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Motion: Introduction

We are interested in the visual information that can be extracted
from the spatial and temporal changes occurring in an image
sequence. An image sequence consists of a series of images (frames)
acquired at consecutive discrete time instants. They are acquired
from the same or di�erent view points.
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Motion: Introduction (cont'd)

Image content at di�erent frames varies because of the relative
motion between the camera and the scene. We are either dealing
with a static scene yet a moving camera or a stationary camera but
dynamic scene or both. The goal of motion analysis is to
characterize the relative motion and use it as a visual cue for object
detection, scene segmentation or 3D structure reconstruction.
Motion is important since it represents spatial changes over time,
which is crucial for understanding the dynamic world.
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Motion: Introduction (cont'd)

Motion analysis can answer the following questions

� How many moving objects are there ?

� Which directions are they moving ?

� How fast are they moving

� What are the structures of the moving objects?
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Tasks in Motion Analysis

� point correspondences between two neighboring frames

� 3D motion and 3D structure estimation from the matched
points

� motion based segmentation-divide a scene into di�erent
regions, each of which may be characterized by di�erent motion
characteristics.

The �rst two tasks of motion analysis are very much similar to the
stereo problem. They are di�erent however.
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A Graphical Model for Motion Modeling and Analysis
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Motion Analysis v.s. Stereo

The main di�erences between the two are:

� much smaller disparities for motion due to small spatial
di�erences between consecutive frames.

� the relative 3D movement between camera and the scene may
be caused by multiple 3D rigid transformations since the scene
cannot be modeled as a single rigid entity. It may contain
multiple rigid objects with di�erent motion characteristics.

see �g. 8.3, where the foreground and the background move in
di�erent directions. The foreground moves toward the camera while
the background (toys) moves away from the camera.
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Motion Analysis v.s. Stereo (cont'd)

Motion analysis can take advantage of small temporal and spatial
changes between two consecutive frames. Speci�cally, the past
history of the features motion and appearance (intensity
distribution pattern) may be used to predict current motion. This
is referred to astracking. But the reconstruction is often not
accurate due to small baseline distance between two consecutive
frames. Like the stereo, the main bottleneck for motion analysis is
to determine correspondences. There are two methods: di�erential
methods based on time derivatives (image 
ow) and matching
methods based on tracking. The former leads to dense
correspondences at each pixel while the latter leads to sparse
correspondences.
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Basics in Motion Analysis

For subsequent discussion, we assume there is only one rigid
relative motion between camera and the object.

Motion �eld is de�ned as the 2D vector �eld of velocities of the
image points, induced by relative 3D motion between the view
camera and the observed scene. It can also be interpreted as the
projection of 3D velocity �eld on the image plane.
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Let P = [ X; Y; Z ]t be a 3D point relative to the camera frame and
p = [ x; y; f ] be the projection of P in the image frame. Hence,

p = f
P
Z

Let's say the camera moves with some translational movementT
and a rotational movement ! = ( ! x ; ! y ; ! z ), then relative motion
between the camera andP can be characterized as

V = � T � ! � P (1)

V =

0

B
B
@

� tX + ! zY � ! y Z

� tY + ! x Z � ! zX

� tZ + ! y X � ! x Y

1

C
C
A (2)

The motion �eld in the image is resulted from projecting V onto
the image plane.
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The motion of image point p is characterized as

v =
dp
dt

Given p = f P
Z , we have

v = f
ZV � Vz P

Z 2

Let ! = ( ! X ; ! Y ; ! Z )t , v = ( vx ; vy ), and T = ( tX ; tY ; tZ )t ,

we have

vx =
@fXZ

@t
=

tZ x � tX f
Z

� ! Y f + ! Z y +
! X xy

f
�

! Y x2

f

vy =
@fYZ

@t
=

tZ y � tY f
Z

+ ! X f � ! Z x �
! Y xy

f
+

! X y2

f
(3)
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Note the motion �eld is the sum of two components, one for
translation and the other for rotation only, i.e.,

vt
x =

tZ x � tX f
Z

vt
y =

tZ y � tY f
Z

(4)

the translational motion component is inversely proportional to the
depth Z .

v!
x = � ! Y f + ! Z y +

! X xy
f

�
! Y x2

f
(5)

v!
y = ! X f � ! Z x �

! Y xy
f

+
! X y2

f
(6)

the angular motion component does not carry information of object
depth (no Z in the equations). Structures are recovered based on
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translational motion.
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Motion Field: pure translation

