbed right-hand side v of (3.9) due to the presence of noise,
such that ||7° — 7|[z1@) < 0. Then, an additional term is introduced to the

error bound in (3.12) due to this perturbation:

Na
lo? = adllzre) < CVVAIT = Tally—x, D 1o 1 mhm
m=1

C NA NdyNs
51 Zally—x, Hl!%;fXHgfngLl(n)Z > llgr gillomllo? fmbm
’ m=1 i,

+CTM5, (2.43)

where C)y; > 0 is the constant in (2.29) with the use of first order Lagrange
basis functions (see A.3). Thus, the additional term Cy;0/\ indicates that the

choice of basis functions may be critical in the presence of noise.

2.4.2 Case 2: The kernel is degenerate

In this section, we first derive approximate upper bounds for the approximation
errors ||K — K|| and || — ||, which result from the discretization of the forward
problem. Then, we show the effect of these approximation errors on the accuracy
of the reconstructed optical image. For notational convenience, we will drop the
subscripts on the norms || - || where necessary.

The operator K : X — Y is bounded with a bounded inverse X1 : Y — X. By
the finite element approximation of the associated kernel, the sequence of bounded
linear finite dimensional operators K is norm convergent || — || — 0; N;, N; — o0,

fOI‘jzla"'aNs andi:]-?"'vNCh and

which can be obtained analogous to (4.33).

In the following, we derive an explicit approximation to the error ||K — K|
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in terms of the associated kernel and the discretization error in the kernel approx-
imation. The result is then used to compute the error in the reconstructed optical
image due to ||K — K|

By definition,

Ng,Ns

I(Au — Aol = 3

1,

/Q @ @e () - CHCE)ax)dx|,  (2.45)

where G}, G; are finite element approximations to ¢g; and g;, respectively. We can

expand gfg; — GG as
9:9; — GiG; = ¢je; + Gjef + Gie;, (2.46)

where e} = g7 — G} and e; = g; — G;. Replacing G and G respectively with g — e

and g; — e;, we get

*

gig; — GiG; = gjef + gie; — efe;

where we neglect the term efe;.
We can express K — K as
K—K=AA, - A:A,. (2.48)

Following a similar approach as above,
AfA, — LA, = (AL — A (Ay — A) + A (A, — A) + (A — A A, (2.49)
As a result, the following condition holds:

1K = Kl < II(AG = AD(Aa = Ao | + 15 (A — Ad) + (A7 = ADA]. (2.50)
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Since A, = —(As — A,) + Aq, (C.9) can be rewritten as

I~ K| A AL — AL A
I(AG = A5) (Ao — Ad) | + 2/ A7 (A — A

20| Az (A, — Ao, (2.51)

IA

Q

where we neglect the term ||(A* — A*)(A, — AJ)]|-

Similarly, |5 — 7|| can be interpreted as

17 =l = /Q Z(gf(x)m — Gi(x)G;(x))T, | dx
~ /Q Zs(ei‘ (x)9;(x) + g7 (x)e;(x))Ts 5| dx, (2.52)

where the error in I'; ; due to discretization is neglected and the last approximation
is derived similar to (C.10).
We now analyze the effect of the forward problem discretization on the accu-

racy of the reconstructed optical image. Let &* be the solution of
Kat =7, (2.53)

where K and 7 are the finite dimensional approximations to K and -, respectively.
Then, by Theorem 10.1 in [57], the error in the solution &* with respect to the

actual solution o is bounded by

Jo* = a1 < £ { 166~ 9l + 15 =1 }- (254

In the next theorem, we will expand the terms in (4.32) to show explicitly the
effect of the forward problem discretization on the accuracy of the inverse problem

solution.

Theorem 2: Let {7} denote the set of linear elements used to discretize (5.6) for

m =1,..., N%; such that UZJA Q). = Qand h/, be the diameter of the smallest
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ball that contains the m' element in the solution Gj, for all j = 1,... N,.
Similarly, let {2/} denote the set of linear elements used to discretize (5.7) for
n=1,..., N such that Ui\w Q! = Q and h!, be the diameter of the smallest
ball that contains the n'* element in the solution G¥, for all i = 1,... Ny.
Then, a bound for the error between the solution a* of (5.19) and the solution

& of (3.16) due to the approximations K and 7 is given by:

) c .
lat =@My < % el gsllzre

A
Ny, NXNs
< D0 D0 @lga o+ lalooligsllon) 197 1,
=1 nyj
N, NANa
+ > > ClgraMloms + lallooll g loms) 1195 111mi
j=1 mg
: (2.55)
where C'is a positive constant, and || - [|o ,» and [ - ||; .+ denote respectively the

L? and H' norms on the finite element QZ

Proof. Using (2.51), (C.2), and (C.10), we can write

(K = K)o | 1ie) = 2| AL(Aa = Aa)a 10y

<23 a0 [ (50 + 7 Res(30) o’ (i

LH(9)
Ng,Ns

< 2max g7 ;1o D / (9500670 + 0, (Re;(%)) ()| . (2.56)
1,J

An upper bound for the integral in (C.14) can be obtained as follows:

/Q ) (gj (%)e; (%) + gf(x)ej(X)> og)‘()’()‘ d%

A
< ll€fllows
n=1

50 Mo+ lleslomallg; @ lo.ms- (2.57)

m=1

Note that g;a* € L*(Q) since |g;a?| < |gjllla*|eo. Similarly, gfa* € L*(Q)
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since |gfa?| < |g7]||a?||e- Using (C.15) in (C.14),

(K=Kl < 2maxgig;lleie)

Ny NXLNG
X Z Z He;'kHO,ni g]'a)\HO,ni
=1 g
N Nind
A llejlloms lgr e loms
=1 my
(2.58)
To compute an upper bound for |5 — || using (4.38), we first write
NdyNs
L1 (0B + 102 00) Ty
Q| =
2%

Ng,Ns

< max [T 3 10l (3) + o7 007 (i
1,J

N, N&,Ns N. N4,Ng
<max Tij| [ D0 > lletllomillgillon + Y D Mgi logmsllesloms | -(2.59)
I i=1 n,j i=j  mi
Noting (5.9),
max [Ty < max [lg7g; ] 1oy lloloc (2.60)
which leads to
Ng NN N, NANg
H}aX|Fz‘,j| Z Z 1€ 1]0,ns gj||0,ni+z Z 19 ll0,ma ll€; ll0,ms
’] i=1 n,j i=j i
Na NA'WNs N, NANa
< max[|g7 g 1 (@) [l S lletllomllgilions + YD Mgr loms lleslloms
" i=1 nj i=j  myi
(2.61)

We now use (C.16), (C.24), the corresponding discretization error estimates (5.25)-
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(5.26), and (4.32) to obtain (4.34). O
Remarks 3:

1. Theorem 2 suggests the use of meshes designed individually for the solutions

Gj,j=1,---,Nyand G}, i =1,---, Ng.

2. Theorem 2 states explicitly the effect of the forward problem discretization on
the accuracy of the inverse problem solution. In this context, Theorem 2 sug-
gests a discretization scheme for the forward problem, where the discretization
criterion is based on the inverse problem solution accuracy, rather than the

accuracy of the forward problem solution.

3. For each source, when solving for G;, hJ, has to be kept small where (2||g; a*||o i+
llet|looll g l0.m3 )11 95 |l1,ms 1s large. Note that ||g;||1,,s will be large on the elements

close to the j™ source.

*
7

4. For each detector, when solving for G, h? has to be kept small where (2]|g;a*||oni+

llallso | gjllomi )| 7 |1,ni is large. Note that ||g;||; i will be large on the elements

close to the it" detector.

5. |g;| and |g}| are higher close to the sources and detectors, respectively. There-
fore, hJ, has to be small around the j% source and around all detectors, where

o is nonzero. Likewise, hi, has to be small around the i detector and around

A

all sources, where o is nonzero.

6. If o’ is nonzero on the whole domain €2, then the error may become higher

depending on the magnitude of |g;| and |g;]|.
7. The regularization parameter affects the bound on [[a* — &*||z1(q).

8. Increasing the number of sources and detectors increases the bound on | —

M1 (e)-

Remarks 4:
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1. Note that the finite-element discretization error estimates (5.25)-(5.26) depend
on only the smoothness and support of g; and ¢/, and the finite dimensional
space of approximating functions [20]. However, the error estimate (4.34) in
Theorem 2 shows that the accuracy of the reconstructed image &* depends on
the orientation of the absorptive heterogeneity with respect to the sources and
detectors, as well as on the finite-element discretization error estimates (5.25)-
(5.26). In this respect, the estimate (4.34) in Theorem 2 shows that reducing
the discretization error in the solutions G; and G of the forward problem may

not ensure the accuracy of the reconstructed absorption image (see [40]).

2. In case a different discretization approach such as finite difference [78] or finite
volume [31] is used to solve the forward problem, Theorem 2 can be modified in
a straightforward manner by replacing the discretization error estimates (5.25)

and (5.26) with the corresponding error estimates specific to the method of

choice [78], [31].

3. Let 4° be the perturbed right-hand side 7 of (3.16) due to the presence of
noise, such that [|5° — || r1q) < 0. Then, an additional term is introduced to

the bound in (4.34) due to this perturbation:

. C *
||a’\ — ()4)‘”Ll(Q) < me;x | g; ngLl(Q)

Ny NXL N,
<A D (2gs0M o + lolloligsllons ) 11 e
i=1 nj
Ng Nide 5
#3030 (2lgia o + lalleligilons ) lgsllmtly | +5. (262
j=1 my

Clearly, the additional term §/A due to the presence of noise in (2.62) is

independent of the discretization of the forward problem.

4. Theorem 2 provides a general framework to analyze the error in reconstructed
optical images resulting from the perturbations in the kernel of the linear in-
tegral equation (4.18). In general, a perturbation in the kernel of the linear

integral equation (4.18) can occur due to errors resulting from the numerical
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integration of (5.6)-(5.7), the approximation of the boundary 052, the inaccu-
rate approximation of the source (); and/or the background optical properties.
Furthermore, the analysis framework in Theorem 2 can be used to analyze the
effect of linearization of the Lippmann-Schwinger type equations [25] using

Born approximation on the accuracy of the reconstructed optical images [38].

5. A bound similar to (4.32) can be derived for the error that occurs as a result of
the discretization of the forward problem in electrical impedance tomography,
optical fluorescence tomography, bioluminescence tomography, and microwave

imaging.

2.4.3 Iterative Born Approximation

In this section, we explore the error in the inverse problem solution within an
iterative linearization approach.

The error analysis presented in this paper covers the error which results from
the discretization of the forward and inverse problems. If « is sufficiently low, then
one iteration suffices to solve the inverse problem and the error analysis discussed
above applies. When iterative linearization is considered to address the nonlinearity
of the inverse problem, we can make use of the error analysis at each linearized
step as follows: Let &(At) and dﬁ(t) be the actual solution of the regularized inverse
problem (5.19) and the solution of (2.26) at the ' linearization step, respectively.
At the end of the (r — 1) linearization step, the absorption coefficient estimate at
x is given by Ay " (x) = ¥ (x) + Siral (1y(X), where a ) has an error due to

A )

discretization with respect to the actual solutlon s and [e 18 the initial guess

for the background absorption coefficient. In the next linearization, an error on the

new solution update ﬂy) will be introduced due to:

1. projection (inverse problem discretization),

2. the error (K — K)~Y in the operator ()"~ and the error (¥ — )~V in

(%)Y resulting from the forward problem discretization, and

(r—1)

3. the error in the (r — 1)"* update fiq ’, resulting from the discretization of

the forward and inverse problems. Note that ;15[‘” appears as a coefficient
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in the boundary value problems (5.1)-(5.2) and (5.3)-(5.4). An error in this
coefficient implies perturbation in the solutions of (5.1)-(5.2) and (5.3)-(5.4).
As a result, G and G} will have error terms in addition to the discretization

error.

As a result, the error in /152") at the r'" iteration is bounded by:

e — A7) = Zaéf) — dnpll < Z lagyy = anel, (2.63)
t=1 t=1

assuming that the initial guess Iugo) for the background absorption is approximated
accurately while solving the boundary value problems (5.1)-(5.2) and (5.3)-(5.4) at
the first iteration, that is ufzo) (x)—> 0, pJELO) (xx)Li(x) — 0, for all x € Q.

2.5 Conclusion

In this work, we presented an error analysis to show the relationship between
the error in the reconstructed optical absorption images and the discretization of
the forward and inverse problems. We summarized the implications of the error
analysis in two theorems which provide an insight into the impact of forward and
inverse problem discretizations on the accuracy of the reconstructed optical absorp-
tion images. These theorems show that the error in the reconstructed optical image
due to the discretization of each problem is bounded by roughly the multiplication
of the discretization error in the corresponding solution and the solution of the other
problem. In particular, Theorem 2 shows that solving the diffusion equation and
the associated adjoint problem accurately may not ensure small values for || — K||
and |y — 7|, which may lead to large errors in the reconstructed optical images,
depending on the value of the regularization parameter. Similarly, relatively large
discretization error in the solution of the forward problem may have relatively low
impact on the accuracy of the reconstructed optical images, depending on the source-
detector configuration, and orientation with respect to the optical heterogeneities.
We have also shown that the error estimates can be extended to include the effect

of noise on the overall error in the reconstructed images.
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The error analysis presented in this work motivates the development of novel
adaptive discretization schemes based on the error estimates in Theorems 1 and 2.
In the sequel of this work, we propose two novel adaptive discretization algorithms
for the forward and inverse problems [40], and justify the validity of Theorems 1
and 2.

The error analysis can be extended to show the effect of the discretization error
on the accuracy of the simultaneous reconstruction of scattering and absorption co-
efficients, which will be the focus of our future work. Furthermore, the framework,
which is used to analyze the effect of discretization error in the forward problem
solution, can be employed to analyze the effect of perturbations in the kernel of
the integral equation (4.18) on the accuracy of optical imaging. Finally, we note
that the error analysis introduced in this paper is not limited to DOT, and can eas-
ily be adapted for similar inverse parameter estimation problems such as electrical
impedance tomography, bioluminescence tomography, optical fluorescence tomogra-

phy, microwave imaging etc.



CHAPTER 3

Adaptive mesh generation in diffuse optical absorption

imaging

3.1 Introduction

Numerical approaches in solving the forward and inverse problems in Diffuse
Optical Tomography (DOT) poses a tradeoff between computational efficiency and
imaging accuracy. This tradeoff is a direct consequence of the discretization of the
forward and inverse problems [39, 4] and the size of the resulting discrete forward
and inverse problems. The imaging accuracy depends on the discretization error
in the forward and inverse problem solutions. On the other hand, attempting to
minimize the discretization error in the solutions of both problems separately implies
a significant increase in the size of the discrete forward and inverse problems. Hence,
it is important to understand the relationship between the discretization error and
the resulting error in the solution of the inverse problem. Such a relationship can
illuminate the mutual dependence of the forward and inverse problem solutions
and identify the factors that control the extent to which the discretization error
in the solutions of the forward and inverse problems affects the accuracy of the
reconstructed optical images.

In part I of this two-part study, we present an error analysis which shows the
effect of discretization of the forward and inverse problems on the accuracy of the
reconstructed optical absorption images [39]. The analysis leads to two new error
estimates that take into account the interdependence of the forward and inverse
problems (see Section 3.2). In the second part of our work, based on the error
analysis presented in part I, we develop new adaptive discretization schemes for the
forward and inverse problems. The resulting locally refined meshes reduce the error
in the reconstructed optical images while keeping the size of the discrete forward
and inverse problems relatively small.

There has been extensive research on adaptive mesh generation for the nu-

merical solution of partial differential equations (see [39] for a list of publications)
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and inverse parameter estimation problems to reduce the undesired effect of dis-
cretization error [19, 66]. In the area of DOT, in [5] it was numerically shown
that approximation errors resulting from the discretization of the forward prob-
lem can lead to significant degradation in the quality of the reconstructed images.
In that work, the error in the reconstructed images is minimized by using an en-
hanced imaging model that treats this additional approximation error within the
Bayesian framework. Alternatively, several investigators have reported on adaptive
discretization schemes for the forward and inverse problems to address the optical
image degradation due to discretization. In [28] a “data driven zonation” scheme,
which can be viewed as an adaptive discretization algorithm, was proposed for flu-
orescence imaging [28]. In [36], we presented a region-of-interest (ROI) imaging
scheme for DOT, which employed a multi-level algorithm on a nonuniform grid.
The non-uniform grid is designed so as to provide finer spatial resolution for the
ROI which corresponds to the tumor region as indicated by a priori anatomical
image. In [82] an a priori non-uniform mesh design which provides high resolution
at the heterogeneities and near boundary regions was proposed. In that work, the
mesh refinement is independent of the source-detector configuration and the loca-
tion of the heterogeneities. In [35] a dual mesh strategy was proposed, in which, a
relatively fine uniform mesh is considered for the forward problem discretization and
a coarse uniform mesh is generated for the inverse problem discretization. In the
same study, an adaptive refinement scheme was proposed for the inverse problem
discretization, but no adaptive refinement was considered for the solution of the for-
ward problem. Another dual mesh strategy which makes use of a priori ultrasound
information was presented in [46]. In that work, the dual mesh is a coarse mesh for
the background tissue and a relatively fine mesh for the heterogeneity, similar to the
approach in [36]. In fluorescence imaging, a dual adaptive mesh strategy was used to
discretize the inverse problem and the associated coupled diffusion equations, where
the refinement criterion is based on a posteriori discretization error estimates [54].
Note that in all these studies [28, 36, 82, 35, 46, 54], the mesh refinement criteria
considered for the inverse (forward) problem disregard the impact of the solution of

the forward (inverse) problem. In other words, the discretization of each problem is
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considered independently of the solution of the other problem.

In this work, based on the two error bounds provided by the error analy-
sis in part I [39], we introduce an adaptive discretization scheme for the forward
and inverse problems, respectively. We remark that the mesh refinement criterion
for each problem comprises the discretization error in the corresponding problem
solution, scaled spatially by the solutions of both problems. Thus, the proposed
adaptive mesh generation algorithms address the interdependence between the so-
lutions of the forward and inverse problems and take into account the orientation
of the source-detectors and the absorptive perturbations. This makes the adap-
tive discretization algorithms introduced in this paper different from the previous
approaches [28, 36, 82, 35, 46, 54]. The simulation experiments validate the implica-
tions of our error analysis and show that the proposed mesh generation algorithms
significantly improve the accuracy of the reconstructed optical images for a given
number of unknowns in the discrete forward and inverse problems. We specifically
show that using the discretization error estimates, which do not take into account
the interdependence of forward and inverse problems as a criterion for discretization,
may lead to severely degraded image reconstructions (see simulation study 3). We
also discuss the computational complexity of the proposed adaptive mesh genera-
tion algorithms and compare it to the computational complexity of mesh generation
algorithms based on the conventional discretization error estimates. We finally note
that the proposed adaptive mesh generation algorithms can be adapted for similar
inverse parameter estimation problems, such as electrical impedance tomography,
optical fluorescence tomography, bioluminescence tomography, microwave imaging,
etc.

The outline of this paper is as follows: In Section 2, we give a brief overview of
the forward and inverse DOT problems and recall the two theorems presented in part
I which summarize the impact of discretization on the accuracy of the reconstructed
optical images. In Section 3, based on these two theorems, we introduce the adaptive
mesh generation algorithms for the solution of the forward and inverse problems and
discuss their computational complexity. In Section 4, we present our experimental

results, which is followed by the Conclusion section. The Appendix includes the
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solution of a model problem used to initiate the adaptive mesh generation.

Table 3.1: Definition of function spaces and norms.
NotationExplanation
f The complex conjugate of the function f
C(2)  Space of continuous complex-valued functions on {2
Ck(Q2)  Space of complex-valued k-times continuously differentiable functions on €
L) L2(Q) = {f] esssupg | f(x)| < o0 }
Lr(Q)  L2(Q) = {f] (Jo|f(x)PPdx)"" < o0 }, p € [1,00)
Dz f 2™ weak derivative of f
HP(Q)  HP(Q) = {f| (X1, I1DLFID> <00 }, p € [1,00)
Ifllo  The L*(2) norm of f
| fll,  The HP(Q2) norm of f
|flle  The L>(£2) norm of f
| fllzr(e) The LP(£2) norm of f
| fllo.n The L? norm of f over the m' finite element ©,,
| fllp.n The H? norm of f over the m'™ finite element ©,,

3.2 Overview

In this section, we first briefly define the forward and inverse problems in
DOT. Next, we state Theorems 1 and 2 presented in the first part of this work [39]
to recall the effect of the discretization of the forward and inverse problems on the
accuracy of optical absorption image reconstruction. We refer to Table 5.2 for the
explanation of the notation associated with functions and their norms. Note that

calligraphic letters are used to denote the operators, e.g. A,, Z, K etc.

3.2.1 Forward and inverse problems in DOT
We consider the following boundary value problem to model the near infrared

light propagation in a bounded domain 2 C R? with Lipschitz boundary 99 [20, 4]:

W

=V D(x)Vg;(x) + (ha(x) + —)g;(x) = Q(x) x €, (3.1)

gj(x) + 2CLD(X)%(X) =0 xe€09Q, (3.2)

where g;(x) is the photon density at x, @; is the point source located at the source

position x?, D(x) is the diffusion coefficient and p,(x) is the absorption coefficient
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at x, i = v/—1, w is the modulation frequency of the source, c is the speed of the
light, a = (1 + R)/(1 — R) where R is a parameter governing the internal reflection
at the boundary 92, and 0 - /On denotes the directional derivative along the unit
normal vector on the boundary. The boundary value problem (5.1)-(5.2) constitutes

the forward problem in DOT together with the associated adjoint problem [4, 39]:

V- DRV () + () — 2)gi () =0 x €D (3.3)
g7 (x) + 2aD(x) 3855 (x) = Qi (x) x €09, (3.4)

where QF is the adjoint source located at the detector position x. Note that we
approximate the point source (); in (5.1) and the adjoint source @ in (5.4) by
Gaussian functions with sufficiently low variance, whose centers are located at xJ
and x!, respectively.

In this work, we focus on the estimation of the absorption coefficient and con-
sider an iterative algorithm based on repetitive linearization of the inverse problem
using first order Born approximation. Using a zeroth order Tikhonov regularization

to address the illposedness, the inverse problem at each iteration reads:

Y(x) = (AD)(x) = [(AAs + D)o (x)
= /Q K (x, %) (X)d% + Aot (x) (3.5)
= (KaM)(x), (3.6)

where T; ; is the (4, j)th entry in the vector I' € CNe*¥s which denotes the differen-
tial measurement at the " detector due to the 7' source as a result of the small
perturbation a on the background absorption coefficient ji,. In (3.5), x(x,%) is the

kernel of the integral equation, given by [39]

Na,Ns

k(x, %) = Z H; (%) H; (%), (3.7)

where H; ; = —gg; is the kernel of the integral operator A, : L>(Q) — CN¢*Ns and
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H}; = —g;g; is the kernel of the adjoint operator A} : CNo*Ns — L1(Q) given by:

Na,Ng Ng,Ns
(AiB)(x) = > Hi(x)Bij = D —9;(x)g;(x)Bi, (3.8)
irj i\j
for all 3 € CNe*Ns| Note that g; and g; in (4.18) and (5.15) are the solutions of the
variational formulations of (5.1)-(5.2) and (5.3)-(5.4), respectively [39]. For the rest
of the paper, we will denote L>°(2) and L'(Q2) by X and Y, respectively.

Below we summarize the two theorems of part I [39] and provide the error
estimates which will be used in the design of adaptive meshes for the discretization
of the forward and inverse DOT problems. In this respect, we first consider the
impact of inverse problem discretization when the associated kernel x(x,x) in (3.5)
is exact. Next, we give the error estimate for the case in which the kernel is replaced
by its finite dimensional approximation (i.e. degenerate kernel) and analyze the
effect of the forward problem discretization on the accuracy of the reconstructed

image without projecting (3.6).