Under pure relative translation movement between the camera and
the scene, i.e.,! = 0, we have

vx =
tZ x � tX f

Z

vy =
tZ y � tY f

Z
(7)

AssumetZ 6= 0 and p0 = ( x0; y0)t such that

x0 =
f t X

tZ

y0 =
f t Y

tZ

Equation 7 can be rewritten as
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vx = ( x � x0)
tZ

Z

vy = ( y � y0)
tZ

Z
(8)

From equation 8, we can conclude

� the motion �eld vectors for pure 3D translation is radial, all
going through point p0

� the motion �eld magnitude is inversely proportional to depth
but proportional to the distance to p0

� the motion �eld radiates from a common origin p0, and if
tZ > 0 (move away from the camera), it radiates towardsp0

since as object moves away from the camera, its size shrinks
and the image point moves towards thep0. On the other hand,
as the object moves towards the camera, i.e.,tz > 0, the object
size increases and each image point, therefore, moves away



Slide 17

from p0. The motion �eld radiates outward from p0.

� when tz = 0, i.e., movement is limited to x and y directions,
then motion �eld is parallel to each other other since
vx = � f t X

Z and vy = � f t Y
Z

The above conclusions allow us to infer 3D motion from their 2D
motion �eld, given some knowledge about the 3D motion (such as
translational motion).
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Motion Field: Planar Motion

The relative planar motion between the camera and scene induces a
motion �eld of quadratic polynomial of the image coordinates. The
same motion �eld can be produced by two di�erent planar surfaces
undergoing di�erent 3D motions due to special symmetry with the
polynomial coe�cients. Therefore, 3D motion and structure
recovery can not be based on coplanar points.
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Optical Flow

Optical 
ow is a vector �eld in the image that represents a
projection of the image motion �eld, along the direction of image
gradient.
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The image brightness constancy equation.

Let I t (x; y) be the intensity of pixel (x,y) at time t. We assume the
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intensity of pixel (x,y) at time t+1, i.e, I t +1 (x; y) remains the
same, i.e,

dI
dt

= 0

this constraint is completely satis�ed only under 1) the motion is
translational motion; or 2) illumination direction is parallel to the
angular velocity for lambertian surface. This can be veri�ed by
assuming the lambertian surface model

I = �n t L

Hence,

dI
dt

= � (
dn
dt

)t L

= � (! � n)t L

= � (! � L )t n
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Hence, @I
@t = 0 only when either ! = 0 or ! and n are parallel to

each other.

We know I is a function of (x; y), which, in turn, are function of
time t, I(x(t), y(t), t), Hence

dI
dt

=
@I
@x

dx
dt

+
@I
@y

dy
dt

+
@I
@t

= 0 (9)

@I
@x and @I

@y represent spatial intensity gradient while @I
@t represents

temporal intensity gradient.

Hence we come to the image brightness constancy equation

(5 I )t v + I t = 0 (10)

5 I is called image intensity gradient. This equation may be used to
estimate the motion �eld v. Note this equation has no constraint on
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v when it is orthogonal to 5 I . So equation 10 can only determine
motion 
ow component in the direction of the intensity gradient,
i.e., the projection of motion �eld v in the gradient direction (due
to the dot product). This special motion �eld is called optical 
ow .
So, optical 
ow is always parallel to image gradient.
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Aperture Problem

The component of motion �eld in the direction orthogonal to the
spatial image gradient is not constrained by the image brightness
constancy equation. Di�erent 3D motions may produce the same
2D optical 
ows.



Slide 25

Aperture Problem Example

In this example, the motion is horizontal while the gradients are
vertical except for the vertical edges at ends. Optical 
ows arenot
detected except for the vertical edges. This may be used to do
motion-based edge detection.
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Optical Flow v Estimation

To estimate optical 
ow, we need an additional constraint since
equation 10 only provides one equation for 2 unknowns.

For each image pointp and a N � N neighborhoodR, where p is
the center, assume every point in the neighborhood has the same
optical 
ow v (note this is a smoothness constraint and may not
hold near the edges of the moving objects).