3.2.2 Effect of inverse problem discretization
Consider the discretization of the inverse problem (3.6) by projecting it onto
a finite dimensional subspace Y,, C Y spanned by the first order Lagrange basis

functions {L4, ..., L,}, using the collocation method [39]:
P Ko =Py, (3.9)

where P, : Y — Y, is the projection operator associated with the collocation
method with first order Lagrange basis functions [39] such that a)(x), x € Q, is
approximated on a set {€2,,} of finite elements for m = 1, -+, Nj, vavf Q. =Q as

follows:

(%) =Y arLi(x). (3.10)
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Let ¢ be the interpolant of a* [20] and assume that o* € H'(Q). Then, the

interpolation error e, = o — 1) on each finite element is bounded by
leallogn < Cllo? 1 mfm, (3.11)

where C' is a positive constant and h,, is the diameter of the smallest ball that
contains the m' element.
Theorem 1 describes the effect of inverse problem discretization on the accu-

racy of the reconstructed optical absorption image.

Theorem 1: The error between the solution o of (3.6) and the solution o) of (3.9)

is bounded by:

Na
lo* = ey £ CVVRIT = Tally—x, > la* i mh
m=1

C NA Nvas
+X||7n||Y—»Xn HZ!%}X||9391‘||L1(Q)Z > llgrgillomlle fmbm, — (3.12)
’ m=1 i,

where C' is a positive constant, Vq is the volume of 2, 7, : ¥ — X, is a
uniformly bounded operator given by 7, = (Z + P, A%A,) " 'P,, and g;, g
are the solutions of the variational formulations of the boundary value prob-

lems (5.1)-(5.2) and (5.3)-(5.4), respectively [39].

Proof: See [39].

3.2.3 Effect of forward problem discretization
Assume that D, u, € C'(2). Noting that Q;, Q; € H'(Q2), the solutions g;, g
of the variational formulations of the boundary value problems (5.1)-(5.2) and (5.3)-
(5.4) satisfy [39]
4501 € C(9). (3.13)

Let {QJ } denote the set of linear elements used to discretize the variational for-
mulation of the boundary value problem (5.1)-(5.2) for m = 1,..., N4; such that
UZJA Q4 = Q and hJ, be the diameter of the smallest ball that contains the m'
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element in the finite dimensional solution G;, for all j = 1,... N, [39]. Similarly, let
{Q} denote the set of linear elements used to discretize the variational formulation
of the boundary value problem (5.3)-(5.4) for n = 1,..., NX; such that UnNAz Q=0
and h!, be the diameter of the smallest ball that contains the n'* element in the finite
dimensional solution G7, for all i = 1,... Ny [39]. Then, a bound for the discretiza-
tion error in the finite element solutions G; and G} with respect to the solutions g;
and g; of the variational formulations of the boundary value problems (5.1)-(5.2)

and (5.3)-(5.4) on each finite element can be given by [20]

lg; = Gillons < Cligjllimifi,, (3.14)
lg; = Gillow: < Cllgi llniliy, (3.15)
where C' is a positive constant, and || - [|gq» and || - ||; oo denote respectively the L?

and H! norms on the finite element Q0.

Consider the inverse problem
Kat = 7, (3.16)

where K and 7 are the finite dimensional approximations to K and +, obtained by
substituting g; and g; in H;; and H}; by G; and G}, respectively.
Theorem 2 shows the effect of forward problem discretization on the accuracy

of the reconstructed optical absorption image.

Theorem 2: A bound for the error between the solution a* of (3.6) and the solution

& of (3.16) due to approximations K and 7 is given by:

- % .
o — 04)\||L1(Q) < o) max 19 9ill 2 (<)

Ny NALNs

< [0S (2llgi0M o + lallligsllon ) 191t
i=1  nj

J
s NA7Nd

N,
+3° 3 ((2lgiaM o + ladloolgilloms ) lgslhmit |, (317)
j=1

m,i
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where C' is a positive constant.
Proof: See [39].

We refer to part I [39] for further details of the discussion regarding the defi-
nition and discretization of the forward and inverse problems. In the following, we

discuss the adaptive mesh generation for the forward and inverse problems.

3.3 Adaptive Mesh Generation

In this section, we discuss the adaptive mesh design for the discretization
of the forward and inverse problems based on the Theorems 1 and 2. For each
problem, we present an adaptive mesh generation algorithm, which is followed by

the corresponding computational cost analysis.

3.3.1 Adaptive Mesh Generation for the Forward Problem

Let the mesh parameter b, for G; for j =1,---, Ny and the mesh parameter

ht, for G¥ for i =1,---, Ny be chosen so that:

M, < e R .= B, (3.18)
> CllgiaMoms + llevlloollgf loma )l gs]]1ms
i = B;", (3.19)

g;kHl,ni .

hz’n S N A
>; " 2llgioM o + llallsellgsllon:)

where the tolerance €; will be defined later. Then, by Theorem 2, the error in the

reconstructed image due to the forward problem discretization is bounded by:
C Noo o Na
XH%?XHQZ‘%HLI(Q) DN+ NE e =¥, (3.20)
j i

where C' is a positive constant and €/ is the total allowable error in the reconstructed
optical image due to the forward problem discretization. Equation (3.20) implies
the following value for e;:

NeT/C 1

€ = 4 : : (3.21)
max; ; [|g7 g5l ) (Ej\’ Ni 4+ SN NZZ)
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Algorithm 1 outlines the adaptive mesh generation algorithm for the forward
problem in the form of a pseudocode. The algorithm is performed for each source
and detector before the linearization of the inverse problem and it yields a family of
adaptively refined meshes with conforming elements. We use Rivara’s algorithm [76]

for refinement.

Algorithm 1 The pseudocode for the mesh generation algorithm for the forward
problem, prior to the linearization of the inverse problem.

o Generate an initial uniform mesh (A,Na), A = Y2 {A,}
o Set ¢
© Initialize the set of marked elements: M, «— {}
o flag = True
while flag = True
for each element A, € A with mesh parameter h? (h!))
if first linearization
. Use analytical solutions for g; and g; and a priori anatomical
information about a to compute the bound Bj" in (3.18) (B;™ in (3.19))
else
. Use current solution updates G; and G} and &)
to compute B}* in (3.18) (B;" in (3.19))
end
if hj, > B} (hi, > B;")
. Me — Me U{Am}

end

end

if M. #{}
. Refine the marked elements and update the mesh A
« M, —{}

else
. flag = False

end

end

o Solve for G (G}).

Remarks 1:

1. In practice, BY" and B;™ in (3.18)-(3.19) can not be computed since a, o,

gj, and g; are unknown. However, B* and B;" can be estimated by using

approximations for the functions involved in these bounds, based on either
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a priort information or on the recent forward and inverse problem solution
updates. Then, the elements whose mesh parameter i/, (h!) exceeds BT

(B;™) can be determined and refined.

2. After the first sweep of refinement, one can compute the bound B} and B;"
only for the new elements. We note that for the initial mesh design, we use
a model problem to compute the terms in the error bound relevant to the
forward problem solution (see B.1). If there is no a priori information, a* can
be assumed to be spatially constant at the first linearization step. After the
first linearization, the norms in B]" and B;™ relevant to g; and g; are not ex-

pected to change significantly. In this context, the terms ||g;a|o.m, [|g;0Mo.n

in (3.18) and (3.19) can be bounded by ||g;0,mi ||| ce.ms and ||g;{o,n:

O-/\Hoo,niu
respectively. Therefore, one can store the norms ||g;|lo.ms and ||g;||o.n: at the
end of the first mesh generation, and update B]" and B;" in the following

mesh generations by using these stored values and the updated o* values.

3. In case €y can not be chosen in prior, we consider a posterior approach, set
¢y = 1, and compute hJ,/Bj* (hi,/B;") on each element, which is used as the
indicator for refinement. Then, the elements with indicator value exceeding
the average h},/Bj* (hi,/B;") quantity are marked for refinement. We note
that in this case, the algorithm has to be stopped when the number of nodes

in the mesh exceeds the allowable number of nodes.

3.3.2 Computational cost of the adaptive mesh generation algorithm for
the forward problem

Consider the algorithm described in Remark 1(iii) for  C R?. Using triangu-
lar finite elements with first order Lagrange basis functions and an analytical (exact)
integration on each finite element, the number of multiplications required to com-
pute the L? or H! norm of a finite dimensional function on each triangular element
Q7 () is 12. On the other hand, computing the norm ||gja* || (|97 o.ms)
takes 10 times the number of multiplications to compute ||g;|l1.mi (|g;]l1.ni)- As a
result, the total number of multiplications required to compute the error estimates

on all finite elements for the j source is given by (132N, + 16)N i. Similarly, the
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total number of multiplications required to compute the error estimates on all finite
elements for the i'" detector is equal to (132N, + 16) N}

In order to reduce the computational cost of the proposed adaptive mesh
generation algorithm, we can approximate the bounds Bj" in (3.18) and B;™ in (3.19)

as follows:

€r
BT =~ (3-22)
Ng % Ng %
’ ([ 223 g7 aMloms + llellooll 2257 95 lo.mi ) gsll1,ms
€f
B =~ . (3.23)
1 Ns Ns *
@[ 2257 g50Moni + llellooll 2257 gilloni) 197 ll1ni

Then, the number of multiplications required to compute the error estimates on all
finite elements becomes 148N4 (148N%), which implies a significant reduction as
compared to (132N, + 16)N4 ((132N, + 16)N).

If one uses the discretization error estimates (3.14)-(3.15) to generate adaptive
meshes for the discretization of (5.1)-(5.2) and (5.3)-(5.4), the number of multiplica-
tions is equal to 13N, i and 13N}, respectively. Then, the resulting adaptive meshes
will lead to finite element solutions G; and G with reduced discretization error.
However, reduction in the discretization error in G; and G may not ensure the

accuracy of the reconstructed absorption image (see simulation experiment 3).

3.3.3 Adaptive mesh generation for the inverse problem:
Let the mesh parameter h,, for the solution of the inverse problem be defined

as follows:

1
hm S 6inv/ (\/ VQ”I_ IZ;LHYHXn”a)\”l,m + X”ZLHY—)XW,

Ndst

x max g7 gl 22 > llgigillomlle ”Lm) = B, (3.24)
i,J

Then, by Theorem 1, the error in the reconstructed image due to inverse problem

discretization is bounded by

CNpé€iny = €™, (3.25)
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where C is a positive constant and €™ is the total allowable error in the recon-
structed optical image due to inverse problem discretization.

We present the pseudocode for our adaptive mesh generation algorithm used
at each linearization of the inverse problem in Algorithm 2. Similar to the forward
problem discretization, we use Rivara’s algorithm [76] for the refinement of the

elements.

Algorithm 2 The pseudocode for the mesh generation algorithm at every lineariza-
tion step of the inverse problem.

o Generate an initial uniform mesh (A,Na), A = Y2 {A,.}
o Set €,
o Initialize the set of marked elements: M, «— {}
o flag = True
while flag = True
for each element A,, € A with mesh parameter h,,
if first linearization
. Use current solution updates G; and G and a priori information
about « to compute B}, in (3.24)
else
. Use current solution updates G; and G} and &)
to compute B!, in (3.24)

muv

end
if h,, > B[,
. Me — Me U{Am}

end

end

if M. # {}
. Refine the marked elements and update the mesh A
« M, —{}

else
. flag = False

end

end

o Solve for a.

Remarks 2:

1. In practice, B, in (3.24) can not be computed since a*, g;, g/, and 7,

are unknown. Similar to the approach described in Section 3.3.1, we can
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compute an estimate for B}, by using the uniform boundedness of the operator

7, [39] and by using approximate values for the functions involved in B,. In

muv*

this context, we use either a priori information or the recent forward and
inverse problem solution updates to calculate (3.24) on each element. Then,

the elements with the mesh parameter h,, > B] are determined and refined.

. In order to save computations, after the first sweep of refinement, one can

compute the bound B only for the new elements. Furthermore, similar to

the approach described in Section 3.3.1, the term ||g}g;||om in (3.24) can be
stored after the first mesh generation and can be used in the following mesh

generations. In this context, the bound B, can be updated by using only the

mv
updated ||a?||1,, value.
. Note that, in practice, one of the two terms in the denominator of B], will be
dominant depending on the value of A. Thus, we consider only the dominant

m
mu*

term for the computation of B In case €; can not be chosen in prior,

we consider a posterior approach, set €;,, = 1 and compute ||a*||; mhm or

Ng,N
Zi,]{i )

indicators. Then, the elements with indicator value which exceeds the average

9:9illomllaM|1mhm on each element, which are used as refinement

indicator value are refined. In this case, the algorithm has to be stopped when

the number of nodes in the mesh exceeds the allowable number of nodes.

3.3.4 Computational cost of the adaptive mesh generation algorithm for

the inverse problem

Consider the algorithm stated in Remark 2(iii) for  C R? and assume that

the second term in the denominator of B (3.24) is dominant. Using triangular

muv

finite elements with first order Lagrange basis functions and an analytical (exact)

integration on each finite element, the total number of multiplications required to

compute the error estimates on all finite elements is given by (120NyNg + 14)Na.

In order to reduce the number of multiplications, we can consider an approxi-
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mation for B} as follows:

1
B" . (3.26)

mu
|Zh% gigi]| oM
0,m

Then, the number of multiplications reduces to 134 Na.

If one uses the interpolation error estimate (3.11) to generate adaptive meshes,
the number of multiplications to compute the error estimates on all finite elements
will be 13NA. However, such adaptive meshes may not help reduce the error in the
reconstructed optical images, resulting from discretization (see simulation experi-

ment 3).

3.4 Numerical Experiments

We conduct a series of numerical experiments to demonstrate the implications
of Theorems 1 and 2, and to present the effectiveness of the proposed adaptive mesh
generation algorithms. We perform our experiments in 2D for ease of comparison.

In the first simulation, we consider a series of image reconstructions to show the
effectiveness of the proposed adaptive mesh generation algorithms. In this context,
we compare the images reconstructed by using uniform meshes for the forward and
inverse problems to the images reconstructed by using adaptive meshes which are
designed based on Theorems 1 and 2.

In the second simulation, we show the effect of the heterogeneity size on the
accuracy of the reconstructed absorption images. Next, we demonstrate how this
error can be addressed by the proposed adaptive discretization schemes.

In the final simulation study, we demonstrate the implication of Theorem 2
and show that meshes generated for the forward problem by using discretization
error estimates which disregard the interaction between the solutions g; and g; and
a* can lead to unstable image reconstructions. We note that the proposed adaptive
mesh generation algorithm for the forward problem addresses this problem.

Note that in all experiments, we use triangular finite elements with first order
Lagrange basis functions. We apply Gaussian elimination method to solve the dis-

crete forward problem resulting from the variational formulation [20] of the boundary
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value problems (5.1)-(5.2) and (5.3)-(5.4) [39]. For the inverse problem, we consider
the discrete problem obtained by projecting (3.16) by collocation method:

PKa)y = Po7, (3.27)

where the regularization parameter is chosen as small as possible, yet large enough
to enable robust image reconstructions. In this respect, an appropriate value for the

regularization parameter is chosen based on experience.

3.4.1 Simulation Study 1

In this simulation study, we consider the geometry shown in Figure 4.1(a). We
simulate the optical data by solving the diffusion equation at w = 0 on a fine uniform
grid with 61 nodes along = and y directions, where the refractive index mismatch
parameter a = 3. 11 sources and 11 detectors are evenly spaced on the bottom and
top edges of the square, respectively. The diffusion coefficient D(x) = 0.0410 for

x € QU ON. The circular heterogeneity with absorption coefficient p, = 0.2 cm™*

is embedded in an optically homogeneous background with s, = 0.04 cm™?.

B EEEEEEEEEN aEEEEEEEEESR EEEEEEEEEER
6 cm s
r=0.75cm
AAAAAAAAAAAL AAAAAAAAAAA AAAAAAAAAAA

(a) The optical domain and (b) The optical domain and (c) The optical domain and

source-detector configuration  source-detector configuration source-detector configuration

for simulation study 1. for simulation study 2. r; = for simulation study 3. The ra-
0.50 cm, ro = 0.75 ¢cm, r3 = dius of the circles is 0.75 cm.
1.0 cm, and r4 = 1.25 cm.

Figure 3.1: The setups used for the simulation studies 1, 2, and 3. The
squares and triangles denote the detectors and sources, re-
spectively.

In order to obtain a series of absorption imaging problems using the same
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setup, we consider 5 values for the background absorption value. Then, for each
imaging problem, we consider three mesh scenarios: Uniform mesh for both forward
and inverse problems; adaptive mesh for the forward problem and uniform mesh for
the inverse problem; and adaptive meshes for both forward and inverse problems.

We refer to Table 3.2 for a brief outline of the first simulation study.

Table 3.2: The mesh scenarios and the background pu, values in simula-
tion study 1.
Mesh (Forward) Mesh (Inverse) Background p, (cm™!)

Uniform Uniform 0.032, 0.036, 0.040, 0.044, 0.050
Adaptive Uniform 0.032, 0.036, 0.040, 0.044, 0.050
Adaptive Adaptive 0.032, 0.036, 0.040, 0.044, 0.050

The uniform mesh used for the forward problem discretization has 625 nodes
and is shown in Figure 3.2(a). The uniform mesh for the inverse problem has 313
nodes and is shown in Figure 3.2(b). We use the algorithms described in Section 3.3.1
and Remark 1(iii), and Section 3.3.3 Remark 2(iii) to generate the adaptive meshes
for the forward and inverse problems, respectively. The number of nodes in each
of the adaptive meshes used for the forward problem does not exceed 750. An
example for the adaptive mesh generated for a source located at (1.0,0) is shown
in Figure 3.2(c). The adaptive mesh for the inverse problem generated for the case
where the background p, = 0.050 cm™! has 418 nodes and is shown in Figure 3.2(d).

For the inverse problem, we set the regularization parameter \ to 1077 in
all experiments to eliminate the dependence of the error estimates (3.12)-(4.34)
on the regularization parameter. We consider the image reconstructed by using
fine uniform meshes (61 x 61 nodes for the forward problem and 61 x 61 nodes
for the inverse problem) as the reference image, which is assumed to possess no
error due to discretization. We compute the error ||o* — @11 () for each image
reconstruction and tabulate the results in Table 3.3. We see that the error in the
images reconstructed by using uniform meshes for both forward and inverse problems
is significantly reduced by the use of adaptively refined meshes. A similar behavior
is observed for all choices of background absorption value.

We present image reconstructions in Figures 3.3 and 3.4 for the two extreme



62

0 1 2 3 4 5 6 0 1 2 3 4 5 6

(a) The uniform mesh with 625 nodes. (b) The uniform mesh with 313 nodes.

0 0
0 1 2 3 4 5 6 0 1 2 3 4 5 6

(¢) The adaptive mesh generated for the for- (d) The adaptive mesh generated for the in-

ward problem for the source located at (1.0,0):  verse problem solution, with 418 nodes. Back-

Background jtq = 0.050 cm 1. ground f, = 0.050 cm ™!,

Figure 3.2: Examples of meshes used in the first simulation study.

cases, where the background absorption value is equal to 0.032 and 0.050 cm™!,

respectively. Figures 3.3(a) and 3.4(a) display the reference images used to compute
the error values given in Table 3.3. Figures 3.3(c) and 3.3(d) show that the optical
heterogeneity is resolved better by using adaptive meshes as compared to the recon-
structed image obtained by using uniform meshes, which is shown in Figure 3.3(b).
These results are consistent with the error values given in Table 3.3. A similar trend
is seen in Figures 3.4(c) and 3.4(d). Note that the number of nodes in the adaptive
meshes is almost equal to the number of nodes that the uniform meshes have. In
Figure 3.5, we show the cross-sectional views from the reconstructed images. We

see that the use of coarse uniform meshes fails to resolve the circular heterogeneity
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Table 3.3: The error ||a* — &)|/11(q) for each experiment described in the
simulation study 1 and Table 3.2. The first column shows the
type of the meshes used in the forward and inverse problems,

respectively. The unit of background i, is cm™!.

Background p,: 0.032  0.036  0.040 0.044  0.050
Uniform-Uniform  [lo* — a1 : 0.2325 0.2559 0.2773  0.2932  0.3013
Adaptive-Uniform  [|a* — &2 || i © 01238 0.1139 0.1166 0.1209 0.1278
Adaptive-Adaptive |la* —a}||ri) : 0.1043  0.0997 0.0998 0.1003 0.1009

especially for the case in which the background p, = 0.032 cm™1.

3.4.2 Simulation Study 2

In this study, we consider the geometry shown in Figure 3.1(b). To simulate
the optical data, we use the same source-detector configuration considered in the
first simulation study. We simulate the optical data by solving the diffusion equation
at w = 0 on a fine uniform grid with 61 nodes along x and y directions, where the
refractive index mismatch parameter a = 3. The diffusion coefficient D is assumed
to be constant and D(x) = 0.0410 cm, for all x € Q U 09.

We consider 4 different radii for the circular heterogeneity with j, = 0.20 cm™*
embedded in a background with 1, = 0.040 cm™"! as shown in Figure 3.1(b). For each
case, we compute the error for different mesh scenarios, similar to the first simulation
study: Uniform mesh for both forward and inverse problems; adaptive mesh for the
forward problem and uniform mesh for the inverse problem; and adaptive meshes for
both forward and inverse problems. The adaptive meshes for this simulation study
were generated based on Theorems 1 and 2, and the mesh generation algorithms
described in the first simulation study and Section 3.3. The uniform meshes used for
the forward and inverse problems are identical to those used in the first simulation
study. We note that the number of nodes in the adaptive meshes generated for the
forward and inverse problems is close to the number of nodes in the corresponding
uniform meshes.

In Table 3.4, we tabulate the error norm |[a* — a2}|| obtained for each hetero-
geneity size with different mesh choices. Table 3.4 shows that the error increases

with increasing heterogeneity size. We see that the reduction in the error as a result



(a) The optical absorption image used as
the reference for error computations.
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(¢) The reconstructed absorption image
using an adaptive mesh for the forward,
and the uniform mesh in Figure 3.2(b) for
the inverse problem.

(b) The reconstructed absorption image
using the uniform mesh in Figure 3.2(a)
for the forward, and the uniform mesh in
Figure 3.2(b) for the inverse problem.
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(d) The reconstructed absorption image
using an adaptive mesh for the forward,
and the adaptive mesh in Figure 3.2(d)
for the inverse problem.
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Figure 3.3: The reconstruction results of simulation study 1, with the
background s, = 0.032 cm™*.

of using adaptive meshes is more significant for smaller sized heterogeneities. Fur-

ther reduction in the error norm ||a* — @)|| is possible by increasing the number of

nodes in the meshes.

For brevity, we only show the reconstruction results for the extreme cases:

r = 0.5 cm and r = 1.25 cm. We note that the regularization parameter A
5 x 107 in all reconstructions. Figures 3.6(a) and 3.6(b) show the images used

the reference images o in the calculation of the error norms |[a* — a)|| listed

n

Table 3.4. Figures 3.6(e)-3.6(f) show that the adaptive meshes reduce the artifacts

as compared to the images reconstructed by using uniform meshes, which are shown

in Figures 3.6(c)-3.6(d).
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0o

(a) The optical absorption image used as (b) The reconstructed absorption image

the reference for error computations. using the uniform mesh in Figure 3.2(a)
for the forward, and the uniform mesh in
Figure 3.2(b) for the inverse problem.

(¢) The reconstructed absorption image (d) The reconstructed absorption image
using an adaptive mesh for the forward, using an adaptive mesh for the forward,
and the uniform mesh in Figure 3.2(b) for and the adaptive mesh in Figure 3.2(d)
the inverse problem. for the inverse problem.

Figure 3.4: The results of simulation study 1, with the background y, =
0.050 cm™1.

3.4.3 Simulation Study 3

In this simulation study, we consider the geometry shown in Figure 3.1(c).
The center of the circular heterogeneity is moved vertically towards the detector
side to see the effect on the imaging accuracy. Next, we show how the error in the
reconstructed images due to discretization can be addressed by using appropriate
meshes for the solutions of the forward and inverse problems. In this context, we
compare the results obtained by using 1) uniform meshes, 2) the adaptive meshes
generated using conventional a priori discretization error estimates, and 3) the adap-
tive meshes proposed in this study. By conventional error estimates, we mean the a

priori discretization error estimates (3.14) and (3.15) for the solution of the forward
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Table 3.4: The L' norm of o and the error |[o* —a)|| ;1) for each exper-
iment described in the simulation study 2. The first column
shows the type of the meshes used in the forward and inverse
problems, respectively. The radius of the circular heterogene-
ity is given in cm.

Radius: 0.50 0.75 1.0 1.25
laMri@: 0.7196 1.3760 1.4759 1.7817

Uniform-Uniform  [lo* — a}[|i@: 0.5622 0.5706 0.5850 0.6337

Adaptive-Uniform  [lo* — &}/ 0.2153  0.2776  0.3766 0.5113

Adaptive-Adaptive [la* — a1 0.2020 0.2630 0.3592 0.5034

problem, and the a priori interpolation error estimate (3.11) for the solution of the
inverse problem.

To simulate the optical data, we use the same source-detector configuration
considered in the first simulation study. We simulate the optical data by solving
the diffusion equation at w = 0 on a fine uniform grid with 61 nodes along x and y
directions, where the refractive index mismatch parameter a = 3. We note that, in

1

all reconstructions, the background absorption value is set to pu, = 0.04 cm™ and

the diffusion coefficient D is assumed to be constant and D(x) = 0.0410 cm, for all
x € QU N.

The uniform meshes used in this simulation study are identical to the ones
used in simulation studies 1 and 2. Sample meshes for the forward problem solution
using the conventional and the proposed adaptive meshing strategies are shown in
Figures 3.7(a)-3.7(b) and Figures 3.8(c) and 3.8(d), respectively. We see that the
conventional adaptive mesh generation strategy leads to meshes refined around only
sources or detectors, but not both. In contrast, Figures 3.8(c) and 3.8(d) show that
the proposed strategy results in adaptive meshes refined around sources, detectors,
and the heterogeneity as well. This observation is consistent with Theorem 2. The
adaptive mesh for the inverse problem solution, which was generated using the a
priori interpolation error estimate (3.11) is shown in Figure 3.8(f). Note that the
mesh was generated for the case where the circular heterogeneity was centered at
(3.0,3.5). The mesh generated based on Theorem 1 (Figure 3.8(e)) provides higher
resolution close to the sources and detectors as compared to the mesh shown in

Figure 3.8(f), which is merely refined around the heterogeneity.
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In this simulation study, we consider 4 different positions for the center of
the circular heterogeneity with radius 0.75 c¢m, along y—axis: center at (3.0,3.0),
(3.0,3.5), (3.0,4.0), and (3.0,4.5), respectively. Similar to the previous simulations,
we compute the error in the reconstructed images for all cases, and compare the error
values attained by different meshing strategies. Finally we present the reconstructed
images obtained by using different mesh strategies corresponding to the case where
the circular inclusion is centered at (3.0, 3.5) and (3.0, 4.0).

Using the meshes for the forward problem discretization (see Figures 3.7(a)-
3.7(b)), which were generated by using the conventional a priori discretization error
estimates (3.14)-(3.15), leads to the image reconstructions shown in Figures 3.7(c)
and 3.7(d), where the regularization parameter A = 107%. We observe that the
finite dimensional operator does not provide a stable solution. We note that using
an adaptive mesh for the inverse problem solution does not change the outcome
(Figure 3.7(d)). Note also that the meshes generated by using the conventional a
priori discretization error estimates (3.14)-(3.15) are sufficient to provide accurate
finite element approximations to the actual solutions g; and g;. Therefore, the
unstable reconstructions can be attributed to the errors K — K and v — 7, due to
inappropriate discretization as noted by Theorem 2. In consistence with Theorem
2, this observation suggests that solving the forward problem accurately does not
necessarily imply that approximate operator K and 7 are error-free. Therefore, in
order to address such problems, one has to follow a discretization scheme based
on Theorem 2 for the solution of the forward problem, which takes into account
the interaction between the solutions of the diffusion equation and the associated
adjoint problem, as described in Section 3.3.1.

In order to suppress the severe artifacts observed in Figures 3.7(c) and 3.7(d),
we increased the regularization parameter and set A\ = 107%. The resulting images
are shown in Figures 3.7(e) and 3.7(f). As noted by Theorems 1 and 2, increasing the
regularization parameter reduces the error in the reconstructed images. However,
increasing the regularization parameter will also compromise the image quality and
lead to over-smoothed images. In order to address the instability issue without de-

grading the image quality by using high regularization parameters, we modified the
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adaptive mesh generation method that lead to the meshes shown in Figures 3.7(a)-
3.7(b). In this context, for the first 2 refinements, we used the proposed mesh
generation algorithm based on Theorem 2 to generate an initial adaptive mesh; and
for the next 2 refinements, we used the conventional error estimates (3.14)-(3.15).
Following this modification, the samples of the resulting adaptive meshes are shown
in Figures 3.8(a) and 3.8(b). For a comparison, we also present in Figures 3.8(c)-
3.8(d), the adaptive meshes generated by using the proposed adaptive mesh genera-
tion algorithms as described in Section 3.3.1 and Remark 1(iii). We observe that the
meshes shown in Figures 3.8(c)-3.8(d), indicate further refinement around sources,
detectors and the circular heterogeneity as compared to the adaptive meshes shown
in Figures 3.8(a) and 3.8(b).

Examples of the adaptive meshes generated for the inverse problem based on
Theorem 1 and the conventional a priori interpolation estimate (3.11) are shown in
Figures 3.8(e) and 3.8(f), respectively. We observe that the adaptive mesh shown in
Figure 3.8(e) provides higher resolution around sources and detectors as compared
to the adaptive mesh shown in Figure 3.8(f).

We note that the uniform meshes used in this simulation study are identical
to those used in the previous simulation studies.

In order to compare the performance of the conventional and proposed adap-
tive mesh strategies, we perform 4 experiments and compute the error in the re-
constructed optical absorption images. For each experiment, we consider 5 different
mesh strategies and refer to Table 3.5 for the description of these experiments.

We show the reconstructed optical absorption images for the two cases in
Figures 3.9 and 3.10, corresponding to the circular heterogeneity centered at (3.0,3.5)
and (3.0,4.0), respectively. Figures 3.9(a) and 3.10(a) show the reference absorption
image reconstructions which are used to compute the error in the reconstructed
optical images.

Figure 3.9(b) shows the image reconstructed using coarse uniform meshes for
both the forward and inverse problems, for the case where the circular inclusion
is centered at (3.0,3.5) where the regularization parameter was set to A = 107%.

With the same value of the regularization parameter, Figure 3.9(c) shows the re-
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Table 3.5: The relevant parameters in the experiments 1-5 in simulation
study 3. The abbreviation “Conv.” implies that the corre-
sponding mesh was generated using the conventional a pri-
ori discretization error estimates (3.14)-(3.15) for the forward
problem solution, and the conventional a prior: interpolation
error estimate (3.11) for the inverse problem solution. The
abbreviation “Prop.” refers to the adaptive meshes generated
by using the proposed adaptive mesh generation algorithms
based on Theorems 1 and 2, for the inverse and forward prob-
lem solutions, respectively. The last column in the table shows
the coordinates of the center of the circular heterogeneity, con-
sidered in each experiment.

Mesh (Forward) Mesh (Inverse) Center at:

Exp. 1 Uniform Uniform [(3.0,3.0), (3.0,3.5), (3.0,4.0), (3.0,4.5)]
Exp. 2 Adaptive (Conv.)  Uniform [(3.0,3.0), (3.0,3.5), (3.0,4.0), (3.0,4.5)]
Exp. 3 Adaptive (Conv.)  Adaptive (Conv.) [(3.0,3.0), (3.0,3.5), (3.0,4.0), (3.0,4.5)]
Exp. 4 Adaptive (Prop.)  Uniform [(3.0,3.0), (3.0,3.5), (3.0,4.0), (3.0,4.5)]
Exp. 5 Adaptive (Prop.)  Adaptive (Prop.) [(3.0,3.0), (3.0,3.5), (3.0,4.0), (3.0,4.5)]

constructed image by using the adaptive mesh based on Theorem 2 for the forward
problem and the coarse uniform mesh (shown in Figure 3.2(b)) for the inverse prob-
lem. Figure 3.9(e) shows the reconstructed image obtained by using the adaptive
meshes based on Theorems 1 and 2. We observe the improvements especially around
the boundaries. Using the conventional adaptive meshes for the forward problem
solution, which were modified around sources and detectors as noted before, we ran
into a similar instability problem. Therefore, in order to obtain better reconstruc-
tions with the conventional adaptive meshes, we set the regularization parameter
A = 1077 in the corresponding inverse problem formulations. The resulting recon-
structed images are shown in Figures 3.9(d) and 3.9(f). In this case, we observe
that the use of conventional adaptive meshes for the forward and inverse problems
does not improve the image quality as compared to the reconstructed image shown
in Figure 3.9(b), which is obtained by using coarse uniform meshes.

We observe similar results for the case where the circular inclusion is centered
at (3.0,4.0). We note that the regularization parameter is set to A = 1078 for
all reconstructions except for the reconstructions obtained by using conventional

adaptive meshes, in which case A = 1077. Figures 3.9 show the reconstructed
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images corresponding to all meshing strategies.

Table 3.6 shows the error norm computations for all cases. The error values
are consistent with Figures 3.9 and 3.10. In all cases, the proposed adaptive meshes
significantly reduce the error in the reconstructed images. Furthermore, the image
quality is enhanced by merely appropriate discretization, without having to increase
the regularization parameter. In contrast, the conventional adaptive meshes perform

worse than uniform meshes even though a higher regularization parameter is used.

Table 3.6: The error ||a* — &)1 (o) for each experiment described in the
simulation study 3. The first column shows the type of the
meshes used in the forward and inverse problems, respectively.
The superscript ‘C’ denotes that the corresponding adaptive
mesh generation is based on the conventional a prior: error
estimates (3.14)-(3.15) and (3.11).

Radius at:  (3.0,3.0) (3.0,3.5) (3.0,4.0) (3.0,4.5)

Uniform-Uniform ot —apllri: 04539  0.4606  0.4733  0.4956

Adaptive-Uniform la* —apll i 0.2690 0.2695 0.2634 0.2507

Adaptive-Adaptive  [la* —an|lpi): 0.2433  0.2455  0.2459  0.2434

)
)

Adaptive-Uniform  [Ja* — @y lpi: 0.7989  0.7596  0.7072  0.6418
Adaptive-Adaptive [lo* — ayC|lpi: 0.8011  0.7614  0.7070  0.6351

3.5 Conclusion

In this work, based on the error analysis presented in part I [39], we devel-
oped two new adaptive mesh generation algorithms, one for the forward and one for
the inverse problem, which take into account the interdependence between the so-
lutions of the two problems. We have also presented the computational complexity
of the presented adaptive mesh generation algorithms. Our numerical experiments
provided a verification of Theorems 1 and 2 and showed that the proposed mesh
generation algorithms significantly improve the accuracy of the reconstructed op-
tical images for a given number of unknowns in the discrete forward and inverse
problems. Conventional error estimates do not include domain specific factors. As
a result, the adaptive mesh generation algorithms based on conventional error es-
timates (3.14)-(3.15) and (3.11) may lead to high errors in reconstructed optical

images as demonstrated in our numerical experiments.
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We finally note that the adaptive mesh generation algorithms introduced in
this paper can be adapted for the forward and inverse problems of similar inverse
parameter estimation problems, such as electrical impedance tomography, optical

fluorescence tomography, bioluminescence tomography, microwave imaging etc.
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(a) The cross-sectional cuts taken from Fig-
ures 3.3(a), 3.3(b), and 3.3(d), along x direction
at y = 3. The solid, square, and diamond lines
correspond to the cross-sectional cuts taken
from the images shown in Figures 3.3(a), 3.3(d),
and 3.3(b), respectively.

0.25

— Reference
+@ Adaptive-Adaptive
02 =0~ Uniform-Uniform

01
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-01 L L L L
0

(b) The cross-sectional cuts taken from Fig-
ures 3.4(a), 3.4(b), and 3.4(d), along x direc-
tion at y = 3. The solid, square, and diamond
lines correspond to the cross-sectional cuts taken
from the images shown in Figures 3.4(a), 3.4(d),
and 3.4(b), respectively.

Figure 3.5: The cross-sectional views from the reconstructed images in
simulation study 1, corresponding to the cases where the
background s, = 0.032 and p, = 0.050 cm™!, respectively.
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(a) The optical absorption image used as the (b) The optical absorption image used as the
reference for error computations. The image reference for error computations. The image
corresponds to the reconstruction of the circular corresponds to the reconstruction of the circular
heterogeneity of radius 0.5 cm. heterogeneity of radius 1.25 cm.

(c) The reconstructed absorption image using (d) The reconstructed absorption image using
the uniform mesh in Figure 3.2(a) for the for- the uniform mesh in Figure 3.2(a) for the for-
ward, and the uniform mesh in Figure 3.2(b) ward, and the uniform mesh in Figure 3.2(b)
for the inverse problem. for the inverse problem.

(e) The reconstructed absorption image using (f) The reconstructed absorption image using
adaptive meshes for both the forward and the an adaptive mesh for both the forward and the
inverse problems. inverse problems.

Figure 3.6: The results of simulation study 2. The left and right columns
show the reconstructed images regarding the optical hetero-
geneity with radius 0.50 cm, and 1.25 cm, respectively. The
background i, = 0.040 cm™! in all of the reconstructions. The
reference images shown in (a) and (b) are obtained using a
uniform mesh with 61 x 61 nodes in both the forward and
inverse problems.
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(a) The adaptive mesh with 865 nodes for the (b) The adaptive mesh with 865 nodes for the
forward problem solution for the source lo- forward problem solution for the detector lo-
cated at (2.0,0), generated based on the con- cated at (4.0,6.0), generated based on the con-
ventional a priori error estimate (3.14). ventional a priori error estimate (3.15).

(¢) The reconstructed optical image using (d) The reconstructed optical image using
adaptive mesh for the forward and uniform adaptive meshes for both the forward and in-
mesh for the inverse problem. A = 1078, verse problems.A = 1078,

(e) The reconstructed optical image using (f) The reconstructed optical image using
adaptive mesh for the forward and uniform adaptive meshes for both the forward and in-
mesh for the inverse problem. A\ = 1076. verse problems. \ = 1076,

Figure 3.7: (a)-(b) Samples of adaptive meshes in the third simula-
tion study, generated by using the conventional error esti-
mates (3.14) and (3.15), which led to unstable optical image
reconstruction shown in (c) to (f), for the circular heterogene-
ity centered at (3.0,3.5). (c)-(d) The unstable optical image
reconstructions in the third simulation study, obtained by
using the adaptive meshes for the forward problem solution
whose examples are shown in (a)-(b). A = 107%. (e)-(f) The
unstable optical image reconstructions in the third simulation
study, obtained by using the adaptive meshes for the forward
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(a) The adaptive mesh with 942 nodes for
the forward problem solution for the source
located at (2.0,0), obtained by refining
the adaptive mesh shown in Figure 3.7(a)
around the detectors.
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(¢) The adaptive mesh with 895 nodes for
the forward problem solution for the source
located at (2.0,0), generated based on The-
orem 2.
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(e) The adaptive mesh with 691 nodes
for the inverse problem solution, generated
based on Theorem 1.
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(b) The adaptive mesh with 955 nodes for
the forward problem solution for the detec-
tor located at (4.0,6.0), obtained by refining
the adaptive mesh shown in Figure 3.7(b)
around the sources.

6

0
0 1 2 3 3 5 6

(d) The adaptive mesh with 896 nodes for
the forward problem solution for the detec-
tor located at (4.0,6.0), generated based on
Theorem 2.

6

0
0 1 2 3 4 5 6

(f) The adaptive mesh with 609 nodes
for the inverse problem solution, gener-
ated based on the conventional error esti-
mate (3.11).

Figure 3.8: Samples of adaptive meshes used in the third simulation
study, which led to the optical image reconstructions shown
in Figure 3.10. The meshes were generated for the circular
heterogeneity centered at (3.0,4.5).



(a) The absorption image used as the reference
in the error computations.

(¢) The reconstructed absorption image using
adaptive meshes based on Theorem 2 for the
forward, and the uniform mesh in Figure 3.2(b)
for the inverse problem.

(e) The reconstructed absorption image using
adaptive meshes based on Theorem 2 for the
forward, and using the adaptive mesh based on
Theorem 1 for the inverse problem.
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(b) The reconstructed absorption image using
the uniform mesh in Figure 3.2(a) for the for-
ward, and the uniform mesh in Figure 3.2(b)
for the inverse problem.

(d) The reconstructed absorption image using
adaptive meshes based on a priori error esti-
mates (3.14) and (3.15) for the forward, and the
uniform mesh in Figure 3.2(b) for the inverse
problem.

(f) The reconstructed absorption image using
adaptive meshes based on a priori error esti-
mates (3.14) and (3.15) for the forward, and
the interpolation error estimate (3.11) for the
inverse problem.

Figure 3.9: The reconstructed optical images regarding the circular het-
erogeneity centered at (3.0,3.5) in the third simulation study.
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(a) The absorption image used as the reference (b) The reconstructed absorption image using
in the error computations. the uniform mesh in Figure 3.2(a) for the for-
ward, and the uniform mesh in Figure 3.2(b)

for the inverse problem.

(c) The reconstructed absorption image using (d) The reconstructed absorption image using

adaptive meshes based on Theorem 2 for the adaptive meshes based on a priori error esti-

forward, and the uniform mesh in Figure 3.2(b) mates (3.14) and (3.15) for the forward, and the

for the inverse problem. uniform mesh in Figure 3.2(b) for the inverse
problem.

(e) The reconstructed absorption image using (f) The reconstructed absorption image using

adaptive meshes based on Theorem 2 for the adaptive meshes based on on a priori error es-

forward, and the adaptive mesh based on The- timates (3.14) and (3.15) for the forward, and

orem 1 for the inverse problem. the interpolation error estimate (3.11) for the
inverse problem.

Figure 3.10: The reconstructed optical images regarding the circular het-
erogeneity centered at (3.0,4.0) in the third simulation study.



CHAPTER 4

Error in Optical Absorption Images due to Born

Approximation in Diffuse Optical Tomography

4.1 Introduction

Diffuse Optical Tomography (DOT) poses a challenging nonlinear inverse prob-
lem, whose objective is to estimate the unknown optical parameters from boundary
measurements [4].

There are a variety of factors that affect the accuracy of DOT imaging, such
as model mismatch (due to light propagation model and/or linearization of the in-
verse problem), measurement noise, discretization, numerical algorithm efficiency,
and inverse problem formulation. In this work, we analyze the effect of Born ap-
proximation on the accuracy of DOT imaging, in which the light propagation is
modelled by the frequency-domain diffusion equation. In this respect, we first de-
rive an upper bound for the norm of the scattered optical field. Then, we show the
effect of Born approximation on the accuracy of reconstructed optical absorption
images and determine the parameters that control the extent to which the Born
approximation affects the imaging accuracy.

The nonlinearity of the associated inverse problem makes DOT imaging a com-
putationally intense problem, which calls for the use of nonlinear inversion methods.
In general, nonlinear inversion algorithms require repetitive solution of the forward
problem defined by the light propagation model, which is followed by the update
of the inverse problem solution. As a result, nonlinear algorithms provide accu-
racy at the expense of high computational complexity. A widely used approach to
overcome the difficulties posed by the nonlinearity is to linearize the inverse prob-
lem using Born (or Rytov) approximation and solve the resulting linear problem
to reconstruct the optical parameters [7]. Such approximation schemes assume a
small perturbation on the background optical coefficients, which are in general as-
sumed to be spatially homogeneous. Spatially homogeneous backgrounds allow for

analytical solutions of the forward problem for certain domain geometries [64] and
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analytical solutions for the linearized inverse problem as well [63]. Hence, lineariza-
tion of the inverse DOT problem brings several computational advantages and has
been used widely in optical tomographic reconstructions, including clinical appli-
cations [68, 48, 70, 61, 33, 16, 50, 37]. As a result, Born approximation can be
considered as a compromise between accuracy and computational complexity.

The effect of Born approximation on the accuracy of the solutions of parameter
estimation problems (in particular of DOT), has been studied in a limited fashion.
Natterer has reported an error bound for the Born approximation for the inverse
scattering problem of the Helmholtz equation at fixed frequency [67], in which the
associated Green’s function satisfies the Sommerfeld condition at infinity and the
wave number is spatially invariant. However, the dependence of the error on the
spatial orientation of the perturbation over the background with respect to the in-
cident wave has not been taken into account. This makes the resulting error bound
less stringent for a small-sized domain, which is typical in DOT. In the area of
DOT, Boas showed numerically the effect of Born and Rytov approximation on the
accuracy of reconstructed optical images [17], where the optical setup consisted of
a spherical heterogeneity embedded in an unbounded medium. The study demon-
strates the limitation of the linearized algorithms in DOT, but does not provide an
analytical analysis for bounded domains and arbitrary optical media with arbitrary
source-detector configurations. A similar empirical study has also been reported by
Cheng and Boas [24], in which the effect of background optical properties on the
imaging accuracy is shown.

In this work, we model the propagation of light by the frequency-domain diffu-
sion equation with Robin boundary conditions. For the inverse problem, we focus on
the estimation of the absorption coefficient. We consider the linear integral equation
resulting from the linearization of the inverse problem based on Born approxima-
tion and use zeroth-order Tikhonov regularization to address the ill-posedness of the
resulting integral equation. We first derive a bound for the norm of the scattered
optical field, originating from the presence of a perturbation in the absorption coef-
ficient of an arbitrary bounded optical background. Then, we use this error bound

to show the effect of Born approximation on the accuracy of the reconstructed op-
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tical absorption images. In addition, we show the effect of zeroth-order Tikhonov
regularization on the reconstructed optical image. Our analysis identifies several
factors which influence the extent to which Born approximation affects the accu-
racy of the reconstructed images. For example; the inter-dependence of forward and
inverse problem solutions, the orientation of the optical heterogeneity with respect
to the sources and the detectors, and the number of sources and detectors. The
analysis provides an error bound that takes into account the spatial orientation of
the heterogeneity, the optical field generated by the light sources and the detector
positions. This makes the derived error bound significant especially in optical media
with relatively small sizes. The error analysis also provides a measure for the choice
of step length in iterative linearization based nonlinear optimization methods, such
as trust-region algorithms [60].

The outline of this paper is as follows: Section 2 defines the scattered field
and Born approximation. In Section 3, we define the regularized inverse problem
with and without Born approximation, respectively. In Section 4, we present an
analysis of the error resulting from Born approximation and zeroth-order Tikhonov
regularization. In Section 5, we briefly discuss the implications of the derived error.
In Section 6, we present numerical experiments which is followed by the conclusions

section.

4.2 The Scattered Field and Born Approximation

In this section, we first describe the model for NIR light propagation in a
bounded domain, which models the forward problem and define the scattered field
due to a perturbation in the absorption coefficient of the medium. Next, we give
the Born approximation to the scattered field. Tables 5.1 and 5.2 provide a list of
the notation, and the definition of function spaces and norms used throughout the
paper, respectively. We note that we use calligraphic letters to denote the operators,
e.g. Ay, I, K etc. and for any operator F or function f; F, f denote their relevant
approximations which will be made clear in the text.

We use the frequency-domain diffusion equation to model the NIR light prop-
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agation in a bounded domain Q C R? [4]:

~V - D(x)V! (x) + (ua(x) + %) uw(x) =Q'(x) x€Q, (4.1)
w (x) + QGD(X)%—?;j(X) =0 x €09, (4.2)

where D(x) is the spatially varying isotropic diffusion coefficient [55] and p,(x) is
the spatially varying absorption coefficient at x, ¢ is the speed of the light, a is a
parameter governing the internal reflection at the boundary 02, and @’ is the point
source located at x4, j = 1,---, N, with modulation frequency w [77]. In this work,
we approximate the point source @’ in (5.1) by a Gaussian function with sufficiently
low variance, whose center is located at xJ [39].

Let 1 (X) = pao(x)+a(x), for all x € Q, where « is the perturbation over some
ftao > 0. In (5.1)-(5.2), let w/ = ) 4+ ul, where v} is the incident field originating
from g0 and v/ is the scattered field due to the perturbation o, for j = 1,---, Nj.