5 t I (x; y)v(x; y) + I t (x; y) = 0 ( x; y) 2 R

v(x; y) can be estimated via

� 2 =
X

(x;y )2 R

(5 t I (x; y)v(x; y) + I t (x; y))2

The least-squares solution tov(x; y) is
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v(x; y) = ( A t A)� 1A t b

where

A =

2

6
6
6
4

5 t I (x1; y1)

5 t I (x2; y2)
... 5 t I (xN ; yN )

3

7
7
7
5

b = � [I t (x1; y1); I t (x2; y2); : : : ; I t (xN ; yN )]t

see the CONSTANT FLOW algorithm in Trucoo's book. Note this
technique often called the Lucas-kanade method. Its advantages
include simplicity in implementation and only need �rst order
image derivatives. The spatial and temporal image derivatives can
be computed using a gradient operator (e.g., Sobel) and are often
preceded with a Gaussian smoothing operation. Note the algorithm
only applies to rigid motion. For non-rigid motion, there is a paper
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by Irani 99, that extends the method to non-rigid motion
estimation.

Note the algorithm can be improved by incorporating a weight with
each point in the regionR such that points closer to the center
receive more weight than points far away from the center.
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Additional Optical Constraints

Besides assuming brightness constancy while objects are in motion,
we can assume smoothness constraint on the motion �eld, i.e.,
motion �eld projections in x, y, and t remain the same for a small
neighborhood. Mathematically, these constraints can be formulated
as follows: d2 I

dtdx = 0, d2 I
dtdy = 0, d2 I

dtdt = 0. Applying them to equation
9 yields three additional optical constraints:

vx I xx + vy I yx + I tx = 0

vx I xy + vy I yy + I ty = 0

vx I xt + vy I yt + I tt = 0 (11)

The four optical 
ow constraints are
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vx I x + vy I y + I t = 0

vx I xx + vy I yx + I tx = 0

vx I xy + vy I yy + I ty = 0

vx I xt + vy I yt + I tt = 0 (12)

This yields four equations for two unknownsv = ( vx ; vy ). They can
therefore be solved using a linear least squares method by
minimizing

kAv � bk2 (13)

where

A =

0

B
B
B
B
B
@

I x I y

I xx I xy

I yx I yy

I tx I ty

1

C
C
C
C
C
A

b = �

0

B
B
B
B
B
@

I t

I xt

I yt

I tt

1

C
C
C
C
C
A

:
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Computing Image Derivatives

Traditional approach to compute intensity derivatives involves
numerical approximation of continuous di�erentiations (see
appendix A.2). We propose to compute image derivatives
analytically using a cubic facet model to obtain an analytical and
continuous image intensity function that approximates image
surface at time (x,y,t). This yields more robust and accurate image
derivatives estimation due to noise suppression via smoothing by
function approximation.
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Cubic Facet Model

Assume the gray level pattern of each small block in an image
sequence is ideally a canonical 3D cubic polynomial ofx; y; t :

I (x; y; t ) = a1 + a2x + a3y + a4t + a5x2 + a6xy

+ a7y2 + a8yt + a9t2 + a10xt + a11x3 + a12x2y

+ a13xy2 + a14y3 + a15y2t + a16yt2 + a17t3

+ a18x2t + a19xt 2 + a20xyt; x; y; t 2 R; (15)

The solution for coe�cients a = ( a1; a2; : : : ; a20)t in the
Least-squares sense minimizeskDa � J k2 and is expressed by

a = ( D t D)� 1D t J (16)
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where

D =

0

B
B
B
B
B
B
B
B
B
@

1 x1 y1 t1 : : : x 1y1 t1

1 x1 y1 t2 : : : x 1y1 t2

...
...

...
...

...

1 x1 y2 t2 : : : x 1y2 t1

...
...

...
...

...

1 xX yY tT : : : x X yY tT

1

C
C
C
C
C
C
C
C
C
A

J =

0

B
B
B
B
@

I 1

I 2

...

I N

1

C
C
C
C
A

I n is the intensity value at
(x i ; yj ; tk ) 2RandRistheneighborhoodvolume.

Note while performing surface �tting, the surface should be
centered at the pixel (voxel) being considered and use a local
coordinate system, with the center as its origin. So, for a 3x3x3,
neighborhood, the coordinates for x,y and t are: -1 0 1, -1 0 1, and
-1 0 1 respectively. Do not use the actual coordinates . Hence, D is
the same for every point.
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Cubic Facet Model (cont'd)

Image derivatives at (0,0,0) are readily available from the cubic
facet model. Substituting ai 's into Eq. (13) yields the OFCE's we
actually use:

A =

0

B
B
B
B
B
@

a2 a3

2a5 a6

a6 2a7

a10 a8

1

C
C
C
C
C
A

b = �

0

B
B
B
B
B
@

a4

a10

a8

2a9

1

C
C
C
C
C
A

(17)
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Optical Flow Estimation Algorithm

The input is a sequence of N frames (N=5 typical). LetQ be a
square region ofL � L (typically L=5). The steps for estimating
optical 
ow using facet method can be summarized as follows.