In other words, ué satisfies the following boundary value problem:

—V - D(x)Vu)(x) + (uao(x) + Z%) w(x) = Q(x) x€Q, (4.3)
ul)(x) + 2aD(X)%—1;é(x) =0 xe€ 0. (4.4)

Then v/ satisfies the following boundary value problem:

—V - D(x)Vul(x) + <ua0(x) + %) ul(x) = —a(x)u!(x) x€Q, (4.5)
u (x) + 2aD(x) %?;‘JS (x) =0 x €. (4.6)

Making use of the Green’s function, the scattered field u/ at x is given by the

Lippmann-Schwinger equation [25]:

ul(x) = —/Qg(x,k)uj(ﬁ)oz()'c)dk (4.7)

where g(x; %) is the Green’s function of (4.5)-(4.6) at x, due to a point source located
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at x.
We note that u’ depends implicitly on the unknown perturbation o and
hence (4.7) is nonlinear in o. The Born approximation @/ to w! is obtained by

replacing «/ in (4.7) by w), which is independent of o [4, 25]:
Hx) = - / 9, By () () k. (48)
Q

4.3 Inverse Problem

In this section, we explore the inverse problem of recovering the absorption
coefficient from boundary measurements. First, we consider the inverse problem
formulation based on (4.7) to obtain a baseline for the analysis of the error resulting
from linearization by Born approximation. Next, we consider the linearized inverse
problem formulation based on Born approximation (4.8).

For practical considerations and to simplify the notation involved in the inverse
problem formulation and the following error analysis, we first define the adjoint

problem associated with (4.3)-(4.4) [39]:

V- DRV + (uao<x> - ﬁ) G =0 xeq, (49)
g7 (x) + QaD(x)%(x) = Qi (x) x €09, (4.10)

where ()7 denotes the ¢th adjoint source and g} is the solution of the adjoint problem
for the ith adjoint source. For a point adjoint source located at the detector position

x%, the following holds [4]:
g5 (x) = g(x},x), x€Q, (4.11)

forv=1,---, Ny where Ny is the number of detectors. In this work, we model the
adjoint source by a Gaussian function with sufficiently low variance, centered at x/.
Then, g7 (x) ~ g(x’,x) models the finite size of the detectors and accounts for the

smoothing on the detector readings [39].
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4.3.1 Inverse problem statement without Born approximation

In order to assess the accuracy of the reconstructed optical absorption images
resulting from linearization by Born approximation, we consider (4.7) as the baseline
to construct the inverse problem formulation which possesses no error resulting from
Born approximation. In this respect, we assume that u’ is known independently of
the unknown a. As aresult, (4.7) becomes linear in o given u? on Q for j = 1,-- -, N,.
We note that this assumption allows us to employ a linear analysis method to derive
an explicit bound for the error in the reconstructed optical absorption images (see
Section 4.4).

Consider the integral equation (4.7) and suppose that u’ for j = 1,---, N, are
known. Let T';; be the (i, j)th entry in the vector I' € CNe*N= | which represents
the differential measurement at the ith detector due to the jth source such that
[ = ul(x}), where x!, denotes the position of the ith detector, i = 1,---, Ny.
Then, the following linear equation relates the differential boundary measurements

to a [4, 39]:

ri,, = — / g (x)u! (x)a(x)dx (4.12)
Q
= / H; ;(x)o(x)dx
Q
= (AGOZ)Z'J, (413)
where H; j := —gFu? is the (4, j)th kernel of the matrix-valued operator A, : L?(Q2) —

CNaxNs - g* is weak the solution of (4.9)-(4.10), and u/ is the weak solution of (5.1)-
(5.2) [39].

The linear operator A, : L*(Q) — CNexNs defined by (5.9) is compact [39].
Hence, (5.9) is ill-posed for the given solution space L*(f2) for a.. Regularizing (5.9)

with a zeroth-order Tikhonov regularization yields the following equation:

y=AT = (AA, +A)a? (4.14)
= Ko (4.15)

In this representation, Z is the identity operator and A : CNo*Ns — [2(Q) is the
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adjoint of A,, defined by

Ng,Ng Ng,Ng
Z H;(x)Bi; = Y —g;(x)g;()Bi, (4.16)
i

for all 3 € CNo*Ns | where H}, := —g;gj is the (i, j)th kernel of the adjoint operator.
Let A := A*A,, then the linear integral operator A : L*(Q2) — L?(Q) is defined as

follows:

(Aa)(x) =S Hy( fQ 15 (X)a(x)dx
= Jo, ( %)dx%, (4.17)

where £(x, %) stands for the kernel of the integral operator A and is given by

Ng,Ns

- Z H (%) Hi j(%). (4.18)

4.3.2 Inverse problem based on Born approximation

Replacing v’ in (5.9) by u{), the inverse optical absorption problem linearized

by Born approximation reads

r, = - / gF (b (%) a(%)d% (4.19)
_ / o (%)a(%)ds
Q
= (Aad)i,jv (420)

where the linear matrix-valued operator A, : L%(Q2) — CNe*Ns is an approximation
to the operator A, as a result of Born approximation, H, ;(%) = gF(x)u}(%) is the
(i, j)th kernel of A, at %, and & € L?(2) is an approximation to the actual solution
«, as a result of the linearization by Born approximation.

Similar to the operator A,, the linear operator A, : L2(Q2) — CNoxNs de-
fined by (4.19) is compact and this implies the ill-posedness of (4.19). Hence, we
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regularize (4.19) with a zeroth-order Tikhonov regularization:

5= AT = (/l;‘;j(a + AI) & (4.21)
= Ka, (4.22)

where A\ > 0 is the regularization parameter and & is an approximation to &. In
this representation, Z is the identity operator and A* : CNe*Ne — [2(Q) is the
adjoint of A,, defined similar to A* by the kernel ﬁz* ;= grud.

Then, the linear integral operator A := A*A, : L*(Q) — L*(Q) is defined as

follows:

Nd)Ns

A = Y 0 /Q iy (%)a(%)d%
— / (%, %) (%) d%, (4.23)
Q

where &(x, %) is the kernel of A and is given by
Ng,Ns

R(x; %) = Z H; (x) H; j(%). (4.24)

Comparing K in (5.19) and K in (4.22) shows that Born approximation leads

to an error in the operator K with respect to the operator K. This is due to the

errors in the kernels ]:I” and I:IZ*J with respect to H; ; and H;;, given by
(Hoy = ) (%) =~ 00 (0 —u)(x) = g7 (x) (4.25)
(2~ ;) (%) = 4 (0 (w0 — w)(x) = g7 (x)d(x). (4.26)

As a result, the solution &* of (4.22) with respect to o in (5.19) has an error which
can be attributed to Born approximation. In addition, the zeroth-order Tikhonov
regularization implies an error term in the solution o of (5.19) with respect to the
absorptive perturbation «. In the following section, we will analyze both errors in

the solution &* of (4.22) with respect to the true absorptive perturbation a.
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4.4 Analysis of the error resulting from Born approximation

and Tikhonov regularization

In this section, we analyze the effect of Born approximation and Tikhonov
regularization on the accuracy of DOT imaging. The analysis is carried out based
on the linear inverse problem defined in Section 4.3.1. In this respect, we first derive
an upper bound for the norm of the scattered field, which is used to compute the
error in the approximations K and 4 with respect to K and v, respectively. Then, we
show the effect of Born approximation on the accuracy of the reconstructed optical
image & in (4.22) with respect to the solution a* of (5.19). Finally, we discuss the
effect of Tikhonov regularization on the reconstructed optical image and derive a
bound for the error in the reconstructed optical image a* with respect to the true
absorptive perturbation a.

The error in the solution a* of (4.22) with respect to the actual solution «

of (4.13) has two contributors: The error ¢ = a* — &*, which is the result of Born
approximation and the error ¢’ = a* — a resulting from Tikhonov regularization.
Thus,

Ar=at—é=a—c"—¢, (4.27)

and a bound on the error @ — &* is given by:
la = @™ = [le + e < llel] + lle*]. (4.28)

In the following, we will analyze both error contributors to derive the bounds

ol

for ||é|| and ||e?||, respectively, with an emphasis on the norm ||é]| of the error é

resulting from Born approximation.

4.4.1 Effect of Born approximation

Before we derive a bound for the error é = o* — &, we give the following

lemma which provides a bound for the L*(2) norm of the scattered field u/.

Lemma 1:
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The L*(2) norm of the scattered field u? is bounded by
[ulllo < Cullu? o, (4.29)

where C is a positive constant.

Proof. By (4.7), the square of the norm ||u/||o is given by

il = [ ax
Q

< / dx ( / g(x: >'<>uj<>a>a<>a>|d>'<)2. (4.30)

Note that w/a € L?(2), which results from the boundedness of o and L?()
boundedness of v’/ [39]. Then by [59],

2

/Q g(x; %)u! (%) (%) d%

ludllg < CZllv s,

for some C, > 0. O

Note that u/ = u) +wu. In order to obtain an explicit bound for ||u|o in terms

of u), (4.29) can be modified as follows:

Corollary 1: Let € := Cy|la|w < 1, where Cj is the constant in (4.29). Then,

s

= [ludo (4.31)

Proof. Noting v/ = u) + u/, (4.29) can be expanded as |ul]lo < Ci|udallo +

Csllu?]o]|||so. Letting € = Csl|at]|o yields the bound in (4.31). O
Remarks:

1. The strength of the scattered field u/ depends on the strength of the source
Q7. Hence, ||ul|lo depends on the strength of the source (7.

2. For each source j = 1,---, Ny, the scattered field depends on both the field u%

and the perturbation .. For a point source, ug will be large close to the source.
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Hence, if « is nonzero close to the source, the L*(©2) norm of the scattered

field will be large as well.

3. In case (@’ is not a point source, one sufficient (but necessary) condition

for (4.29) to hold is Q7 € H'(Q).

We now analyze the effect of Born approximation on the accuracy of the re-
constructed optical image &*. By Theorem 10.1 in [57], the error ¢ in the solution

a* of (4.22) with respect to the solution a* of (5.19) is bounded by
el = lla* = @ < 1K1 1R — K)al| + 15— }- (4.32)

Note that the inverse operator K~' : L?(Q) — L*(Q) exists since K is positive

definite for A > 0. Furthermore, the inverse operator K~ is bounded by

||’€_1||L2(Q)—>L2(Q) < - (4.33)

> =

Note that a similar bound can be obtained for ||| 2(q)—r2()
Lemma 2:

Let ||giuillo < |lgfudlo for all j = 1,---,N,, i = 1,---, Ny and assume that

« and a* are bounded. Then, a bound for the error ¢ in the solution &* of (4.22)
with respect to the solution o of (5.19), resulting from Born approximation can be

given by

Ng,Ns

~ Cb % ~ * j
o — &l < 23 (lgidlo + lalolgilime) Iallo. (43)
2%

where C} is the positive constant given by

20, . i
= mae g7 o (1.3

Ch T

Proof. ||(K — KC)a*||o is bounded by [39]

1K = K)aMlo ~ 2] A% (Aa — Ad)aMo
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Nvas

~ 2 gZ Yud (- /‘ uj ex(%) + gf (%)e (X)> o (%) | dx

Ng,Ns

< QmaXHg u? || Z / uj ex(X) + gi(%)e (X)> oz’\()'c)‘ dx,

0

where e} and e; are the errors in the approximations of g} and u/, respectively.
Born approximation results in error for only w/. Thus, ef = 0 and ¢;(X) =

(w/ — u))(%) = ui(%) for all X € Q. Thus, we can write

Nd:Ns

1K = K)a o < 2max g lo D llgia ol

J

Noting ||gFu!|lo < |lgfu}llo and w/ = u,+u/, above inequality can be expanded
as follows:
Na,N
I(K = K)aro < 2max g7 (g + ) o Z g el lo
Nd,’]

< dmax|lg; wpllo Y llgialolludlo. (4.36)

7]

Note that o = & + ¢, where € is the error in the reconstructed optical ab-
sorption perturbation due to Born approximation. Consistent with the initial

assumption, namely [lg7ulllo < ||g;ug|lo, we assume

lg7ello < 1lg7 6o,

fori=1,---, Ny. Then, (4.36) can be rewritten as follows:

Nvas

10K = K)a o < 8 max lgradllo D Nlgi @ lollello- (4.37)

We first note that for bounded positive D and 9, the boundedness of the
adjoint source implies g/ is bounded [27], thus g7 € L*>(Q2). Following this
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note, an upper bound for || — 7||p can be obtained as follows [39]:

S~ (@ (w0 + 6 (O

1]

17 = llo =

0
Ng,Ns

< max |yl > flgiell
1,

Nd7Ns
SH}%XWLJ" Z 19 1700 o 12 [0, (4.38)

i?j

1 * B .. .. ]
since ef = 0. A bound for max; ; |T; ;| can be given by

max [I's;| < max g lollello- (4.39)
Then,
Ng,N;
17 = 7llo < max g7’ flo[lollo > g 1z ldllo, (4.40)
12

Noting v/ = u} + u/ and ||giui|lo < ||gFud]|o, we write

Ng,Ns
17 = llo < 2maxlgiullollollo > g llze@lldlo. (4.41)
i,J

Using (4.31) in (4.37) and (4.41), we set

C, = 20,
1

max || g ud|fo-
— € 1)

Then (4.37) and (4.41) read, respectively

Nd7Ns
10K = K)o < 4Cy Y [lg;a olluperllo, (4.42)
1,3
NdyNs
17 =llo < Collallo Y 197 Iz lluperllo- (4.43)

/[:7‘7
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We now use (4.32), (4.42) and (4.43) to obtain (4.34). O
Remarks:

1. Tf [[udc|o is large, then the error in the reconstructed absorption image will be
high. This suggests that the support of the heterogeneity a should be away

from the sources, where ué for j =1,---, N, tends to be large.

2. If the support of the heterogeneity « is close to the detector, then the effect of
Born approximation on the overall error is amplified, since this increases the

summation term in (4.34).

gl

3. In order to minimize the error |[a* — @*||, the support of the heterogeneity

must be away from both the sources and detectors.

4. In order to reduce the error ||a* — @*||, the sources and detectors which will
be used in the reconstruction can be selected based on the support of the

heterogeneity a.

5. If there is a priori information about the position of the heterogeneity «,
the sources and detectors can be located such that the error due to Born

approximation is reduced.

6. Lemma 2 is valid for all bounded sources Q7 € H*(Q).

4.4.2 Effect of Tikhonov regularization
The regularization scheme approximates the solution a of (4.13) by the reg-
ularized solution a* of (5.19). The following lemma states a bound for the error

e = a — o’ resulting from zeroth-order Tikhonov regularization.

Lemma 3:

Let |lgiulllo < |lgiudllo for j=1,--- Ny, i=1,---,Ngand a € L. Then, a bound

A

for the L?(Q) norm of the error e = o — o, resulting from zeroth-order Tikhonov

regularization can be given by

loo — a*Mlo < Crllallo, (4.44)
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where Cr > 0 is given by

4 :
Cp = 14 S max|lg7ugllo (4.45)
0]
Proof. Clearly,
a—at=a—-K'Aa=a—-KTAT (4.46)
and
la = a*Mlo < lledllo + K7 AT fo-
Note that
NdaNs
||’C_1AF||0 = ’C_l Z gfqui,j
ij 0
Ng,Ng
< maX\F”| Kt Z giu
1,5 0
N4, Ns
o max; I¥F;
] UJHD

where we use the bound ||[K™|2)—r2¢) < 1/A, which can be obtained

similar to the inequality (4.33). Then,

Ng,N,
maX” 1T °

lor = oMl < [larflo +

J
it Ho

Noting u/ = wl+ul, ||giul]lo < ||giuj|lo, and recalling the bound for max; ; |T; |

n (4.39), we get

NvaS
4 . .
o — ¥l < lall + + maxlgiublollalo > la7dlh
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Setting Cr as:
4 .
Cr=1+ Y miz;x 197 udllo

leads to (4.44). O

Remarks:

1. The error e* originates from the error Z — K1 A in (4.46). (4.44) presents a
loose but an explicit bound for the norm of the error e* in terms of ||@/oo. In
practice, a sufficiently low value for A will reduce the error e when there is

no noise.

2. Let 7% be the perturbed left-hand side 7 of (5.19), such that ||v° — ~|lo < 6.
Then, an additional term is introduced to the bound in (4.44) due to this
perturbation [57]:

J
la = a?Mlo < X+CT||CV||0- (4.47)

4.4.3 The overall error

The following theorem provides a bound for the L!(Q) norm of the error in
the reconstructed optical image &* with respect to the true absorptive perturbation

a, resulting from Born approximation and Tikhonov regularization.

Theorem: A bound for the error in the reconstructed optical image &* with respect

to the true heterogeneity v can be given by

Ng,Ns

~ Cb * ~ * j
o= &llo < Crllallo + 52 > (4llgia o + lalollg?llo=(@) lujallo (4.48)
1,3
Proof. The theorem is a result of (4.28), Lemma 3, and (4.44). O

4.5 Discussion

The presented error analysis, in particular Lemma 3, shows the circumstances

under which the error in the reconstructed optical images due to Born approximation
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tends to increase. The orientation of the sources and detectors with respect to the
support of the optical heterogeneity, the number of the sources and detectors, the
size and magnitude of the heterogeneity are the factors that control the extent to
which the linearization based on Born approximation is accurate. In this respect,
Lemma 3 shows how the bound on the error varies with respect to these factors,
rather than provide an exact quantitative measure of the resulting error in the
reconstructed images. Provided there is a priori information about the support of
the heterogeneity, the analysis can be used to place the sources and detectors such
that the error in the reconstructed images resulting from linearization is reduced.
One posterior approach can be to use only the specific sources-detectors in the image
reconstruction, such that the error due to linearization by Born approximation is
reduced. In addition, a priori information can be utilized to select an appropriate
background absorption i, such that the error in the reconstructed image due to
Born approximation is minimized.

The analysis suggests some considerations for the nonlinear minimization meth-
ods based on iterative linearization [7] as well. These approaches convert the non-
linear inverse problem into a sequence of linear problems, where the solution of one
linear problem is used to obtain the next. Therefore, the step length used to update
the solution along a minimization direction is crucial in ensuring the validity of the
linearization at each step. In other words, the new solution update following the
linearization has to be within an interval such that the error introduced in the opti-
cal image stays in allowable limits. In order to avoid excessive error introduced by
linearization, trust-region algorithms can be used to control the step length [60]. In
this respect, Lemmas 2 and 3 can be utilized in the design of nonlinear optimization

algorithms.

4.6 Numerical Experiments

We conduct a series of numerical experiments to demonstrate the implications
of lemmas 2, 3, and the theorem. We perform our experiments in 2D for simplicity.
In the first simulation, we consider a series of image reconstructions to show

the validity of lemma 2 and the theorem. In this context, we consider the imaging
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setup shown in figure 4.1(a) and change the absorption coefficient of the circular
inclusion to observe the effect on the scattered field and imaging accuracy.

In the second simulation, we show how the proximity of the source to the
optical heterogeneity affects the linearization accuracy. In this respect, we use the
imaging setup shown in figure 4.1(b) and change the position of the circular hetero-
geneity in order to observe the effect on the scattered field and the accuracy of the

reconstructed optical images.
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(a) The optical domain and source-detector  (b) The optical domain and source-detector
configuration for simulation study 1. configuration for simulation study 2. The ra-
dius of the circles is 0.75 cm.

Figure 4.1: The setups used for the simulation studies 1 and 2. The
squares and triangles denote the detectors and sources, re-
spectively.

To discretize the boundary value problem in (4.5)-(4.6) and the associated
adjoint problem (4.9)-(4.10), we use triangular finite elements with piecewise linear
Lagrange basis functions [39]. For the discretization of the inverse problem (4.22),
we use projection by collocation [39]. We apply Gaussian elimination method to
solve the resulting finite-dimensional forward and inverse problems. We note that
we make use of fine uniform meshes with 61 x 61 nodes to avoid any error in the
reconstructed optical images resulting from discretization of the forward and inverse
problems [40]. The regularization parameter is chosen as small as possible, yet large
enough to enable robust image reconstructions. In this respect, an appropriate

value for the regularization parameter is chosen based on experience and we set
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the regularization parameter A to 107 in all experiments. Note that such a small
A value will reduce the error in the reconstructed image resulting from Tikhonov

regularization.

4.6.1 Simulation 1

In this experiment, we consider the optical setup shown in figure 4.1(a). We
use 11 sources and 11 detectors positioned on opposite sides. The source operating
frequency is set to w = 0. The circular heterogeneity is embedded in a background
with absorption coefficient y, = 0.04 cm™!. The diffusion coefficient of the medium
D(x) = 0.0410 is assumed to be constant for all z € QUISL. The internal reflectance
parameter is set to a = 3. In order to obtain a series of image reconstructions using
the same setup, we change the absorption coefficient of the circular heterogeneity
and consider five cases, where a = 0.04, 0.06, 0.08,0.10, and 0.12, respectively.

We first obtain the scattered field and compute the L?(£2) norm of the scattered
field to verify lemma 2. Figure 4.2(a) reveals the dependence of the scattered field
on the absorption coefficient of the optical heterogeneity. We see that the L?(€2)
norm of the scattered field increases as the absorption coefficient of the heterogeneity
increases. Furthermore, the L?(€) norm of the scattered field is lower corresponding
to the sources that are farther from the heterogeneity. This indicates the spatial
dependence of the scattered field on the position of the heterogeneity with respect
to the source as well. Figure 4.3(a) shows the cross-sections taken from |uga for
a =0.04, a = 0.08, and « = 0.12, for which the jth source is located at (3,0). The
cross-sections imply that ||u!|lo gets larger as a increases, which is in consistence
with the results shown in Figure 4.2(a).

In order to show the effect of Born approximation on the accuracy of the
optical image reconstruction, we compare the reconstructed images with the true
heterogeneity «. Figures 4.4(a)-4.4(c) and 4.4(e) show the reconstructed optical im-
ages. For brevity, we present the image reconstructions corresponding to the cases
where a = 0.04,0.08, and 0.12cm™!, respectively. We observe that the increase in
the absorption coefficient of the circular heterogeneity leads to artifacts around the

sources and detectors. Figures 4.4(b)-4.4(d) and 4.4(f) show the comparison of the
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(b) The L%(Q)) norm of the scattered optical
field us in simulation study 2, corresponding to
each of the 11 sources. The results are shown
for circular inclusions centered at x = 3 and
y = 2.75 (circle), y = 2.5 (diamond), y = 2.25

(x-mark), y = 2.0 (star), and y = 1.75 (square).

Figure 4.2: The L?(Q2) norm of the scattered field vs each source position
(on x-axis) in each of the experiments in the first (a) and
second (b) simulation studies.

cross-sectional cuts from the image reconstructions and the actual optical images.
We see that the error between the reconstructed and the actual images increases as
the absorption coefficient of the heterogeneity increases. More quantitatively, Ta-
ble 3.2 shows the relationship between the error norm ||a — @*|| and the absorption
coefficient of the circular heterogeneity. || — a*| increases as the optical coefficient
of the heterogeneity becomes larger. We note that the small value selected for the
regularization parameter allows us to attribute the observed error to Born approxi-
mation. To see how the error ||a — &*|| changes as « varies, in figure 4.3, we show
the cross-sections of [ula| and |g*a*| for the cases a = 0.04, o = 0.08, and o = 0.12.
As o increases, the increase in the value of |u)a| and |gf@| is clear. Note that the
bound (4.34) for the error resulting due to Born approximation is a function of |u /|
and |gFa?|.

As a final remark, we note that the number of measurements and view angles
can be increased to improve the quality of the reconstructed images. However, the
objective of this simulation study is to show the effect of the absorption coefficient

of the heterogeneity on the accuracy of the reconstructed images. Hence, using the
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same setup for each of the cases provides a fair comparison, which is sufficient to

justify the proposed lemmas and the theorem.