� Select an image as central frame (normally the 3rd frame if 5
frames are used)

� For each pixel (excluding the boundary pixels) in the central
frame

{ Perform a cubic facet model �t using equation 15 and
obtain the 20 coe�cients using equation 16.

{ Derive image derivatives using the coe�cients and the A
matrix and b vector using equation 17.

{ Compute image 
ow using equation 14.

{ Mark each point with an arrow indicate its 
ow if its 
ow
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magnitude is larger than a threshold.

Set the optical 
ow vectors to zero for locations where matrix A t A
is singular (or small determinant).
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Optical Flow Estimation Examples

An example of translational movement
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An example of rotational movement
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Motion Analysis from Two Frames

If we are limited to two frames for motion analysis, we can perform
motion analysis via a methods that combines optical 
ow
estimation with the point matching techniques. The procedure
consists of the following steps:

For each small regionR in the �rst image

� Estimate image derivatives numerically (cannot do cubic facet
�tting)

� Estimate optical 
ow using equation Lucas-Kanade method or
the above method

� Produce a new region R' at the next image bywarping R based
on the estimated optical 
ow. Note warping involves
performing a 2D translation and rotation of current point to a
new position based on the estimated optical 
ow. The
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orientation of the optical 
ow determines the rotation while the
magnitude of the optical 
ow determines the translation.

� Compute the correlation betweenR0 and the R in the original
image. If the coe�cient is large enough, the estimated optical

ow is correct. We move on to next location in the image. The
result is the optical 
ow vector for each feature point. Refer to
feature point matching algorithm on page 199.
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Motion Analysis from Multiple Frames

Motion analysis for multiple image frames are conducted via
tracking. Tracking is a process that matches feature points from
frame to frame.
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Kalman Filtering

A popular technique for feature tracking is called Kalman �ltering.
It is a recursive procedure that estimates the position of a point in
the next frame and as well as its uncertainty, based on the
estimates at the previous time. Kalman �ltering assumes: 1) linear
state model; 2) uncertainty is Gaussian.
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Kalman Filtering (cont'd)

Let's look at tracking a point p = ( x t ; yt ), where t represents time
instant t. Let's the velocity be vt = ( vx;t ; vy;t )t . Let the state at t
be represented by its location and velocity, i.e,
st = [ x t ; yt ; vx;t ; vy;t ]t . The goal here is to compute the state vector
from frame to frame. More speci�cally, given st , estimate st +1 .
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Kalman Filtering (cont'd)

According to the theory of Kalman �ltering, st +1 , the state vector
at the next time frame t+1, linearly relates to current state st by
the system model as follows

st +1 = � st + w t (18)

where � is the state transition matrix and w t represents system
perturbation, normally distributed as wt � N (0; Q). State model
describes the temporal part of the system.

If we assume the feature movement between two consecutive frames
is small enough to consider the motion of feature positions from
frame to frame uniform, the state transition matrix can be
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parameterized as

� =

2

6
6
6
6
6
4

1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

3

7
7
7
7
7
5

The measurement model in the form needed by the Kalman �lter is

zt = H st + vt (19)

where zt = ( zt x ; zt y ) represents the measured feature position,
matrix H relates current state to current measurement andvt

represents measurement uncertainty, normally distributed as
vt � N (0; R). Measurement model describes the spatial features of
the system. For tracking, measurement is obtained via a feature
detection process.
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For simplicity and since zt only involves position, H can be
represented as

H =

2

4 1 0 0 0

0 1 0 0

3

5
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Kalman Filtering (cont'd)

Kalman �ltering consists of state prediction and state updating.
State prediction is performed using the state model while state
updating is performed using the measurement model.

t+1

St+1

t t

and search area
at time t+1

detected

time t

(x , y  )

- -
t+1

(x     , y   )

predicted feature position 

feature at

Step 1: Predicting
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Kalman Filtering (cont'd)

� Prediction

Given current state st and its covariance matrix � t , state
prediction involves two steps: state projection (x �

t +1 ) and error
covariance estimation (� �

t +1 ) as summarized in equations 20
and 21.

s�
t +1 = � st (20)

� �
t +1 = �� t � t + Q (21)

� �
t +1 represents the con�dence of the prediction.

� Updating

Updating consists of three steps:

{ The �rst step is the measuring process to obtainzt +1 , and
then to generate aposteriori state estimate st +1 by
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incorporating the measurement into equation 18. The
feature detector (e.g., thresholding or correlation) searches
for the region determined by the covariance matrix � �

t +1 to
�nd the feature point at time t + 1.

During implementation, the search region, centered at the
predicted location, may be a square region of 3� x � 3� y ,
where � x and � y are the two eigen values of the �rst 2� 2
submatrix of � �

t +1 . Correlation method can be used to
search the region to identify a location in the region that
best matches the detected feature in the previous time
frame.

The detected point is then combined with the prediction
estimation to produce the �nal estimate. Search region
automatically changes based on ��t +1 .

{ the second step is to combines�
t +1 with zt +1 to obtain the

�nal state estimate st +1
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First, compute the Kalman gain K t +1

K t +1 =
� �

t +1 H T

H � �
t +1 H T + R

(22)

The gain matrix K is a weighting factor to determine the
contribution of measurement zt +1 and prediction Hs �

t +1 to
the posterior state estimatest +1 .

Then

st +1 = s�
t +1 + K t +1 (zt +1 � Hs �

t +1 ) (23)

{ The �nal step is to obtain the posteriori error covariance
estimate. It is computed as follows

� t +1 = ( I � K t +1 H )� � 1
t +1 (24)
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t+1

t+1 t+1
(x     y     )- -

t+1 t+1
(x     y     )- -

Z
t+1

Z
t+1

�
�
�
�

t t
detected

time t

(x , y  )

- -
t+1

(x     , y   )

feature at

detected position

Step 2: Measurement and Updating

final position estimation

final estimate
with the
uncertainty

predicted  

 combining  with 

After each time and measurement update pair, the Kalman �lter
recursively conditions current estimate on all of the past
measurements and the process is repeated with the previous
posterior estimates used to project or predict a newa priori
estimate. The trace of the state covariance matrix is often used to
indicate the uncertainty of the estimated position.
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Kalman Filtering Initialization

In order for the Kalman �lter to work, the Kalman �lter needs be
initialized. The Kalman is activated after the feature is detected in
two frames i and i + 1

The initial state vector s0 can be speci�ed as

x0 = x i +1

y0 = yi +1

vx; 0 = x i +1 � x i

vy; 0 = yi +1 � yi

The initial covariance matrix � 0 can be given as:
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� 0 =

2

6
6
6
6
6
4

100 0 0 0

0 100 0 0

0 0 25 0

0 0 0 25

3

7
7
7
7
7
5

� 0 is usually initialized to very large values. It should decrease and
reach a stable state after a few iterations.

We also need initialize the system and measurement error
covariance matricesQ and R. The standard deviation from
positional system error to be 4 pixels for bothx and y directions.
We further assume that the standard deviation for velocity error to
be 2 pixels/frame. Therefore, the state covariance matrix can be
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quanti�ed as

Q =

2

6
6
6
6
6
4

16 0 0 0

0 16 0 0

0 0 4 0

0 0 0 4

3

7
7
7
7
7
5

Similarly, we can also assume the error for measurement model as 2
pixels for both x and y direction. Thus,

R =

2

4 4 0

0 4

3

5

Both Q and R are assumed be stationary (constant).
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Limitations with Kalman Filtering

� assume the state dynamics (state transition) can be modeled as
linear

� assume the state vector has uni-modal and is Gaussian
distribution, can therefore not track multiple feature points
and require multiple Kalman �lters to track multiple feature
points. It can not track non-Gaussian distributed features.

To overcome these limitations, the conventional Kalman �ltering
has been extended toExtended Kalman Filtering to overecome the
linearity assumption, and Unscented Kalman Filtering to overcome
the Gaussian assumption. For details, see the link to Kalman
�ltering on course website.