4.6.2 Simulation 2

In this experiment, we consider the optical setup shown in figure 4.1(b). To
simulate the optical data, we use the same source-detector configuration considered
in the first simulation study. We simulate the optical data by solving the diffusion
equation at w = 0 on a fine uniform grid with 61 nodes along z and y directions,
where the refractive index mismatch parameter a = 3. The diffusion coefficient
D is assumed to be constant and D(x) = 0.0410 cm z € Q U 99Q. In order to
assess the effect of the position of the heterogeneity on the accuracy of the image
reconstructions, we gradually move the center of the circular inclusion towards the
source side. We consider 5 cases, where the circular inclusion is centered at (3,2.75),
(3,2.50), (3,2.25), (3,2) and (3, 1.75), respectively.

We first obtain the scattered field and compute the L?(2) norm of the scattered
field to provide another verification of lemma 2. Figure 4.2(b) reveals the dependence
of the scattered field on the proximity of the inclusion to the sources. We see that
the L?(Q2) norm of the scattered field increases as the center of the inclusion comes
closer to the source side. Similar to the behavior observed in simulation study 1, for
each case, we see that the L?(Q) norm of the scattered field is the highest for the
source which is closest to the inclusion. We note that, as compared to its absorption
coefficient, the position of the inclusion has a greater impact on the L?*(2) norm
of the scattered field. In figure 4.5(a), we show the cross-sections taken from |u)a|
for three cases, in which the center of the circular inclusion is located at (3,2.75),
(3,2.25), and (3,1.75), respectively. Noting that the jth source is positioned at
(3,0), the increase in the value of |u}a| as the inclusion gets closer to the source side
is evident. These results are consistent with the results shown in figure 4.2(b).

Next, we compare the reconstructed images with the corresponding true het-
erogeneity «. We assume that the fine meshes used for the discretization of the
forward and inverse problems and the low value of the regularization parameter en-

sure that the observed error is a result of Born approximation. Figures 4.6(a)-4.6(c)
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and 4.6(e) show the reconstructed optical images. For brevity, we present the image
reconstructions corresponding to the cases where the center of the inclusion is lo-
cated at (3,2.75),(3,2.25), and (3, 1.75), respectively. We observe that the artifacts
around the sources tend to increase as the heterogeneity comes closer to the source
side. Figures 4.6(b)-4.6(d) and 5.2(f) show the comparison of the cross-sectional
cuts from the image reconstructions and the actual optical images. We see that the
error between the reconstructed and the actual images increases as the center of
the inclusion moves towards the source side. Table 7?7 provides a more quantita-
tive result that displays the relationship between the error norm ||a — @*|| and the
position of the circular heterogeneity. ||o — a*|| increases as the distance between
the optical heterogeneity and the source side decreases. This is a direct validation
of both lemmas 2 and 3, the latter of which shows that the error norm ||av — &?||
depends on |[u}a|o. To see more clearly how the error || — &*|| varies depending on
the position of the circular heterogeneity, in figure 4.3, we show the cross-sections
of [u)a| and |g*@*| for the cases in which the center of the circular inclusion is lo-
cated at (3,2.75), (3,2.25), and (3,1.75). Noting that the jth source is positioned at
(3,0), the increase in the value of |u}l is evident from figure 4.5(a) as the circular
inclusion approaches the source side. On the other hand, there is slight decrease in
the value of gfa* as the inclusion moves away from the detector side. In this case,
the increase in the error ||o — &*| is dominated by the increase in the term |lujallo

which multiplies ||gfa* and |||/s||gf |0 in the error bound (4.34).

4.7 Conclusions

In this work, we presented an error analysis to show the effect of linearization
of the inverse problem based on Born approximation on the accuracy of DOT image
reconstructions. First, we derived an upper bound for the norm of the scattered
optical field due to an absorptive perturbation. The bound was shown to depend on
the spatial orientation of the optical heterogeneity and the optical field generated by
the light sources. The bound provides a sensitive measure of the scattered field, since
it takes the spatial variations of both the optical field and the optical heterogeneities

into account. This makes the error bound significant especially in optical media
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with relatively small sizes. Next, we presented an error analysis to show the effect
of zeroth-order Tikhonov regularization and Born approximation on the accuracy of
DOT imaging. The analysis showed that the error in the reconstructed image due
to Born approximation depends spatially on the optical heterogeneity, the optical
field generated by the light sources, and the source-detector orientation. The error
analysis indicates that there is a tradeoff between the norm of the scattered field
and the accuracy of the inverse problem solution. Furthermore, the error analysis
provides a good measure for the choice of step length in iterative linearization based
nonlinear optimization methods, such as trust-region algorithms.

In our analysis, we assumed point sources that can be modelled by Gaussian
functions with sufficiently low variance. We note that the analysis can be extended
to arbitrary sources, provided they are H'({2) bounded [39].

The error analysis presented in this work can be extended to show the effect
of linearization on the accuracy of simultaneous reconstruction of scattering and
absorption coefficients. Note that the presented error analysis is not limited to
DOT, and can easily be adapted for similar inverse parameter estimation problems,

in which Born approximation is applicable.
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Table 4.1: The list of notation.

Notation: Explanation:
Q Bounded domain in R? with Lipschitz boundary
0N Lipschitz boundary of 2
X Position vector in €2 U OS2
ué(x) The incident field at x originating from background
absorption fia
ul (x) The scattered field at x due to a perturbation
a over the background absorption fiq
u! (x) (u}) + ud)(x), the field at x due to the jth source
g(x,%) The Green’s function of (4.5)-(4.6) at x due to a point
source located at x
g5 (x) The solution of the adjoint problem (4.9)-(4.10) at x
due to the adjoint source located at x)
I ; Differential measurement at the ith detector
due to the jth source
A, The matrix-valued operator mapping a € L?(Q)
to (CNdXNS
Az The adjoint of A, mapping from CNe*Ns to L2((2)
H,; ;(x) The kernel of A, at x
H; (%) The kernel of A’ at x
v(x) AT at x

Ar o CNaxNs  12(Q)
H;;(x), H;;(x)

¥(x)

A

a(x)

a(x)

a*(x)

The approximation to A,, resulting from

Born approximation

The approximation to A*, resulting from

Born approximation

The kernels of A, and Ajw respectively, at x.
AZF at x

The regularization parameter

Small perturbation over the background pu, at x
Solution of the regularized inverse problem at x
with exact operators

Solution of the regularized inverse problem at x
with operators resulting from Born approximation
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Table 4.2: Definition of function spaces and norms.

NotationExplanation

f The complex conjugate of the function f

C(§2)  Space of continuous complex-valued functions on

C*(Q) Space of complex-valued k-times continuously differentiable functions on
L) L2(Q) = {f] esssupg |£(x)] < 00 }

Q) D(Q) = {f] (f, [f(x)Pdx) 1P < o0 }, p € [1,00)

Ifllo The L*(Q2) norm of f

|flle  The L*°(Q) norm of f

| fllzr() The LP(£2) norm of f

Table 4.3: The error norm |« — a*|| measured for each image recon-
struction in simulation study 1 (normalized by |a — a*|, for
a = 0.040 cm™1.)

a: 0.040 cm™  0.060 cm™! 0.080 cm™' 0.10 cm™' 0.120 ecm™!
o —aMo: 1.0 1.3695 1.6895 1.9745 2.1908

Table 4.4: The error norm ||« — &*||;1 ) measured for each calculation in
simulation study 2 (normalized by ||a —&*||y for a = 0.040 cm™!
in the first experiment.

Circle center at: (3,2.75) (3,2.5) (3,2.25) (3,2.0) (3,1.75)
la—a'o: 22310 2.3656 2.4944 20119 35772
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(a) The cross section of |ufa| along y—axis at z =
3 in simulation study 1, for o values 0.04, 0.08, and
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for a=0.12
0.14r 1
0.121
0.1f
0.08
0.06 -
0.04r
0.02 1
0 . ’
0 1 2 3 4 5 6

(b) The cross section of |gfa*| along y—axis at
x = 3 in simulation study 1. The reconstructed
functions &* correspond to the cases: o = 0.04,
a =0.08, and a = 0.12.

Figure 4.3: The cross-sections of |u)a| and |g/¢*| in simulation study 1,
which constitute the bound (4.34) for the error resulting from
Born approximation. The jth source is located at (3,0) and
the ith adjoint source is located at (3,6)



(a) The reconstructed absorption image (b) The cross-sectional cuts taken from
for the case o = 0.04cm 1. Figure 4.4(a) and the corresponding ac-
tual solution along y-axis at x = 3.

(c) The reconstructed absorption image (d) The cross-sectional cuts taken from
for the case o = 0.08cm™". Figure 4.4(c) and the corresponding ac-
tual solution along y-axis at x = 3.

(e) The reconstructed absorption image (f) The cross-sectional cuts taken from
for the case o = 0.12cm ™. Figure 4.4(e) and the corresponding ac-
tual solution along y-axis at x = 3.
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Figure 4.4: Samples of the reconstructed images in the first simulation

study.
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(a) The cross section of |u}a| along y—axis at z =
3 in simulation study 2, for the circular inclusion

centered at (3,2.75), (3,2.25), and (3, 1.75).

0.4

center at (3,2.75)

02f | | | J

0 1 2 3 4 > 6
0.4
“““ center at (3,2.25)
0.2r
0 ‘ . : y Lo
0 1 2 3 4 5 ®
0.4
center at (3,1.75)
0.21
. .
0 1 2 3 4 5 ®

(b) The cross section of |gfa*| along y—axis at
x = 3 in simulation study 2. The reconstructed
functions &* correspond to the cases in which the
circular inclusion is centered at (3,2.75), (3,2.25),
and (3,1.75).
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Figure 4.5: The cross-sections of |u)a| and |g7@?| in simulation study 2,
which constitute the bound (4.34) for the error resulting from
Born approximation. The jth source is located at (3,0) and

the ith adjoint source is located at (3,6).



(a) Circular inclusion centered at (z,y) =
(3,2.75).

(¢) Circular inclusion centered at (z,y) =
(3,2.25).

(e) Circular inclusion centered at (z,y) =
(3,1.75).

study.

(b) The cross-sectional cuts taken from

Figure 4.6(a) and the corresponding ac-
tual solution along y-axis at x = 3.

(d) The cross-sectional cuts taken from

Figure 4.6(c) and the corresponding ac-
tual solution along y-axis at x = 3.

(f) The cross-sectional cuts taken from

Figure 4.6(e) and the corresponding ac-
tual solution along y-axis at x = 3.
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Figure 4.6: Samples of the reconstructed images in the second simulation



CHAPTER 5

Effect of discretization on the accuracy of simultaneously

reconstructed absorption and scattering images

Imaging in Diffuse Optical Tomography (DOT) is comprised of two interdependent
stages which seek solutions to the forward and inverse problems. The forward prob-
lem is associated with describing the Near Infrared (NIR) light propagation, while
the objective of the inverse problem is to estimate the unknown optical parameters
from boundary measurements [4]. In this work, we model the forward problem by
the diffusion equation in the frequency domain and the associated adjoint problem.
For the inverse problem, we consider the simultaneous estimation of the optical
diffusion and absorption coefficients.

A number of factors affect the accuracy of the DOT imaging: model accuracy
(dependent on the light propagation model and/or linearization of the inverse prob-
lem), measurement noise, discretization, numerical algorithm efficiency, and inverse
problem formulation. In this work, we focus on the effect of discretization on the ac-
curacy of simultaneously reconstructed optical absorption and diffusion coefficients.
In this respect, we extend our work in [39, 40]. First, we show the effect of forward
problem discretization. Next, we show the effect of discretization of the inverse prob-
lem whose formulation uses the numerical solutions of the forward problem. Finally,
we use the error analysis to devise novel adaptive mesh generation algorithms that
reduce the error in the reconstructed optical images due to discretization for a given
number of unknowns (i.e. for a given number of nodes in the adaptive meshes).

There has been extensive research on the estimation of discretization error in
the solutions of partial differential equations (PDEs) [3, 10, 11, 13, 81, 83]. A some-
what different approach is followed in [71, 45] in which error in quantities of interest
is related to the discretization of the second order elliptic partial differential equa-
tion. In the area of parameter estimation problems governed by PDEs, relatively
little has been published. See for example [14] for an a posteriori error estimate

for the Lagrangian in the inverse scattering problem for the time-dependent acous-
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tic wave equation and [12] for a similar approach, and [62] for a posteriori error
estimates for distributed elliptic optimal control problems.

In the area of DOT, it was numerically shown that the approximation errors
resulting from the discretization of the forward problem can lead to significant errors
in the reconstructed optical images [5]. However, an analysis regarding the error in
the reconstructed optical images resulting from discretization has not been reported
so far.

In this work, we model the forward problem by the frequency-domain dif-
fusion equation. For the inverse problem, we focus on the simultaneous estima-
tion of the absorption and diffusion coefficients. We consider the linear integral
equation resulting from the iterative linearization of the inverse problem based on
Born approximation and use zeroth order Tikhonov regularization to address the
ill-posedness of the resulting integral equation. We use finite elements with first
order Lagrange basis functions to discretize the forward and inverse problems and
analyze the effect of the discretization on the reconstructed optical absorption and
diffusion images. Our analysis shows that the error in the reconstructed optical
images depends on the smoothness of the optical coefficients, the configuration of
the source and detectors, the positions of the source and detectors with respect
to locations of absorptive and diffusive heterogeneities, and on the regularization
parameter in addition to the discretization error in the solution of each problem.
In our analysis, we first consider the impact of the forward problem discretization
when there is no discretization of the inverse problem, and provide a bound for the
resulting error in the reconstructed optical images. Next, we analyze the effect of
the discretization of the inverse problem whose formulation is based on the numer-
ical (finite element) solutions of the forward problem and we obtain another bound
for the resulting error in the reconstructed optical images. We see that each er-
ror bound comprises the discretization error in the corresponding problem solution,
scaled spatially by the solutions of both problems. In addition, we notice that the
error in the reconstruction of one optical parameter depends on how well the other
optical parameter is discretized. Finally we note that the error analysis provides

an insight into the so-called “inter-parameter crosstalk” [74, 44, 26| that originates
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from discretization (see figure 5.1 for an illustration). After summarizing the error
analysis in two theorems, we use the error bounds presented in these theorems to
devise novel adaptive mesh generation algorithms which are of O(N?) complexity
where N2 is the number of elements in the discretization mesh. In other words,
the computational complexity of the proposed adaptive mesh generation algorithms
does not exceed that of solving the resulting discrete forward and inverse problems.

The analysis presented in this work provides a means to identify and ana-
lyze the error in the simultaneously reconstructed optical images resulting from the
linearization of the Lippmann-Schwinger type equations [25] using Born approxi-
mation, which will be an extension to our recent work [38]. Furthermore, the error
analysis introduced in this paper is not limited to DOT, and can easily be extended

for use in similar two-parameter inverse problems.

5.1 Forward and Inverse Problems

In this section, we describe the model for NIR light propagation and define
the forward and inverse DOT problems. Table 5.1 provides a list of the notation
and Table 5.2 provides the definition of function spaces and norms used throughout
the paper. We note that we use calligraphic letters to denote the operators, e.g.
A., Z, K etc. For constant values we will use capital letters. The subscripts or
superscripts a and b will be used respectively to denote the relevance to absorption
and diffusion coefficients, which will be defined where they appear. The superscript
x denotes the adjoint and the rest of the superscripts and subscripts are clearly
defined in the text. “tilde” will be used to denote a function or an operator is an
approximation to its actual form. The spatial dependence of the functions will be
implicitly assumed, without remarking it out. All relevant functions are defined
with appropriate function spaces to avoid ambiguity. Vector quantities are in bold

characters, such as x.
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5.1.1 Forward Problem

We use the following boundary value problem to model the NIR light propa-
gation in a bounded domain  C R?® with Lipschitz boundary 99 [20, 4]:

VDT + (160 + ) 0 = @0 xe 0 5.1)

9g;

() + 2aD(x) 22

(x) =0 x e, (5.2)

where g;(x) is the photon density at x € Q U 0 with frequency w, @; is the
4 point source located at x4, j = 1,---, N,, where N, is the number of sources.
D(x) is the diffusion coefficient and p,(x) is the absorption coefficient at x, i =
v/—1, w is the modulation frequency of the source, c¢ is the speed of the light,
a=(1+R)/(1— R) where R is a parameter governing the internal reflection at the
boundary 0f), and 0 - /On denotes the directional derivative along the unit normal
vector on the boundary. Note that we assume the diffusion coefficient is independent
of the absorption coefficient and is isotropic. For the general anisotropic material,
see [55].

The adjoint problem [4] associated with (5.1)-(5.2) is given by the following

boundary value problem:

-9 DIV G + () - ) i) =0 xc 0 (53)
' dg; ]
9109 + 2aD(x) 2 (x) = Qi(x) x €00, (5.4)
n
where Q7 is the adjoint source located at the i*" detector x?), i = 1, -+, Ny, where

Ng is the number of detectors. We note that we approximate the point source @);
in (5.1) and the adjoint source @} in (5.4) by Gaussian functions with sufficiently
low variance, whose centers are located at xJ and x), respectively. Note also that
for any source Q; € H'(Q2), our error analysis is valid.

In this work, we consider the finite-element approximations of the solutions
of the forward problem. Hence, before we discretize the forward problem (see Sec-

tion 5.2.1), we consider the variational formulations of (5.1)-(5.2) and (5.3)-(5.4) by
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multiplying (5.1) by a test function ¢ € H'() and integrating over § [20]:

2a el

_ _ ) _ 1 _
/Q |:V¢ : Dng + ¢ <,Ua + %) g9; — ¢QJ:| dx + — ¢gjdl = O, (55)

where the boundary integral term results from the boundary condition (5.2). Let

A((]ﬁ, g]) = / |:V$ . Dng + 5 (/La + E) g]:| dX7
Q &
(¢a Q]) = /QandX?
1

1 _
g ) = — dl.
<¢, 2agj> 9 aﬂcbgg

Then, we can express (D.6) equivalently by defining the sesquilinear form b(¢, g;)[39,
47

bons) = Al6.9) + (9500, ) = (0.0 (56)

Similarly, the variational problem for (5.3)-(5.4) can be formulated by defining the

sesquilinear form b*(¢, g;):

b 0nat) = A7)+ (6. 5000 ) = (0,500 ), 5.7

where in A(¢, gF), w is replaced by —w.

The sesquilinear forms b(¢, g;), b*(¢, g7) are continuous and positive definite
for bounded positive D and pu, [47]. As a result, the variational problems (5.6)
and (5.7) have unique solutions, which follows from the Lax-Milgram Lemma [20].
The solutions g; and g} of the variational problems (5.6) and (5.7) belong to H'(£2),
which results from the H'-boundedness of the Gaussian function that approximates

the point source (); and the adjoint source Q); [47].
Remark 1:
e In addition to above conditions, noting Q;, @Q; € C(Q); the solutions g;, g}

satisfy [27]
95-9; € W (Q). (5-8)
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e In this work, we address the forward problem by equations (5.6) and (5.7).

5.1.2 Inverse Problem

In this work, the objective of the inverse problem is to determine the unknown
optical absorption and diffusion coefficients of a bounded optical domain. To ad-
dress the nonlinear nature of the inverse DOT problem, we consider an iterative
algorithm based on repetitive linearization of the inverse problem using first order
Born approximation [4]. As a result, at each linearization step, the following linear
integral equation relates the differential optical measurements to unknown small
perturbations a and 3 on the absorption coefficient y, and the diffusion coefficient

D, respectively, assuming =0 on x € 0€2:

ry = - [ s xam + TG00 Vas] s (69

- ([a ]
4,J

= (Kuo) (5.10)

17] )

where o = [a )7 € L3(Q) x L}(Q), Ko = [As By : L*(Q) x L*(Q)) — CNaxNs,
Hi(x) = —g;i(x)gj(x) is the (4,7)th kernel of the matrix valued operator A, :

L2(Q) — CNeNe at x, and H};(x) = —Vg;(x) - Vg;(x) is (i,7)th kernel of the
matrix-valued operator B, : L?(2) — CNa*Ns at x. g; is the solution of (5.6) and
g; (x) is the solution of (5.7), and I'; ; is the (i, j)th entry in the vector I' € CNaxNs,
which represents the differential measurement at the i detector due to the j*
source [4, 39]. Thus,

I = K,0. (5.11)

Note that approximating @ in (5.4) by a Gaussian function centered at x’ implies
that T;; corresponds to the scattered optical field evaluated at x’, after filtering it
by that Gaussian function [39]. Thus, the Gaussian approximation of the adjoint

source models the finite size of the detectors. Similarly, approximating @); in (5.1)
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by a Gaussian function models the finite beam of the point source.

The operators A, and B, are bounded. In particular, for some A,, By > 0 we

have
NdyNs
[Aallr20)—n < Z 195 9illo = Aa, (5.12)
Nd
1Byl 2@ -1 < Z Vg - Vg;illo = B, (5.13)

each of which is a consequence of remark 1.
Before we proceed with the boundedness of the integral operator K, let us

define the norm ||o||z2)xr2(0) as follows:

12
ol 2@)xr2) = (||04||(ﬂL 18115 )

Then, the operator Ky is bounded by
[ Kabll2(0)x22()—1n < Aa + By (5.14)

Furthermore, the operators A, and B, are compact [39, 57]. Thus, for the given
solution space L?(2) for both « and 3, (5.11) is ill-posed. To address the ill-

posedness of (5.9), we regularize (5.11) with a zeroth order Tikhonov regularization.

5.1.3 Regularization of the inverse problem
Let A% : CNaxNe — [2(Q)) and B; : CNexNe — [2(Q) be the adjoint of the
operators A, and B, defined respectively by

Nd NS Nd7NS

(A0)(x) = Z H5(x)0i, = > —g7(x)g;(x)0s, (5.15)
,J
Nd Ns Ng,Ns

(B:O)(x) = Z HY5(x)0i; = Y —Vgi(x)-Vg;(x)0:5  (5.16)
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for all © € CNe*No| where H and H}; are the (i,j)th kernels of A% and Bj,

respectively. Then we define

W= | A By .

Let A= AP A, L(Q) — L2(Q), B := BBy L2(Q) — L*(Q), Ap i= AB:L2(Q) —

L*(Q), and Ba := B} A,:L*(Q) — L*(Q). Then,
Na,Ns

(A0)(x) = ) H5(x X)0(x)d% = [ ra(x, %)0(X)dx,
9 [ eonsiie = |

GO — 3 H(x / )0(X)dk = / b (3, %)0(5) %,

Nd Ng

(Apf)(x) = Y H(x / X)0(%X)d% := /Q ks (X, %)0(%)dx,

Nd NS

B = Y HEx / £)0(%)d% = /Q (%, %)0(%)d%,

for all § € L?(Q2) where

Nd N Nd Ns
§ Ha* a ' . E Hb*
Nst Nd Ns
Kap(x,X) = E H“* ', Kpa(x,X) = E Hb*

Note that kpa(x,%X) = kap(x,X).

Let
A 4
K = e (5.17)
Ba B
- a ot
v o= Te l o o, (5.18)
_’Yb BZF

where K : L}(Q) x L*(Q) — L*(Q)) x L*(Q)). Then, using a zeroth order Tikhonov
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regularization, the following equation defines the inverse problem at each lineariza-

tion step:

= To, (5.19)

where 7 := (K + L) : L*(Q) x L*(Q) — L*(Q) x L3(R2), ¢* = [a* BT are approxi-
mations to « and (3, respectively, and £ : L*(Q) x L*(Q) — L?(Q) x L*() is given
by

XN 0

L= , (5.20)
0 M

where \,, Ay > 0 and Z is the identity operator. We finally note that a bound for 7°

can be given by || 7| r2()xr2@)—r2@)xr2(9) < 1Kabll 720w r2()—n T max(Aa, Ao).

5.1.4 Existence and boundedness of the inverse operator

Consider the inverse problem formulation (5.19). Owing to the regularization
term, the inverse operator 71 : L?(Q) x L*(2) — L*(Q) x L*(Q) exists and by
Lax-Milgram lemma [20] it is bounded by

1

T - = min(, As)’
1T 2@ xr2@)—r2@)xL2(2) < min(Ar, Az)

In particular, the operator 7! can be viewed as a 2 x 2 matrix of operators ’];]_1 :

L3(Q) — L3(Q), 4,7 = 1,2, i.e.