A new method based on sampling is calledParticle Filtering was
has been used for successfully tracking multi-modal and
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non-Gaussian distributed objects. The system and observation
models are probabilistically generalized to

P(X t +1 jX t ) system model

P(Z t jX t ) observation model

Slide 62

Bayesian Networks and Markov Chain
Interpretation for Kalman Filtering

S(t-1) S(t) S(t+1)

Z(t-1) Z(t) Z(t+1)

Bayesian network: casual relationships between current state and 
previous state, and between current state and current observation.

Markov process: given S(t), S(t+1) is independent of S(t-1), i.e.,
S(t+1) is only related to S(t).

Bayesian network and Markov chain Interpretation for Kalman filtering
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Particle Filtering for Tracking

Let st represent the state vector andzt represent the measurement
(resulted from a feature detector) at time t respectively. Let
Z t = ( zt ; zt � 1; : : : ; t0)t be the measurement history and
St = ( st ; st � 1; : : : ; s0)t be the state history. The goal is to
determine the posterior probability distribution P(st jZ t ), from
which we will be able to determine a particular (or a set of)st

where P(st jZ t ) are locally maximum.
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Particle Filtering for Tracking (cont'd)

P(st jZ t ) = P(st jzt ; zt � 1; : : : ; z0)

kP (zt jst )P(st jZ t � 1)

where k is a normalizing constant to ensure the distribution
integrates to one. We assume givenst , zt is independent ofzj ,
where j = t � 1; t � 2; : : : ; 0. P(zt jst ) represents the likelihood of
the state st and P(st jZ t � 1) is referred to astemporal prior.

P(st jZ t � 1) =
Z

P(st jst � 1; Z t � 1)p(st � 1 jZ t � 1)dst � 1

=
Z

P(st jst � 1)p(st � 1 jZ t � 1)dst � 1

where we assumeZ t � 1 is independent ofst given st � 1. So P(zt jst )
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consists of two components:P(st jst � 1) the temporal dynamics or
state transition and p(st � 1jZ t � 1) the posterior state distribution at
the previous time instant. It shows how the temporal dynamics and
the posterior state distribution at the previous time instant
propagates to current time.

Note the posterior probability of p(st jZ t ) is approximated
numerically by samples (particles).
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3D Motion and Structure from Motion Field

Given the motion �eld (optical 
ow) estimated from an image
sequence, the goal is to recover the 3D shape of the 3D objects and
their 3D motion relative to the viewing camera. This can be done
on the sparse motion �elds resulted from Kalman �lter or from the
dense motion �eld resulted from optical estimation.
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3D Motion and Structure from a Sparse Motion Field

We want to reconstruct the 3D structure and motion from the
motion �eld generated by a sparse of feature points. Among many
methods, we discuss the subspacefactorization method, i.e.,
Tomasi-Kanade Factorization.
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Factorization Method

Assumptions: 1) the camera is orthographic; 2) M non-coplanar 3D
points and N images (N� 3), 3) rigid motion (note recent work has
extended the original factorization to non-rigid factorization.)
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Factorization Method

Let pij = ( cij ; r ij ) denote the jth image point on the ith image
frame. Let �ci and �r i be the centroid of the image points on the ith
image frame. Let Pj = ( x j ; yj ; zj ) be the jth 3D points relative to
the object frame and let �P be the centroid of the 3D points.

Let

c0
ij = cij � �ci

r 0
ij = r ij � �r i

P0
j = Pj � �P

Due to orthographic projection assumption, we have

0

@ c0
ij

r 0
ij

1

A =

0

@ r i; 1

r i; 2

1

A P0
j
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where r i; 1 and r i; 2 are the �rst two rows of the rotation matrix
between camera framei and the object frame.

By stacking rows and columns, the equations can be written
compactly in the form:

W = RS

where R is 2N � 3 matrix and S is 3 � M , and

R =

0

B
B
B
B
B
B
B
B
@

r 1;1

r 1;2

...

r N; 1

r N; 2

1

C
C
C
C
C
C
C
C
A
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S = [ P0
1 P0

2 : : : ; P0
M ]

R gives the relative orientation of each frame to the object frame
while S contains the 3D coordinates of the feature points.

W 2N � M =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

c11 c12 : : : c1M

r11 r12 : : : r1M

c21 c22 : : : c2M

r21 r22 : : : r2M

...
...