778 751
7= (5.21)
Ty Ty
We remark that the boundedness of 7! is a result of the boundedness of the

operators 7;;1:

175 | 22(0)—2202) < X4 (5.22)



116

for some scalar value x;; > 0, for 4,5 = 1, 2.

5.2 Discretization of the Forward and Inverse Problems

In this section, we first consider the variational formulations (5.6)-(5.7), and
discuss the finite-element discretization of the forward problem. Next, we describe

the discretization of the inverse problem (5.19).

5.2.1 Forward Problem Discretization

In this section, we consider the finite element discretization of (5.6) and (5.7),
and use their solutions to approximate the kernels k4, kg, kap, and Kpa. As a
result, we obtain finite dimensional approximations to K and v in (5.17) and (5.18),
respectively.

Let Lj be the first order Lagrange basis functions, and Y; € H'(2) be the
finite-dimensional subspace spanned by Ly, k = 1,..., N;, where N, is the dimension
of the finite-dimensional subspace for the jth source, 7 = 1,..., Ns. Similarly, we
define Y;* € H'(2) as the finite-dimensional subspace spanned by Ly, for k =
1,..., N}, where N} is the dimension of the finite-dimensional subspace for the
ith detector, ¢« = 1,..., Ng. In this representation, N; and N; denote that for
each source and detector, the dimension of the finite-dimensional subspace can be
different.

Replacing ¢ and g; in (5.6) with their finite-dimensional counterparts ®;(x) =
ZkNil peLli(x), G;(x) = Zi\zl ¢ Li(x); and replacing ¢ and ¢} in (5.7) with ®}(x) =
Z,ﬁl e Lir(x), G (x) = Zg;l diLr(x) yields the matrix equations:

Sc; = q;, (5.23)
$'d; = q, (5.24)
for ¢; = [e1, 0, en,]" and d; = [dy,d, -+, dy,]". Here S and S* are the finite

element matrices and q; and q; are the load vectors resulting from the finite element

discretization of (5.6) and (5.7).
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The H'(Q2) boundedness of the solutions g; and g} implies that the discretiza-
tion error e; and e in the finite element solutions G; and G} is bounded. Let {2,,,}
denote the set of linear elements used to discretize (5.6) for m = 1,... ,Ni; such
that UTJZ]A Q; =Qforall j =1,...N,. Similarly, let {Q,,;} denote the set of linear
elements used to discretize (5.7) for n = 1,..., NX; such that Ufjﬁ Q,; = Q for all
i =1,...Ng. Assuming the solutions g; and g for all j =1,--- Ny e =1,---, Ny
also satisfy g;, g7 € H*(Q), a bound for e; and e} on each finite element can be

found by using the discretization error estimates ([20, 9]):

lejlom; < Cligillzmilims. (5.25)
leflons < Cllglamihs (5.26)
where C is a positive constant, ||-|/o.m; (|| loni) and || [|2,m; (|| -[|2,ni) are respectively

the L? and H' norms on Q,,; (), and hy,; (hy;) is the diameter of the smallest
ball containing the finite element €,,; (£2,;) in the solution G (G7}). Similarly,

IVejlloms < Cllgillzmglmg, (5.27)
Ve llomi < Cllg; lamitimi- (5.28)

5.2.2 Approximation of 7 and v with finite element solutions G; and G}

Following the discretization of the forward problem and the solution of the
resulting discrete forward problem, we can rewrite the inverse problem formula-
tion (5.19) by replacing ¢g; and ¢; with G; and G in 7 and . Consequently, we
get the following inverse problem formulation, which is an approximation to the

regularized inverse problem formulation in (5.19):
Tt =7, (5.29)

where
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A A A O
= Sk (5.30)
BA B 0 >\b
- ) ot
o= :y = . (5.31)
I B;T

are the approximations to 7 and v, respectively, and 6* is an approximation to the

solution o as a result of the forward problem discretization:

~\ [~>\ B,\]T
= |
In (5.30), the kernels of the integral operators A, B, Ag, and B, are given respec-
tively by
Nd NS Nd Ns
- X AR, Rl ) 3 AL
Nd NS Nd Ns

Rap(x,%) := ZH“* (X), FRpa(x,%):= ZHb* (%),

where

Note that ﬁl“j = ﬁ[{fj and ﬁf; = ﬁgj.
Similar to the operator 7-*, 71 can be interpreted as:

. ' T3
TH=| " (5.32)
T T

12
2
where the operators ’]:j_l are bounded by:

||7~;j_1||L2(Q)—>L2(Q) < Xij (5.33)
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for some scalar value x;; > 0, for 4,5 = 1, 2.
In the following section, we describe the discretization of the inverse prob-
lem (5.29) which uses the finite element approximations G; and G} of g; and g/ in

its formulation.

5.2.3 Discretization of the inverse problem

For the discretization of the inverse problem (5.29), we use projection by the
Galerkin method. Below, we give the details of the Galerkin method.

Let X% X C L?(2) denote the finite-dimensional subspaces spanned by first
order Lagrange polynomials {L;, ..., Lya} and {L1,..., Ly}, associated with ver-
tices located at x; p=1,---, N* and 2 r=1,---, N respectively, where N and
N are the dimensions of X* and X°. Note that X and X are not necessarily
identical.

Let {4}, t = 1,---,NZ denote a set of linear finite elements such that
Ut QO = Q and {Q,} be a set of linear finite elements used for u = 1,---, N§

such that | JY A0, =Q. Then, we express 5 = [a&} )]T on these finite elements
as
Na
ay(x) = apLi(x), (5.34)
k=1

— i biLi(X). (5.35)

Next consider the test function ¢ = [(, ()7 € X x X given by

e
= Z L (%)
N®
=2 cthlx

Then, the Galerkin method approximates the solution of (5.29) by an element &, , =
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(@) BT € X x X, which satisfies
(T ) = (G,0) (5.36)

for all ¢ € (X x X?). We note that by Lax-Milgram theorem, a unique solution

Opm € (X% x X°) exists for (5.36) owing to the regularization which results in
the positive-definiteness of the operator 7 [20, 57]. Equivalently, (5.36) can be
interpreted as follows:

PapT o = Pap¥s (5.37)

where P, ,,, is the matrix of orthogonal projection operators

P, O
7Da,b - (538)
0 P

where P, : L*(Q) — X® and P, : L?*(Q) — X" are the orthogonal projection
operators [57]. We note that the following condition holds for (P,;7) : X x X® —
X x X? (see proof of theorem 13.27 in [57]):

1

O (5.39)

I (Pa,b,jr)ilpa,bHL?(Q)><L2(Q)—>Xa><Xb <

5.2.4 Summary: The inverse problem and its approximations
In this work, we consider the regularized inverse problem in (5.19) as the base-
line for the error analysis. In this respect, we first consider the effect of discretization

of the forward problem on the optical imaging accuracy, thus consider the inverse

problem (5.29), i.e.

Next, to show the effect of inverse problem discretization, we project the above

equation on the finite-dimensional subspaces X x X, and consider the resulting
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inverse problem formulation (5.36)
PapT G = Pap?-

Thus, we have three different inverse problem formulations:
1. The exact inverse problem formulation (5.19),
2. the inverse problem formulation (5.29) with the degenerate kernels, and

3. the full discrete inverse problem (5.36), which is the projection of (5.29) onto
the finite dimensional subspaces (X x X?) C (L?(Q) x L*(Q2)) using Galerkin
method.

5.3 Discretization-based Error Analysis

As aresult of operator approximation and discretization of the inverse problem,
the reconstructed images ) = [&) B{HT are approximations to the actual images
o* = [a* B*]. Projecting the inverse problem onto finite-dimensional sub-spaces X
and X° and the discretization error in the solutions of the forward problem result
in error in the reconstructed images. Therefore, the accuracy of the reconstructed
image is challenged by the discretization schemes followed in the numerical solutions

of the forward and inverse problems.

The error in the solution &, ,, of (5.36) with respect to the actual solution o

A b]T

— €nm, Where e, = [e% e}

of (5.19) has two contributors: We write a,,, = &

is the error resulting from projection of the inverse problem with the operator ap-

A

proximation and denote 6* = o* — €, where é = [6* €*]” is the error due to forward

problem discretization. As a result, we arrive at the following conclusion:

Gr =0 — ey =0 — €pm — . (5.40)

n,m

Therefore, we can write an upper bound for the error o* — G, ,, as follows:
lo* = o mll = llo* =& + 6% =3 | = lle + enmll < el + llenmll.  (5.41)
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5.3.1 Effect of forward problem discretization

The following theorem presents a bound for the L?(2) norm of the error be-

tween the solution 6* of (5.29) and the solution o* of (5.19).
Theorem 1:

Let {Q,,;} denote the set of linear elements used to discretize (5.6) form = 1,..., N3;
such that Uiy:ﬁ Q= ), and hy,; be the diameter of the smallest ball that contains
the element €2,,,; in the solution Gy, for all j = 1,... Ny. Similarly, let {€,;} de-
note the set of linear elements used to discretize (5.7) for n =1,..., Ni; such that
UN” Q. = Q, and h,; be the diameter of the smallest ball that contains the ele-
ment €2,; in the solution G}, for all : = 1,... N;. Assume further that the solutions
g; and g; admit smoothness such that g;, g; € H*(Q) and ¢* is bounded, that is
A e (L™ x L*™). Let

Ng
a(i,m) = > llgiaMomllg;
=1
. lallo + 11810
b(j,m) = —ZHgllloom]HgJHm;,

Ng
c(iym) =Y IV 18Ny, 195
=1

lallo + 118110 <
. 0 0 *
atgm) = TS 16 s 952
=1
and
N
a*(i,n) = Z||9jak||o,m|!93<||2,m‘

.l ||04||0ﬂL 15]/o
b (i,n) = ZHgJ”OOmng

c*(i,n) = Z H|ng|5/\H0,m 197 |2,
j=1

Ny
” Jadlo + 1181l :
R ) L N1 [
j=1
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Given the a priori discretization error estimates (5.25)-(5.26) and a generic constant
C > 0, a bound for the error between the solution a* and the solution a&* of (5.19)

due to the approximations 7 and 7 is given by:

la* — &M < 20 meax g7 g5ll1

N, NA

< YD (R + xa2)ali,m) + Xu2b(G, m)] by + (a1 + Xa2)e(,m) + Xa2d (5, m)] hung
j=1m=1

Ng NX
+ Z Z [(X11 + Xa2)a®(i,n) + X12b* (i, n)] hos + [(Xa1 + X12)c* (4, n) + X12d* (4, 1)] hni

i=1 n=1

and a bound for the error between the solution 3* and the solution 4* of (5.19)

due to the approximations T and v is given

18> = Bl < 2C max|lg; gl

N, NA
) D7D [(Rar + Xe2)ald,m) + Razb(j, m)] b + [(Xa1 + Xa2)e(d,m) + Xa2d (5, m)] hany

j=1m=1
Ny NX
+3 0> [(Xo1 + Xa2)a™ (i, n) + Xa2b™ (i,1)] iy + (21 + X22)¢ (6, 1) + Xoad” (i, 1)) hns

=1 n=1

Proof: See proof in appendix (C.1) 0.

Remark 2

1. Theorem 1 shows that the error in the reconstructed absorption image &* de-
pends on the diffusive heterogeneity and the solutions of the forward problem.
Similarly, the error in the reconstructed diffusion image 3* depends on the ab-
sorptive heterogeneity and the solutions of the forward problem. With these
observations, theorem 1 suggests the use of meshes designed individually for
the solutions G, j = 1,---, Ny and G}, @ = 1,---, Ng. Note also that the
position of the detectors with respect to the sources is another factor that

affects the error bound in theorem 1.
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2. Note that the conventional interpolation error estimates given in (5.25)-(5.26)
and (5.27)-(5.28) depend on only the smoothness and support of g; and g [20].
On the other hand, the error estimates in Theorem 1 show that the accuracy of
the reconstructed images a\ and 5)\ depend on the location of the absorptive

and diffusive heterogeneities with respect to the sources and detectors, as well

as on the bounds (5.25)-(5.26) and (5.27)-(5.28).

3. The parameters Y;; i,j = 1,2 affect the bounds on |[a* — a*||¢ and ||3* —
B’\Ho. Note that the parameters x;;, 7,7 = 1,2 depend on the regularization
parameters A\, Ay and on the kernels of the operator 7. We also note that
the kernels of 7" can be scaled to make x;; almost identical for all 4,7 = 1,2
[REF]. Otherwise, the effect of forward problem discretization may be greater

on one of the reconstructed optical coefficients as compared to the other one.

4. Increasing the number of sources and detectors increases the bounds on ||a* —

a*Mlo and [|3* — Bo.

5.3.2 Effect of inverse problem discretization

In this section, we show the effect of inverse problem discretization on the
optical imaging accuracy. In the analysis, we consider the inverse problem formula-
tion and derive a bound for the L?(€) norm of the error ™™ between the solution

of (5.29) and the solution of (5.37).
Theorem 2:

Let {€;} denote the set of linear elements used to discretize (5.34) fort =1,..., N&;
such that U,J:VZ Q; = Q, and hy, be the diameter of the smallest ball that contains
the element €, in the solution. Similarly, let {£2,} denote the set of linear elements
used to discretize (5.35) for u = 1,..., N§; such that Uivg Q, = Q, and hy, be
the diameter of the smallest ball that contains the element €2,. Assume that the

solutions &* and 3 are sufficiently smooth such that

&, B e HY(Q).



125

Then,
NA N
la* = @xllo < C+ Aamir) 3 168 1 sahea + CHimiz D 13 bt
t=1 u=1
+C(my1 + m12) U};f}X GGl
NA NN, Ny Na,Ns
| 22 2 16 Gillocalldlaahea + 3~ D IVGT - VGiloalF frashas
t=1 ij u=1l ij
and
NA NG
13> = Bllo < C(1+ Mmoo D 13 b + Chamr D 18 ahia
u=1 u=1

+C (121 + T22) H%E}X |G Gjllx

N& Ng,Ns N Ng,Ns

< D2 GG llowalldMahea + > D IIVGs - VGl wll 3 1 ubhius
=1 ij

u=1l ij

Proof: See appendix (C.2).

Remark 3

1. The theorem shows that the accuracy of the reconstructed image a;\ depends
on the discretization scheme followed to discretize BA as well as the discretiza-

tion scheme followed to discretize &” itself.

2. Similarly, the theorem shows that the accuracy of the reconstructed image Bﬁn

A

depends on the discretization scheme followed to discretize a” as well as the

discretization scheme followed to discretize 3* itself.

3. Theorem 2 shows the spatial dependence of the inverse problem discretization
on the forward problem solution. The position of the detectors with respect
to the sources is another factor that determines the extent of the error bound

in theorem 2.
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4. The parameters 7;; i,j = 1,2 affect the bounds on [|@* — @[y and ||3* —
B;%HO. Note that, similar to X;;, the parameters 7;;, 7,7 = 1,2 depend on the
regularization parameters A\, A and on the kernels of the operator 7. Similar
to the kernels of 7, the kernels of 7 can be scaled to make mi; almost equal

[REF].

5. Increasing the number of sources and detectors increases the bounds on [|a* —

allo and [|8* — B lo-

5.3.3 Iterative linearization by Born approximation

In this section, we explore the error in the inverse problem solution within an
iterative linearization approach.

The error analysis presented in this paper covers the error which results from
the discretization of the forward and inverse problems. If the optical heterogeneities
« and ( are sufficiently low, then one iteration suffices to solve the inverse problem
and the error analysis discussed in theorems 1 and 2 applies.

When iterative linearization is considered to address the nonlinearity of the
inverse problem, we can make use of the error analysis at each linearized step as

follows: Let 0'(>‘T) and 6

m(r) be the actual solution of the regularized inverse prob-

lem (5.19) and the solution of (5.36) at the 7th linearization step, respectively. At
the end of the (L — 1) linearization step, the optical coefficient estimates at x are

given by

L-1
A0 = 0 (%) + ) dnn (%),

DEI(x) = DOx) + 3 By (),

m(7)

Tl
—_

3
I
—

where 5‘2(7) and B;}@(T) possess errors due to discretization with respect to the actual
solutions a(\ﬂ, 5(’\T), and u,(lo) and D° are the initial guesses for the background
absorption coefficient and diffusion coefficient, respectively.

In the next linearization, an error on the new solution updates ﬂgL), D) will

be introduced due to:
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1. the error (7 — 7)Y in the operator (7)Y and the error (¥ — )=~V in

(7)== resulting from the forward problem discretization,
2. the projection (inverse problem discretization).

Another error in the (L—1)" updates 5", DE=D which is rather difficult to
see arises in an indirect way: Note that ﬂ&L_l) and DD appear as the coefficients
of the boundary value problems (5.1)-(5.2) and (5.3)-(5.4), which constitute the
forward problem. An error in these coefficients implies perturbation in the solutions
of (5.1)-(5.2) and (5.3)-(5.4). As a result, the finite element solutions G; and G} of
the forward problem will possess error terms in addition to the discretization error,
which leads to additional errors in the operator T and ~ other than the ones caused
by the discretization of the forward problem

As a result, the errors in ,ua ) and D@D at the L™ iteration are bounded by:

< Z loy = aaen |l
< Z Hﬁ% = i)
=1

= 2] = [t~

fo- 2] =[5,
T=1

assuming that the initial guesses Mgo) and D© for the background absorption and

diffusion coefficients are approximated accurately while solving the boundary value

problems (5.1)-(5.2) and (5.3)-(5.4) at the first iteration, that is

p(x) = pO(xp) Li(x) = 0, x€Q, (5.42)
k=1

DO(x) = > DO(x;)L(x) = 0, x€Q. (5.43)
k=1

Assuming that the error due to discretization which is induced indirectly is small
as compared to the direct errors, theorems 1 and 2 can be considered to summarize
the error due to discretization at each linearization step, which can be summed to

obtain the overall error due to discretization at the end of iterative linearization.
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5.4 Adaptive Mesh Generation

In this section, we discuss the design of adaptive mesh generation algorithms
based on the error bounds presented in theorems 1 and 2. In this respect, we
first consider the case in which the adaptive mesh generation aims to bound the
error due to the discretization below some preset tolerance value and determine
the requirements to establish such a tolerance value. This is followed by a practical
realization of the adaptive mesh generation which is constrained by a predetermined

maximum number of nodes in the final adaptive mesh.

5.4.1 Adaptive mesh generation for the forward problem

In this section, we make use of theorem 1 to devise an adaptive mesh gener-
ation algorithm for the discretization of the forward problem. The main objective
of the discretization scheme is to uniformly distribute the error bound in theorem 1
onto the finite elements. We start with the following theorem that states the con-
dition to ensure a pre-specified bound on the error resulting from forward problem
discretization. Next, we propose a practical adaptive mesh generation algorithm

that uses the results in theorem 1 and the theorem below.
Theorem 3:

Consider theorem 1. Let £/ be the allowable bound on the error in &* and
> with respect to respectively o and 4, due to the discretization of the forward

problem. Then, we define the parameter ¢ with the following equation:

1
€= NJ + , 5.44
S T (Z Z ) 544

7j=1

where C' is the generic constant in theorem 1. Let

— [Cre(j.m) + Cod(j, m)] + 1/ [Cre(d. m) + Cad(j.m))? + 4 [Cra(j,m) + Cab(j.m)] <
2[Cra(j,m) + Cob(j,m)] ’
(5.45)

Hmj =
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and
g [Cic*(i,n) + Cad*(i,n)] + \/[Clc*(i,n) + Cyd*(i,n)]> + 4[Cra*(i,n) + Cob*(i,n)] e
e 2[C1a*(i,n), +Cab* (i,n)]
(5.46)
for some C1, Cs, 0 < Cy < (4 such that
(X11 + X12), (X1 + X22) < O, (5.47)
X12, X22 < Ca. (5.48)

Then, if h,,; > 0 and h,; > 0 satisfy

for m,j, m = 1,---,N]-A,j: 1,--+,N, and for nji, n=1,--- N2 i=1,--- Ny,
the following hold

A\
™
~

la* — &

1% = Mo <

N
o
'*h

Proof. See proof in appendix (C.3).
0

In practice, H,,; and H,; in (5.45)-(5.46) can not be computed since «, a?,

B, gj, and g; are unknown. However, H,,; and H,; can be estimated by using
approximations for the functions involved in these bounds, based on either a priori
information or on the recent forward and inverse problem solution updates [40]. If
there is no a priori information, o and 3* can be assumed to be spatially constant
at the first linearization step. We note that for the initial mesh design, we use a
model problem to compute the terms in the error bound relevant to the forward

problem solution [40, 53, 85].
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After each sweep of refinement, one has to update the € value; on the other
hand, after the first sweep of refinement, one can compute the bound H,,; and H,;
only for the new elements.

In case e/ in (5.44) can not be chosen in prior, we consider a posterior approach.

Let

ef(jv m) = [Cla(ja m) + CQb(]v m)] h?n] + [Olc(j’ m) + OQd(jv m)] hm]’(549)
ef(i,n) = [Cra*(i,n) + Cob*(i,n)| h2, + [Cic*(i,n) 4+ Cod*(i,1)] hpi. (5.50)

which are increasing functions in h,,; and h,;, respectively. Then, for each source j
(for each detector i) for the given initial h,,; (hy,;) values, compute &/ (j,m) (e/(i,n))
on each element and take the average to obtain g; (g;). Then, for the elements for
which /(j,m) > & (e/(i,n) > &), refine the element so that the new &/(j, m)
(e/(i,n))for that element will be smaller. We note that, in this case, the algorithm
has to be stopped when the number of nodes in the mesh (that is the number of un-
knowns in the discrete forward problem: N; or N;) exceeds the allowable number of
nodes which is determined by the computational power at hand. To compute (5.49)-
(5.50) one has to estimate the bounds y;;, for 7, j = 1,2 (see experiments section for
an example) and g;, g7 as well. g;, g can be approximated by either the analytical

solution on an unbounded domain [40] or their finite dimensional approximations

(see algorithm 3). Finally we note that we use the approximation ||g;||2.m ~ ||;ll1.m
and ||g7||2.n =~ ||g;]|1.n for practical purposes, which is true for the finite element
approximations G; and G7. In algorithm 3, we outline the practical adaptive mesh

generation algorithm described above.

5.4.2 Adaptive mesh generation for the inverse problem

In this section, we use theorem 2 to devise an adaptive mesh generation al-
gorithm for the discretization of the inverse problem formulation (5.29). Similar to
the adaptive mesh generation algorithm for the numerical solution of the forward
problem, the main objective of the discretization scheme is to uniformly distribute
the error bound in theorem 2 onto the finite elements. We start with the follow-

ing theorem that states the condition to ensure a pre-specified bound on the error
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Algorithm 3 The pseudocode for the mesh generation algorithm for the forward
problem.

¢ Generate an initial uniform mesh:
j ‘ Nj *1 *7 1% N{
(A7,N2), A = Un2 {An} (47 NE), A = Up3 {A))

¢ Set the maximum number of nodes N,{wx

while Number of nodes in A/ (A*)) less than N/
for each element A,, € A/ with mesh parameter hp; (for A, € A* with hy;)
if first linearization
. Use analytical solutions for g; and g and a priori anatomical
information about a and 3 to compute £/ (m, j) in (5.49) (¢f(n,4) in (5.50))
else
. Use current solution updates G;, G} and &), Bf;b
to compute €/ (m, j) in (5.49) (¢/(n,4) in (5.50))
end
. Compute g; (;)
. Refine the elements with e/ (m, j) > &5 (¢/(n,i) > &)
. Update the mesh A7 (A*)
end
o Solve for G, (GY)

resulting from inverse problem discretization. Next, we propose a practical adap-
tive mesh generation algorithm that uses the results in theorem 2 and the theorem

below.
Theorem 4:

Consider theorem 2. Let £ be the allowable bound on the error in &) and ()
with respect to respectively & and B’\, due to the inverse problem discretization.

We define the parameter £ > 0 with the following equation

fim}
== 5.51
g C(NaA + NbA)’ ( )
where C' > 0 is the generic constant in theorem 2. Let
ta - g (552)

Py||6M 100 + Pomax; || GGy ||y So Ve

~ Y
i 1GiGilloallaM
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and
o S
H,, = = - NN = (5.53)
Pi| Bl + Prmax; j |GE Gyl 325 1GEGllo,unll 81,0
for some P;, P, > 0 such that
(1 + )\aﬂ'n), (]. + /\b7T22) S P1 (554)
(M1 + T12), (To1 + T22) < Py (5.55)
Then, if if hy, > 0 and h,, > 0 satisfy
hta S Htaa
hub S Hub7
forall tu, t =1,---, N® u=1,---, N2, then the error in the reconstructed images

a, Bﬁ‘n due to inverse problem discretization is bounded by

la* = anllo < €™,

18* = Bllo < €.

Proof. Substituting the bounds (5.52)-(5.53) in theorem 2 leads to the theorem.

O

In practice, Hy,, Hy in (5.52) and (5.53) can not be computed since a*, B
Similar to the approach described in Section 3.3.1, H;, and H,, can be estimated
by using approximations for the functions involved in these bounds, based on either
a priori information or on the recent inverse problem solution updates. If there is
no a priori information, &* and B’\ can be assumed to be spatially constant at the
first linearization step.

After each sweep of refinement, one has to update the £ value; on the other
hand, after the first sweep of refinement, one can compute the bound H;, and H,,

only for the new elements.
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In case £ in (5.51) can not be chosen in prior, we consider a posterior

approach. Let

Nvas
&(t) = <P1|!54A||1,m+Pz max [|G7 G > HGE‘GJ'|Io,deAH1,m> hia  (5.56)
2 17‘7
NdyNs

p" (u) = <P1\|5AHl,ub+P2 HZl%XHGijﬂl > HGijHo,ubHBAHl,ub) hup. (5.57)

/L'7j

Then, for the discretization of the absorptive heterogeneity (of the diffusive het-
erogeneity) for the given initial hy, (h.) values, compute 7 (t) (£"(u)) on each
element and take the average to obtain v (£). Then, for the elements for which
ginv(t) > ginv (€m0 (y) > Em), refine the element so that the new £7°(t) (£ (u))
for that element will be smaller. We note that, in this case, the algorithm has to
be stopped when the number of nodes in the mesh exceeds the maximum number
of nodes reserved for the inverse problem discretization. To compute (5.58)-(5.59),

one has to estimate the bounds II;;, for 7, j = 1,2 as well (see experiments section

77
for an example). In algorithm 4, we outline the practical adaptive mesh generation

algorithm for the inverse problem discretization described above.

5.4.3 Computational complexity of the adaptive mesh generation algo-
rithms

In this section, we briefly discuss the computational complexity of the adap-
tive mesh generation algorithms described in the previous sections. We first start
with the adaptive mesh generation algorithm for the forward problem discretization,
which is followed by the adaptive mesh generation algorithm for the inverse problem
discretization.

Using triangular finite elements with first order Lagrange basis functions and
an analytical (exact) integration on each finite element, the number of multiplica-
tions required to compute the L? or H! norm of a finite dimensional function (or two
functions) on each triangular element is of O(1) complexity [40]. Then, the computa-
tional complexity of computing the bound (5.49) becomes O(N4Nj) for each element.

For all elements, the computational complexity amounts to O(N. iNst). Similarly,
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Algorithm 4 The pseudocode for the mesh generation algorithm at every lineariza-
tion step of the inverse problem.

¢ Generate an initial uniform mesh

(A%Ng), A% = UM {A (A% NR), A" = U5 {Au))

o Set the maximum number of nodes N2 . (NP )

max max

while Number of nodes N (N?) less than N¢__ (N”..)

max max

for each element A; € A® with mesh parameter hy, (for A, € A? with hy)
if first linearization
. Use current solution updates G; and G and a priori information
about « and (3 to compute Hy, in (5.52) (Hy in (5.53))
else

. Use current solution updates G; and G and &, (42)
to compute £ (t) in (5.58) ( ”“’( ) in (5.59))
end
. Compute £inv (52””)
. Refine the elements with £V (¢) > £inv < no(y) > 5“”)

. Update the mesh A® (A?)
end

o Solve for &) and (.

one can obtain the same computational complexity to compute the bound (5.50).
It is possible to even reduce the complexity by making the following modifi-

cations in a(j,m),b(j,m), c(j,m),d(j, m) and in a*(j,m), b*(7,m), c*(j,m),d*(j,m)

in theorem 1:

a(j,m) =~ 1951l2,m;
0,mj
Ny
. levllo + 113l ‘
b(j,m) = 5 Zgi 1951l 2.m3
=1 00,mj
c(j,m) =~ ;6 191l2,m
Omj
. H@Ho + 1B1lo
d(j,m) = ZV 19112,

0o0,mj
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and
N
a'(i,n) ~ | gt g} llam
J=1 0,ni
N
: lallo + 1180 ||
b*(z,n) ~ # Zgj Hg;”?,nh
J=1 00,ni
N
c*(i,n) =~ Z|ng|5>\ 197 1|2.ni
Jj=1 0,ni
Ns
. allo+ |8
d*(i,n) =~ M ngj 1951 2.mi-
J=1 00,ni

Then, the computational complexity of adaptive mesh generation for each source or
detector becomes of O(N;Na) + O(NgNa) complexity.

Next, we discuss the computational complexity of adaptive mesh generation
for the discretization of the inverse problem. In a similar way as above, the computa-
tional complexity of computing (5.58) and (5.59) can be shown to be of O(Ny;NsNa).
Further reduction is possible by making the following approximations in (5.58)

and (5.59):

Ng,Ns

pReer

/L'7j

&) = | PillaMi + P max [|G3 Gl 161 0a | ea (5.58)

0,ta
NdyNs

pReer

0,

1Mt | Pup- (5.59)

0,ub

o (w) ~ | Pl 8w+ Po max |GGyl

Then, the computational cost of adaptive mesh generation for the discretization of

the inverse problem becomes of O(N%) + O(NY) complexity.

5.5 Conclusion

In this work, we presented an error analysis to show the relationship between
the error in the simultaneously reconstructed optical absorption and diffusion coef-
ficient images and the discretization of the forward and inverse problems.

We summarized the results of the error analysis in two theorems which provide
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an insight into the effect of forward and inverse problem discretizations on the
accuracy of diffuse optical imaging. These theorems show that the error in the
reconstructed optical images due to the discretization of each problem is bounded by
roughly the multiplication of the discretization error in the corresponding solution
and the solution of the other problem. One important implication of the error
bounds is the dependence of the error in the reconstruction of one optical parameter
(say the absorption coefficient) on the discretization of the other optical parameter
(say the diffusion coefficient).

Based on the error analysis, we developed two new adaptive mesh generation
algorithms, one for the forward and one for the inverse problem, which take into

account the interdependence between the solutions of the two problems.
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Ghost image due to
crosstalk

Absorptive

heterogeneities I

(a) Reconstructed absorption image with crosstalk.
Red circles indicate the reconstructed absorptive het-
erogeneities and the light blue circle on the top right
is the ghost image introduced as a result of crosstalk
from the diffusion image.

Ghost image due to
crosstalk

Diffusive

l heterogeneities

(b) Reconstructed diffusion image with crosstalk.
Blue circles indicate the reconstructed absorptive het-
erogeneities and the pink circle on the top left is the
ghost image introduced as a result of crosstalk from
the absorption image.

Figure 5.1: An example of crosstalk in simultaneous reconstruction of
absorption and diffusion coefficients.
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Table 5.1: Definition of variables, functions, and operators.
Notation Explanation

Q Bounded domain in R? with Lipschitz boundary

0N} Lipschitz boundary of €2

X Position vector in 2 U OS2

g5(x) Solution of the diffusion equation at x for the j*
point source located at xJ

95 (x) Solution of the adjoint problem at x for the i‘"
adjoint source located at x,

G,(x) Finite element approximation of g; at x

Gi(x) Finite element approximation of ¢ at x

e;(x The discretization error at x in the finite element
approximation of g;

er(x) The discretization error at x in the finite element
approximation of g;

a(x) Small perturbation over the background absorption coefficient p, at x

B(x) Small perturbation over the background diffusion coefficient D at x

I j Differential measurement at the i** detector
due to the j™ source

A, The integral operator mapping o € L?(2) to I' € CNexNs

By, The integral operator mapping 8 € L*(Q2) to I' € CNaxNs

A The adjoint of A, mapping from CNe*Ns to L2((2)

. The adjoint of B, mapping from CNe*Ns to L2(£2)

Hi(x) The kernel of A, at x

H};(x) The kernel of B, at x

H(x) The kernel of A’ at x

HY(x)  The kernel of B; at x

v(x) [A:T B;T)T at x

Aas \p The regularization parameters

o [@* BMT, solution of the regularized inverse problem

o [a* BT, solution of the regularized inverse problem
with degenerate kernels

T [a) BA]T, solution of the discretized regularized inverse problem

with degenerate kernels
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Table 5.2: Definition of function spaces and norms.

Notation Explanation

f The complex conjugate of the function f

c(Q) Space of continuous complex-valued functions on {2 U 0f2
L=(Q) L>(Q2) = {f] esssupq | f(x)| < oo }

Lr(2) L (Q) = {f| (Jo [f(x)[Pdx)'? <00 }, p € [1,00)
D: f 2 weak derivative of f

Hr(8) HP(Q) = {f] (X<, IDSIDY? < 00 }, p € [1,00)
1f1lo The L*(Q2) norm of f

£l The HP(2) norm of f

1 floo The L*(€2) norm of f

I/ 1lom The L? norm of f over the m' finite element €,

I fllpm The H? norm of f over the m!" finite element ,,
| 1l oo,m The L* norm of f over the m'* finite element Q,,

(a) A typical solution g; for (b) A typical reconstruction
a point source located at (- for a*
1.25,-2.9).

(d) The magnitude of the (e) The absolute value of () [Vg;l|3.
gradient of the solution g; a typical reconstruction for

for a point source located at  3*

(-1.25,-2.9).

Figure 5.2: Samples of the reconstructed images in the second simulation
study.



CHAPTER 6

Conclusion

In this thesis, we present an error analysis to show the relationship between the
error in the reconstructed optical images and the discretization of the forward and
inverse problems. We first present the error analysis which provide an insight into
the impact of forward and inverse problem discretizations on the accuracy of the
reconstructed optical absorption images. Next, we extend the analysis to show the
relationship between the error in the simultaneously reconstructed optical absorption
and diffusion coefficient images and the discretization of the forward and inverse
problems.

We summarize the results of the error analysis in theorems which display the
parameters that control the extent of the effect of discretization on the accuracy of
optical imaging. The two most important implications of the error analysis can be

stated as follows:

1. For both cases (that is optical absorption imaging and simultaneous recon-
struction of optical absorption and diffusion coefficients), the analysis indicates
that one has to take into account the solution of one problem (say the forward

problem) while discretizing the other problem (that is the inverse problem).

2. In the case of simultaneous reconstruction of optical absorption and diffu-
sion coefficients, the error in the reconstruction of one optical parameter (say
the absorption coefficient) depends on the discretization of the other optical

parameter (that is the diffusion coefficient).

The error analysis presented in this thesis motivates the development of novel
adaptive discretization schemes based on the error estimates presented in chapters 2
and 5. In this respect, we developed two new adaptive mesh generation algorithms,
one for the forward and one for the inverse problem in the case of optical absorption
imaging. For the simultaneous reconstruction problem, the analysis lead to another

set of new adaptive mesh generation algorithms, which are presented in chapter 5.

140
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The new adaptive mesh generation algorithms take into account the interde-
pendence between the solutions of the forward and inverse problems. Our numerical
experiments in chapter 3 provided a verification of the error estimates presented in
chapter 2 and showed that the proposed mesh generation algorithms significantly
improve the accuracy of the reconstructed optical images for a given number of
unknowns in the discrete forward and inverse problems.

Finally, we note that the error analysis and the adaptive mesh generation algo-
rithms introduced in this thesis are not limited to DOT, and can easily be adapted for
similar inverse parameter estimation problems such as electrical impedance tomog-
raphy, bioluminescence tomography, optical fluorescence tomography, microwave
imaging etc.

In chapter 3, we present an error analysis to show the effect of linearization of
the inverse problem based on Born approximation on the accuracy of DOT image
reconstructions. First, we derive an upper bound for the norm of the scattered op-
tical field due to an absorptive perturbation. The bound is shown to depend on the
spatial orientation of the optical heterogeneity and the optical field generated by the
light sources. The bound provides a sensitive measure of the scattered field, since it
takes the spatial variations of both the optical field and the optical heterogeneities
into account. This makes the error bound significant especially in optical media
with relatively small sizes. Next, we present an error analysis to show the effect of
zeroth-order Tikhonov regularization and Born approximation on the accuracy of
DOT imaging. The analysis shows that the error in the reconstructed image due to
Born approximation depends spatially on the optical heterogeneity, the optical field
generated by the light sources, and the source-detector orientation. The error anal-
ysis indicates that there is a tradeoff between the norm of the scattered field and the
accuracy of the inverse problem solution. Furthermore, the error analysis provides a
good measure for the choice of step length in iterative linearization based nonlinear
optimization methods, such as trust-region algorithms. The error analysis presented
in this work can be extended to show the effect of linearization on the accuracy of
simultaneous reconstruction of scattering and absorption coefficients. Note that the

presented error analysis is not limited to DOT, and can easily be adapted for similar
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inverse parameter estimation problems, in which Born approximation is applicable.
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APPENDIX A
Appendix for chapter 2

A.1 Boundedness of A,

Nd N,

[Aacrll =

3 |, ot

We can write the following inequality:

Ng,Ns

lAaalln < Z / |Hyy (x)a(x)|dx

( S [t \dx) o (4.2)

Using Schwarz’ inequality, we can write an upper bound for the summation as

follows:

NdNS Nd7NS
> / Hyldx = 3 lgigll
4,J

Ng,Ns

> lgilollgsllo
,J

< NaN;max g7 ljo max g, (A.3)

IN

which leads to
Maarllin < NaNs max |7 {lo max [l lofle|oc.
Therefore an upper bound for the norm of A, is given by
[ Aall oo @)1 < NalNs max [l g [lo max g5 llo- (A.4)
The boundedness of g; and g; imply that A, is bounded. O

152



153

A.2 Compactness of A,

A, is bounded by (A.4). Furthermore 4, maps the infinite dimensional sub-
space L>=(€) to a finite dimensional subspace CYe*N«_that is the range R(A,) of
A, satisfies R(A,) € CYo*Ns due to the finite number of sources and detectors. As
a result, 4, is compact [57]. The inverse problem is ill-posed as a consequence of

compactness [57]. O

A.3 Proof of the Lemma

The identity operator Z is a bounded operator with bounded inverse and
(P.Z)' =7 : X, — X,. Furthermore, ||P,|x_x, is bounded for first order
Lagrange basis functions [8, 57]. Thus, projection by collocation converges for the
identity operator. A is bounded and compact, and K = AZ + A is injective, with
bounded inverse given by (4.33). As a result, by Theorem 13.7 in [57], the projection
method also converges for ' = A7 + A. Convergence of projection for I implies
(P.K) P, Ka* — a*, n — oo for (P, L) 'P.L: X — X, [57].

It follows from the proof of Theorem 13.7 in [57] that (Z4+5P,A) "' : YV, — X,
exists and is uniformly bounded for all sufficiently large n. Then from P, =
AP, (T + %PN.A) =\NZ+ %PnA), it follows that P,K : X,, — Y,, is invertible for all

sufficiently large n with the inverse given by

1 1
(P.K) ™ = (T + XP”A)_lX‘ (A.5)
As a result we can write (P,K)"'P,K as follows:
_1 1 1
('Pn/C) P.K = (I+ XPWA) XPnIC (A.G)
Thus,
Kl x—
(P PukCl s, < o PAX=Y (A7)

where C)y; > 0 is independent of n, using the facts that projection by collocation
method converges for the identity operator and (Z + ;P,.A4) " is uniformly bounded.
O



APPENDIX B
Appendix for chapter 3

B.1 Solution of the Model Problem (shorter version)

In order to initialize the adaptive mesh for the solution of the forward problem
(provided D(x) = D and p,(x) = Ji, are spatially constant), we use an analytical
solution to compute the estimates of g; and g;. Below, we give the solution in
2D for (5.1). Under the same conditions, an analytical solution for the adjoint
problem (5.3) can be obtained in a similar way.

First, we use the polar coordinates (p,f) to rewrite (5.1):

10, 0g; 10, 0g; 4 6(p — p)o(0 — 67
9,29y, 19 9 m6(p — p3)o(0 — 6)

Z Z =3 K20, = —= Lk

where we consider an unbounded domain, model the point source located at (p?,67)
by the Dirac-delta function 478(p — p2)6(6 — 67)/p, and K& = —(Jigc + iw)/cD.

Then, the solution g; at (p,d) due to the point source located at (p?,67) is given
by [53]

95(p, p;0,67) = l;lﬂ { to(kap<)Ko(kaps) + > ae_y cos[m (0 — 05)] I (kop<) K (kaps) } ’

where p- means the smaller of p and p?, p> means the greater of p and p?, I,,, and
K, are the modified Bessel functions of the first and second kind, respectively [1]

and kg = /—K3.

The solution of the problem in 3D can be derived in a similar manner [53, 85].

B.2 Solution of the Model Problem

Consider a circular heterogeneity in an unbounded medium. Figure B.2 shows
such a heterogeneity. In this section, we solve the diffusion equation on such a
domain, in which the optical properties of the circular inclusion and the background
are different. For this purpose, we first derive a solution for a homogeneous optical

medium. Next, we update our solution to account for the scattered field originating
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from the cylindrical heterogeneity.

Figure B.1: The setup considered for the solution of the model problem

in equation (B.1).

B.2.1 Homogeneous Optical Background
First, consider the constant-coefficient frequency-domain diffusion equation in

3D:
(B.1)

—0(x — 25)0(y — ys)0(2 — 2)
(VQ + K2 )(bmc = s
(bg) Dib)

where ®;,. is the incident optical density, K (2,,9) = —(Ha(pg)C + Jw)/cDbg)s Havg) and
D) are the absorption and diffusion coefficients of the background, respectively.
For our model problem, we consider a circular heterogeneity in an infinite
homogeneous medium, hence cylindrical (polar) coordinate system is appropriate
to expand the solution of (B.1). Therefore (B.1) can be rewritten in cylindrical

coordinates as follows:
_4j 6(p— ps)d(0 — 05)5(z — 25)

10 0D, 0%,

Lo inc inc KQ (Pinc _
)+ a0 a0 )t oz T K ) Doy

(B.2)

1 a( OB ine
-=(p
pOp" Op
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We make use of the following identities for the solution of equation (B.2) [53]:

1 [~ , 1 [
0(z—2) = — [ dse®F) == / ds cos[s(z — z,)],
21 J_o T Jo
1«
5(0 — 0,) > eim(0=0) (B.3)

and we expand the solution in cylindrical coordinates as

1 — [

Dine(X, 2; Ts, Ys, 25) = o2 m:ZOO/O dsezm(e_es)cos[s(z — 23)|gm(k, p, ps),  (B.4)
where g,,(k, p, ps) is the radial component of the solution ®;,., as a function of
m, k, p and p;.

Substituting equations (B.3) and (B.4) in equation (B.2) and rearranging the
terms yields the following differential equation:

d? 2d m? 9 4

Lt 2 g (4 K = -
dp*”™ " pdp pr D) p

Equation B.5 is similar to the modified Bessel equation for p # p,. In this case, the

substitution ,/s? — K (ng) p=Tp=r yields

d? 1d m?
229m + et (1+ F)gm =0. (B.6)

Thus, for p # ps, the solution to equation B.5 is given by the modified Bessel
functions, I,,(7p) and K,,(7p).

We assume that the following conditions hold for the solution:
1. gm(k, p, ps) be finite at p =0,
2. gm(k, p, ps) vanishes at p — oc.

Suppose that 1(7p) is some linear combination of I, and K, which satisfies the
correct boundary conditions for p < ps and that ¥(7p) is a linearly independent
combination which satisfies the proper boundary conditions for p > p,. The sym-

metry of the solution [53] in p and ps, that is g, (k, p, ps) = gm(k, ps, p), requires
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that
Im (0, ps) = V1(Tp<)2(Tp) (B.7)

where p. means smaller of p and ps and p~ implies larger of p and ps. 1 (7p) is the
solution for p < ps, thus the finiteness requirement at p = 0 implies the coefficient B,
should be zero (since the modified Bessel function K, — oo as p — 0) (Abramowitz
and Stegun 1968). Similarly, the second requirement implies the coefficient A, in
o(Tp) is equal to zero, since 1y(Tp) is the solution for p > ps and [,, — oo as
p — o00. Thus, we conclude that the solution g,,(k, p, ps) is given by gn(k, p, ps) =
Ay (Tp)iha(Tp), for some constant A. The constant A is to be determined from
[53]. Then, the incident field

47
Dvg)

the Wronskian condition, which results in A =
Dine(p, 0, 2; ps, b, z5) in 3D is given by

2 0 ,
B9, 0,53 2) = 5 37 || st conls(z = 218 (rp) o).
(B.8)

Noting that I,, = I, and K,, = K_, for n an integer [1], equation (B.8) can be

equivalently written in terms of real functions as follows:

4
Dpgym

Binel(p.ps) = / " dscosls(z — 2){3 ho(rp<) Ko(rps)

+ 3 cos[m(0 — 0,) Ln(Tp<) Kin(7ps)} (B.9)

In order to compute a solution in 2D, we can integrate the expression in B.9 with
respect to (z — z;) between the limits £7, where Z is taken to be very large. An
alternative way is to follow an approach similar to the one we followed in 3D case.
Instead, letting s — 0 and removing the related integral associated with §(z — zy)

will yield the desired result in 2D. In this case, the solution in 2D is given by

4
Dpgym

3 coslm(0 = 0. In(kpgp<) Knlbogps)},  (B.10)

1
Dine(p, ps; 0,05) {5 10(kwg) p<) Ko (Kieg) )
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where kg = /K (2bg).

B.2.2 The scattered field due to the circular inclusion

Now consider a circular inclusion of radius p = a in the homogenous back-
ground with its center at the origin (that is p = 0). When the incident wave reaches
the cylinder, the wave front is distorted. We assume that the wave field outside the
cylinder is a superposition of the incident field and a scattered field (due to the exis-
tence of the circular inclusion), that is @ ou) = P(ine) + P(se)- In this representation,
®(,c) and the field inside the circle ®;,,) are given by the modified Bessel functions,
as it should satisfy B.2 outside the circle.

The scattered field ®,. and the incident field ®,,,. in the presence of a circular

inclusion are given in terms of the modified Bessel functions as follows:

Doy = Z cos[n(0 — 0)] AL, (kg p) + BE) K (kg p), (B.11)
n=0

Dy = Z cos[n(0 — 05)| A Ly (kiny p) + BY L (ki) p).- (B.12)
n=0

The unknown coefficients in ®,. and ®;, representations are to be found by
applying appropriate boundary conditions at the interface of the circular inclusion

and for p =0 and p — oo [85]:
1. &, — 0 as p — oo.
2. ®;, is finite everywhere.

3. (1 = Ro1)®out = [(1 — Ra1) + 2(Ri2 — Ra1) Diny o

a—p]Cbm at p = a.

9 d
4. D(sg) g5 Pout = Diin) 25 ®in 2t p = a.

where Rjs and Ry are the reflection coefficients at the interface [85]. The first
two conditions suggest that AY? (since I,(z) — oo as  — oo) and B{™ (since
K, (x) — oo as x — 0) are equal to zero. The remaining coefficients, A,y and B

can be found using the third and fourth conditions.



XV, —-Y,
B(Sc) — nvn n
" Zn_San7

where

X = Dinykam I, (kinya),
In = D(out) k(out) quq, (k(out) CL) )
F, = (1= R lu(kunya) + 2(Riz — Rar) Dinykin) 1, (k(iny@))

and for n = 0,

2
Vo = Io(E(ou Ko(k(ou s)
" = Do 0(Kout) @) Ko (F(out) ps)
2k (ou
YE) = #KO(k(out)ps)[(l)(k(out)a)7
(out)
and forn >1
Vi =~ L (o) Kooy )
n  — WD(out) n\F(out) @) L0\ K (out)Ps )
4k (ou
Y, = #Kn(k(out)ps)lyll(k(out)a)-
(out)

As a result, the coefficients AU are given as

A(Zn) o SnB7(7,SC) "‘ Vn
n - Fn Y

where

Sn = (1 - R21)Kn(k(out)a)

where we assumed [}, and K], are the derivatives of I,, and K, respectively.
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(B.13)

(B.14)
(B.15)
(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)



APPENDIX C
Appendix for chapter 4

C.1 Proof of theorem 1
We can write [39]

0)‘—&)‘:7171{(’]'—’]1>0’\—|—(7—’y)}. (C.1)
In the following, we will provide appropriate approximations for (T — ’j') o and

(v =)
By definition,

= Aalz = > | [ (5509060 - GG ) aboix| . (€2
Similarly,
I8~ Bl = Y | [ (V3G Va0 — VG - V6,(0) 5t (C:3)

1,J
where G}, G; are the finite element approximations to g; and g;, respectively. We
can expand gfg; — GiG; as

9:9; — GiG; = ¢je; + Gjef + Gie;, (C.4)
where e = g7 — G and ¢; := g; — G;. Replacing G and G; respectively with
g; —e; and g; — e;, we get

979, — GiG; = gjei +gie; —eie;
~gie; +gies, (C.5)
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where we neglect the term efe;. In a similar way, we can write

VQ_;'VQJ'_V??'VGJ‘ = Vy; Vel + Vg -Ve; — Vei - Ve,
~ Vy;-Vel+Vgi-Ve;, (C.6)

We can express A — A as
A—A=AA, — A A, (C.7)
Following a similar approach as above,
AA, — AA, = (AL — A2 (A, — A) + Ao(Ay — Ay) + (AL — AD A, (C8)
As a result, the following condition holds:
A = Al < JI(A; = A3) (Aa = A || + A (Aw = Ag) + (A5 = A Al (C9)
Since A, = —(As — A,) + Aq, (C.9) can be rewritten as

I = A G A — AL A

H('A: - AZ)(-Aa - Aa)H + QHAZ(Aa - Aa)”
2)| Az (A, — Al (C.10)

IN

Q

where we neglect the term ||(A* — A%) (A, — A,)||. Similarly,

IB-B|| < 2|B;(By— By, (C.11)
|As — Agl| < 2| ALBy — By)|, (C.12)
1Ba—Bal < 2|B;(As — A (C.13)

We can write

104 = A)atlo ~ 2] A5 (Aa = Ad)a o
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Ng,Ns

> 51000 [ (5EE60 + 7R ) o Gix

)

~ 2

0
Ny, N,

<zl Y [ (070 + 7 @e@) @] ¢ (€10

An upper bound for the integral in (C.14) can be obtained as follows:

| (060 + 57 (4)) 0 )|
NX
<> llelualsse A||0m+2||ejr|0mjugz oy (C15)

Using (C.15) in (C.14),

[(A=A)a*o < 2max g g;1lo

N, NX\,N, N, N4,Ng
<D > lletllomillgse A||om+z Z le;llomsllgi oMlom; | - (C.16)
=1 n,j m,i

Similarly,

I(As — Ae) 3l < 2mas gzl

N; NxLNs N. NA.Ng
Z Z [Ve; HOm |||ng|ﬁ>\H0m + Z Z ||V€J||0mj |||ng|ﬁ>\H0m]
i=1 nj m,i

(C.17)
(B4 — Bt < 2max Vg7 - Vgjllo

Ny NXLN; N, N4,Ng
<\ 22 2 leillomiflgse AHOnﬁZ > Neilloms lgia* o,
i=1 n,j m,i

(C.18)
[(B = B)3lo < 2max Vg - Vo

N, NN N, Ni,Ng

ST 1V ot V818 o + 32 7 1€ oy (196218 o,
i=1 n,j j=1 my



17a — Fallo can be interpreted as follows:

Ng,Ns

e = allo = || 3= (6 (19,0 - G:OG) Ty
~ Ndz]:V (6?(')9;‘(') +9§<(')%> Lig||
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(C.19)

(C.20)

where the error in I'; ; due to discretization is neglected and the last approximation

is derived similar to (C.10). Similarly,

Ng,Ns

o =llo~ | D2 (Vi) Vg,0) + Vai () - Ve, ()) Ty

9

0

To compute an upper bound for ||, — 7,||o using (C.20), we first write

Nvas
> (w0 + 6 ()e0) Tug
%, 0
Nvas
< max Dy || Y2 (€010, + 97 ()es ()
b Z7j 0
Ng NN Ny NANg

< max [I'; | > e lomillgilloomi + Y D 167 llsomilesllom;s
7 i=1 n,j i=j myi

Noting (5.9),

max [[y5] < max|lgigslloflaflo +max[[Vgr - Vg;lollllo,

IA

max [|g; g;llx (lleello + 18]l0)
(C.23) leads to

17a = Fallo < max{lgig;lh (lerflo + [15llo)

(C.21)

(C.22)

(C.23)
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N, Nx,Nq N, NA,Ng

> letllomillgilloom: + > > Mg loomilleslloms
i=1 nj i=j my

(C.24)
Similarly,
v = Fllo < max g7 gjllx (llexllo +[15]lo)
Ng NANs N, N£7Nd
Yo D IV loaillVsllocnmi + D D 11V looumsl Vesloms
i=1 nj i=j  m
(C.25)

Since,

o =& < % (I(A = Al + 11 (As = As)B] + Fa — 7l

%12 (I(Ba = Ba)all + (B =B)SI + % —wll) . (C.26)
18 = 3 < X (I (A= Al + 1| (As = A5l + 170 = 7l

%o (B4 = Ba)all + |B=B)3ll + 15— wll) . (C27)

Then,

e — &l < 2%11 Ig%}X||gf9j||1

Ng NN
lleello + 11B1lo + 18110 .
(Z Z ||ez||07” (”gj >\H n7,+ ||gj||007’f“ +HveiHO,n’iH|ng‘/8>\“07"i

N NANd

. lello + 1181l
+> > lesllom, (ngz Mlomj + =19 lloomi ) + 1Vesll0.ms [[V6518 g 1y |

Jj=1 my

+2X12 max 9795l

Na NALN,
llello + 118110
X (E > e llomillgia*lom: + Ve lo.ni <|||V9j|5k||0,m~+2 1V g;lloc,ni
i=1 nj

NS A0dVd
* ladlo + 181
£30 3 leslomillaraoms + 19l (196718 o, + 101950 ) )
)= m,t

(C.28)
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which can be organized as

o = @l < 2max g7 gl

N, N4,Ng

~ llole + 81
> X el s+ ) g o + Pt

o ) llallo + 11310
+IVejll0,mg ((Xu + X12) H\Vgi |ﬂ/\H0,mj X 9 1V g5 1] 00,m;

Ny NALN

 Jlalo + 18l
#3035 et (o + 2 e+ L0

> 2 )
}

\ leello + 1181l
+1Ves | on ((Xu + X12) H\VQJWAHOM Xi2— 0 5 IV gjllooni

(C.29)

Using the discretization error estimates (5.25)-(5.26) with the generic positive con-

stant C', we can rewrite the upper bound as follows:

o — & < 20 max |7 g; 1

N, N‘Nd

~ ol + 13l
>3 [mjugjnzm ((X11+X12) g0 lomg + Fap Aot W80y o

i Nl + 150
+hmj||gj|12,m(<><n+>m>||rVgi|ﬂAHO,mj+xlz 0192

Ny NALNs

*  Jlolo + 18l
#3550 g + LI
i=1 nj

L o+ 18l
ol (G + ) 19018+ 0T g ).

Using a similar approach, the bound for ||3* — 5*||o can be found to be

16* = 3lo < 2C max||g; g1 x

N, N‘Nd

L ; _ ledlo + 11810 .
> 5 [t (G oo + ol " LI,
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_ ol +
4 gl 12

g9l (<x + ) Vg1 18 r|v9;k|roo,mj)}

HO,mj

Ny NXLN,

e (o e Jlallo + 1181l
2.2 [hiiugi [ (om + Xa2) 1950 o + Koot =2 o

i=1 nj

* tllo + 6
+huillg; H2m ((le + Xo2) H‘VQJWAHOM 22M”V%’Hm,m)} } .

Letting a(j,m),b(j,m),c(j,m) and d(j,m) as follows yields the first part of the

theorem:
d
a(j,m) = Z\Igf&kllo,mjllgj\lz,mj
. [ello + 1181lo
b(j,m) = —legz | o0,mj [l g ll2,my»
Ny
c(j,m) = ZHIVQZ‘WHOW 195 112m;

: lxflo + 18lo
d(j,m) = ——— Z IV lloomillg5ll2.ms

Defining a*(j,m),b*(j,m), c¢*(j, m) and d*(j,m) in a similar way concludes the the-

orermn.

C.2 Proof of theorem 2
Clearly,

P = [T PT)PrT] S
= [Ty d] (- v),

where ¢ := [, ¥p)T € X x X°. Note that [I - (P"’m’j’)*lpn’m’j‘] =
Without loss of generality, we can express (P”’mT)_IP”’m as follows:
I Tl

Pn,mj* —lpn,m — 7 C.30
( ) " (C.30)
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where II;;, for ¢ = 1,2, j = 1,2 are defined on appropriate subspaces. The bound-
edness of (P™™T)~" implies that IL;; is bounded by

[1TL5]| < 5 (C.31)

for some positive ;5,7 = 1,2, j = 1,2. Note that ||(P»™T) 1P| < ||[(P»™T)~ 1,
since P™™ is the orthogonal projection operator and ||[P™™| =1 [57].

Let e, := & — 1, and e, := B’\ — 1. We write
o — 6&2 = (Ga — )\aHHea — H12)\b€b> — HH(AQCL + ABeb) - ng(BAea + BebXCSZ)
Then,

& — allo < (T — NaIlit)eally + Aol Tizes]o
HHH./Ztea + HlQBAeaHU + HHHAB@I; + ngéebuo-

We have

6% = azllo < 1T = AalTuall 20— r2(@) lI€allo + Ml Aeallo + T2l Baeallo

+7T11||«ZlB€b||o + 7T12||8€b||0-

Assuming further that a*, 3* are bounded on Q[ J 99, and recalling the inter-

polation error estimates [20]

leallo < Clla |1 hea,

lesllo < ClBM i Tup,

for some generic C' > 0 and using the results of theorem 1 [39], we can write:

NG

16* = @)llo < C(1+ Aam1) D 11611 altta
t=1
N{

+C)\b7T12Z 13

u=1

1,ub hub
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N2 Ng,N,

+Cmi Hz!?;XHGijHOZ > G Gillosalla 1 sahta
’ t=1 i,

N2 Ng,Ns

+CW121I;3X!\VGf-VGjHoZ > G Gylloall @l cahia

t=1 4,
N Ng,Ns

+Cmy n}%XHGijHOZ > IVG; VG llowll M1 ubhu

u=1 i,j
N Ng,Ns

+Cmy max ||VGE - VGl Y IIVG; - VGillowll B 1ushus

u=1 4,5
which can be put into a simpler form as follows:

NA NA

a b
H@)‘ - 542”0 < C(l + )\a'ﬁll) Z H&)\Hl,tahta + C)\bﬂu Z ”ﬁ)\Hl,ubhub
t=1

u=1
wc (ml | G1G o + g max VG - VGJ-HO)
1,7 2y}

N2 Ny, N,

<3 316G o salld iahe

t=1 i

e (m max [ G1G; o + m1 max [ VG - VGJHO)
2,7 2,7

]\[bA Nd:Ns
XY VG - VGllowll 3w
u=1 4,
Since
max 1G7 Gyl + max IVGT - VGillo < max 1G7 Gy, (C.33)
we write
N2 N
16> = a@xllo < C(1+ Aami1) D 1621 tahta + Chomiz Y 118 11 uphus

t=1 u=1

Nz Na,Ns
+CO(m + m2) max |GG > > GGl allaM |1 abra

t=1 i
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N Na,Ns
+C(m1 + m2) max [GF G110 Y > IVG; - VGjllo.wsll A1 ubhus
I u=1 iy
Ng NP
S C(l + )\zﬂTll) Z Hd/\HLmhm + C/\b7T12 Z Hﬁ/\Hl,ubhub + C(?TH + 7T12) HZIE}X HG:(GjHl
t=1 u=1 ’

N& Ny,N, N Ng,Ns
< [ D7D GG lloallaMssaliua + > D IVE; - VGllownll BN l1ubhus | -

t=1 ij u=1l i

A similar bound can be obtained for ||3* — 5} ||o:

Ny Ng
18> = Billo < C(1+ Nyrag) Z 18M bl + C Aoy Z 1671 taPrta
u=1 u=1

+C(ma1 + m2) rr%e}x |GGl

N& Ng,N; N{ Ng,Ns
< [ DY GG llosalldM 1 iahia + > Y IVG; - VGlloull BN ubha
t=1 i w=1 ij

C.3 Proof of theorem 3
The conditions (5.45) and (5.46) together with (5.47)-(5.48) imply that

[(X11 + X12)a(j, m) + X120(j, m)] h‘72nj + [(X11 + Xa2)e(d, m) + Xa2d(f, m)] iy < €,
[(X11 + Xi2)a™(i,n) + X12b" (i, n)] hey + [(Xa1 + X12)¢" (i, n) 4+ X12d* (i, n)) by < €,

and

[(X21 + Xaz)a(j, m) + X22b(j, m)] h?nj + [(Xa1 + Xa2)e(d, m) + Xo2d(j, m)] by < 6,
[(Xa1 + Xa22)a™(i,m) + Xa2b* (i, n)] h2; + [(Xo1 + Xa2)¢(4,n) 4 Xoad*(i,0) hni < e,

since a(j,m), b(j,m), c(i,n), d(i,n) and a*(j,m), b*(j,m), c¢*(i,n), d*(i,n) are pos-

itive. Using this argument in theorem 1 results in the bound given in (5.44).



APPENDIX D
Appendix

D.1 Finite Element Discretization of the Forward Problem

In this section, we formulate the finite element problem for the diffusion equa-
tion in frequency domain on a bounded domain Q C R?. We use triangular finite
elements with piece-wise linear Lagrange basis functions for the discretization.

We turn back to the boundary value problem in equations (??) and (?7)

(dropping the subscript j from g):

VD)Vt (mx) T ﬂ) g=Qx) () e, (D.1)
g+ QaD(x)g—z =0 (x)€09Q, (D.2)

where 0 C R? is a bounded domain with Lipschitz boundary 92 and outward unit
normal 7.

Equivalently we can express the problem in equations (D.1)-(D.2) as follows:

(D). - (D), + (w9 + 2 ) g =0 e m3)
g(x) +2aD(x)n - Vg(x) =0 (x) € 09 (D.4)

We first formulate the variational problem by multiplying equation (D.3) by a test

function ¢» € H' and integrating over {2 to obtain

3 (Dg)e + (Dgy)y + (1a+22) g— Q| dx = 0. (D.5)
Q C

Applying divergence theorem, we get

/ {VE-DVngE((MaJrj—w)g—Q)} ix— [ wp%a = o,
Q & on

Jw

/Q[VE.DVQ—FE((M;—F—)Q—Q)}CZX_F oled = 0. (D)

C

170
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where the integrand Dg, in the boundary integral is replaced by g/(2a) using the
boundary condition in (D.2).

Equivalently we can express (D.6) as follows:

AW + (b 500) = (0.0) (D.7)

where

A, g) = /Q[D(%gwr%ng(MavL%w) w} dx, (D.8)
¥, Q) = [ ¢¥Qdx (D.9)

1 _

Similarly, the variational problem can be formulated for the adjoint problem

in (??) and (??) (dropping the subscript i) as follows :

A, g%) + <w, 21—@9*> =<, Q" > (D.11)

where Q* is the adjoint source located at the detector position and w is replaced by

—w in A(¢, g*).

D.1.1 Existence and Uniqueness of the Solution to the Variational Prob-
lem
In this section, we prove that a solution to (D.7) (and to (D.11)) exists and it
is unique. Furthermore, we show that the problem (D.7) is well-posed in the sense
that the solution ¢ is bounded.

We first write the following sesquilinear form [47]:

b0.9) = Alwg) + (500, (D.12)

and consider

(¥, 9) = (¢, Q). (D.13)
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We start with the following proposition:

Proposition 1 For bounded D < D, and pg < fiymaz, the sesquilinear form
b(v, g) is continuous, that is |b(¢, g)| < M||¢||1||gll1, for some M > 0.

Proof.

4.9 = [(70.095)+ (1, + 22 )

froler )

Jw
< Dunaa VLol Vllo + I¥llollgliolta + =~ lmaa

/Vw-DVg‘nL
Q

Jw
< |[RlhllglliDmaz + 1ellllglly {pa + =

maxr

Jw
— ollllls (Do + o+ 2] )

Ha + =
= M[[¢[1llglls, (D.14)

where M, = (Dmax + ‘,ua + j;‘“‘mm). Note that

1 1
R < — .
'<w, 2a9>‘ < 5, 1 llo.oellglloe)

By [20]

N

1 1 1/2 1/2 1/2 1/2
selloealigloon < Z-Cillollg” il *Callglle” g1y’
a a
1
< 5o Mal[¢ 1]l (D.15)

where My = C1Cy, for some Cy,Cy > 0. Thus, |b(¢,g)] < M||v|1]lg]l1, where
M = M, + My/2a. O

Proposition 2 For some bounded D,,;;, < D and bounded pi,,;, < pta, The sesquilin-
ear form b(1), g) is coercive (positive definite), that is [b(v,¥)| > B||¢]|3, for

some (3 > 0.
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Proof.
ol = |(96.090)+ (i + 2200 + (w50
Jw 1
— | [ ve-DV A ) o
/ : w*/w(“ + )“ /.
> min (Dm (umm+ )D o2 (D.16)
where 5 = min (Dpin, |(lmin + jw/c)|). =

By Lax-Milgram lemma, propositions 1 and 2 ensure that the variational prob-
lem (D.12) has a unique solution. Furthermore, we establish the following stability

condition for the solution g of the frequency-domain diffusion equation:

Corollary The solution g to the variational formulation in equation (D.12) is stable

in the sense that

gl < % (D.17)

for some C' > 0, which implies that g belongs to H!.

Proof. The ellipticity condition in Proposition 2 implies that the solution g is
bounded by the data f, measured in the norm of the dual space of H!, which
is H~!. The bound on the norm of the solution is given by [47]

1
gl < 2@ -1, (D.18)

where the dual norm ||Q||z-1 is given by

Q)]

07év€H1 [

1@ -1 = (D.19)

where Q(v) = (Q,v). At this point, we use the Gaussian approximation for

the source @ (see Chapter 2), which implies that Q(v) = (Q,v) is a bounded
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linear functional in H~'. Thus, the dual norm of Q(v) is given by

QW _ o 1@l _ 1 Qlallel:

|Q(v)||[g-1 :== sup < < — =@l
0£veH! lv]l1 0£veH! |v]]1 0#£veH! o1

(D.20)

O

D.1.2 Finite Element Discretization
Consider the integrals in equations (D.8)-(D.9) and (D.10). In order to com-
pute these integrals on a set of finite elements, we write the elemental integrals by

restricting (D.8)-(D.9) and (D.10) on the finite elements as follows:

A, g) = > Alg,¥)e (D.21)

Na

(9.Q) = D (¥, Q) (D.22)

e=1

1 ol 1
<¢7 %9> = ; <¢7 %9>e~ (D.23)
where N is the number of finite elements.

These integrals may be simple or complex depending on i, D, Q) and the mesh.
Pursuing a general approach, we can consider a procedure based on transforming
these integrals on element e to a canonical element €2y and evaluate them on the
canonical element. Thus, we transform an arbitrary element in the physical (z,y)-
plane to the canonical element having a simpler geometry in a computational (&, n)-
plane. The details of this approach can be found elsewhere [9] Transformation leads

to the following integrals:

A(pg) = / [Do(Tocts + Toe) (Goce + Goum.)

+  Do(Po.&y + Yo,my) (90eEy + 9o,1y) (a0 + ‘%w)%go det(J.)d&dn,
(D.24)

(¥, fe = Yo(&m) f(x(€,m),y(&,n)) det(J.)dEdn, (D.25)

Qo
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1 — 1
a e " dl7 D.2
<, 2a9 > 1/)02ago (D.26)

Qo

where Dy, pq0 are the diffusion and absorption coefficients transformed onto the
canonical element, and J, is the Jacobian of the transformations z = z(&,n) and

y =y(&,n) and is given by

=1, (D.27)

Ye Yy

where the subscripts denote the variable with respect to which the derivative is

taken.

D.1.3 Generation of Element Matrices and Vectors

In order to obtain the finite-element (Galerkin) formulation of (D.12), we use
the elemental integrals (D.24)-(D.25) and (D.26), select a finite dimensional subspace
SN c H', and replace ¢ and v with their finite-dimensional counterparts G and ¥

for x = (z,y) as follows:

Gx) = ) cjpi(x) (D.28)

Jj=1

= Z ¢ | Nje(x) (D.29)

N

U(x) = Zd;UNjﬁ(x) (D.30)

where ¢;(x) denotes the j™ basis function associated with the j node and N is the
number of nodes. ¢; and d; are the coefficients of each basis function in the finite
sum for G and VU, respectively. N;. is the elemental shape function [20] associated
with the j** node and N i is the number of elements that include the j** node. Note
that we use piece-wise linear Lagrange polynomials as the basis functions and thus
the Lagrange shape functions corresponding to these basis polynomials.
Transformation to the canonical (£,7) plane yields the following representa-

tions for the finite element approximations Go(&,n) and Wo(&,n) of g(x) and ¢ (x),
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respectively on the canonical element.

GO(&J 77) = CZN(§7 T]) (D31>
\110(57 77) = dZN(£> 77) (D32>

where the vectors ¢, and d.contain the elemental parameters and N(&, n) is a vector

that contains the elemental shape functions:

o = e o o com | (D.33)
df = [dy do o den | (D.34)
NZ = _Nl(éan) N2(§777> NNe(éan) ’ (D35)

where NN, is the number of nodes in each element. N, depends on the order of the
basis selected for the finite element solution of the problem. Using the equivalent
forms of Go(&,n) and ¥o(&,n) given in equations (D.31) and (D.32) in the elemental
integrals given in equations (D.24), (D.25) and (D.26), we arrive at

AV, @), = dI (K, + M,)c,
(v,Q). = dlQ,
1

<\p, —G> = d'Pc.
2a /.

where
K. = / [91eNeN{ + oo (NeNT + N, NY) + 93N, N7 det(J.)dédn
Qo
_ Jjw T
M, = - / (uao+—) NN det(J,)dédn
Qo c
Q. = NQ det(J.)d&dn,
Qo

with the following identities

gie = Dol&G + &)
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Joe = DO[fm”x'*’&y"y]

gse = Do[n; +n7]

and Dy = D(x(&,n),y(&,n)) and pao = pma(z(€,n),y(&,n)).

The term P.5 is computed according to where the boundary edge is trans-
formed to. Assuming that the boundary edge of the physical element is transformed

onto the edge of the canonical triangle with 7 = 0 via the transformation z = x(§, n),

y=1y(&,n), Pey is given by

Py = i /01 N(€, 0)N7 (¢, 0)\/(d$£f€’ O))2 + (dyifg’ 0))2d§. (D.36)

A similar approach can be followed for the case when the boundary edge is trans-
formed onto £ = 0. In case the boundary edge is transformed to the hypotenuse of

the canonical element, the line integral can be evaluated as follows

P | N(E1 - ONT(e1 - 5>J (W) " (dy(gd—lf_f))dé
(D.37)

Assembly of the elemental matrices and vectors yields the following finite dimen-

sional problem formulation:

(K+M+Pjy)c =T, (D.38)

where ¢ = [c1, ¢, -+, cn]t. We note that the ellipticity of the sesquilinear forms
b(1, g) and b*(¢, g*) carries over to the finite-dimensional subspace (for conforming
finite elements) [47]. As a result, the finite element matrix (K+ M+ Pj) is positive

definite and thus has a bounded inverse.