...
...

cN 1 cN 2 : : : cNM

rN 1 rN 2 : : : rNM

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

According to the rank theorem, the matrix W (often called
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registered measurement matrix) in ideal case has a maximum rank
of 3 (note the rank is not 3 if the motion is non-rigid) . This is
evident since the columns ofW are linearly dependent on each
other due to orthographic projection assumption and the same
rotation matrix for all image points in the same frame. Since
W = RS, then rank (W ) � max(rank (R); rank (W )). Hence, the
maximum rank for W is 3.
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Factorization Method (cont'd)

In reality, due to image noise,W may have a rank more than 3. To
impose the rank theorem, we can perform a SVD onW

W = UDV t

� Change the diagonal elements ofD to zeros except for the 3
largest ones.

� Remove the rows and columns ofD that do not contain the
three largest eigen values, yielding D' of size 3� 3. D 0 is
usually the �rst 3 � 3 submatrix of D .

� Keep the three columnsU that correspond to the three largest
eigen values ofD (they are usually the �rst three columns) and
remove the remaining columns, yielding U', which has a
dimension of 2N � 3.
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� Keep the the three columnsV that correspond to the three
largest eigen values ofD (they are usually the �rst three
columns) and remove the remaining columns, yielding V',
which has a dimension ofM � 3.

W 0 = U0D 0V 0t

W 0 is closest toW , yet still satis�es the rank theorem.
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Factorization Method (cont'd)

Given W 0, we can perform decomposition to obtain estimates forS
and R. Based on the SVD ofW 0 = U0D 0V 0t , we have

R0 = U0D 01
2 S0 = D 01

2 V 0t

it is apparent W 0 = R0S0

This solution is, however, only up to an a�ne transformation since
for any invertible 3 � 3 matrix Q, R = R0Q and S = Q� 1S0 also
satisfy the equation. We can �nd matrix Q using the constraint
that from the �rst row, every successive two rows ofR are
orthonormal (see eq. 8.39 of Trucoo's book), i.e.,

r i; 1r t
i; 1 = 1

r i; 2r t
i; 2 = 1

r i; 1r t
i; 2 = 0
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where r i; 1 and r i; 2 are the �rst and second rows of matrix R. Since
R = R0Q, we have

r 0
i; 1QQt r 0t

i; 1 = 1

r 0
i; 2QQt r 0t

i; 2 = 1

r 0
i; 1QQt r 0t

i; 2 = 0

where r 0
i; 1 and r 0

i; 2 are the �rst and second rows of matrix R0.
Given i = 1 ; 2; : : : ; N frames and using the equations above , we
can linearly solve forA = QQt subject to the constraint that A is
symmetric (i.e., only 6 unknowns). Given A, Q can be obtained via
Choleski factorization.

Given Q, the �nal motion estimate is R = R0Q and the �nal
structure estimate is S = Q� 1Ŝ.

Recent work by Kanade and Morris has extended this to other
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camera models such as a�ne and weak perspective projection
model.

The latest work by Oliensis (Dec. 2002, PAMI) introduced a new
approach for SFM from only two images.
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Factorization Method (cont'd)

The steps for structure from motion (SFM) using factorization
method can be summarized

� Given the image coordinates of the feature points at di�erent
frames, construct the W matrix.

� Compute W' from W using SVD

� Compute R0 and S0 from W' using SVD

� Solve for the matrix Q linearly.

� R = R0Q and S = Q� 1S0

see the algorithm on page 208 of Trucco's book.
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Factorization Method (cont'd)

Due to the assumption of orthographic assumption, the translation
motion is determined as follows. The component of the translation
parallel to the image plane is proportional to the frame-to-frame
motion of the centroid of the data points on the image plane. The
translation component that is parallel to the camera optical axis
can not be determined.
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Factorization Method for Recovery Non-rigid Motion)

see the paper by Christoph Bregler, Araon Hertzmann, and
Henning Biermann titled Recovery non-rigid 3d shape from image
streams, CVPR00. Implement the algorithm.

also read the paper by Lorenzo Torresani, Aaron Hertzmann,Chris
Bregler,

Learning Non-Rigid 3D Shape from 2D Motion, NIPS, 2003.

The algorithm can be downloaded from
http://movement.stanford.edu/learning-nr-shape/
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3D Motion and Structure from Dense Motion Field

Given an optical 
ow �eld and intrinsic parameters of the viewing
camera, recover the 3D motion and structure of the observed scene
with respect to the camera reference frame.
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3D Motion Parallax

Motion parallax occurs when the images of two 3D moving points
coincide momentarily due to projection. The relative motion �eld
of the two instantaneously coincident image points does not depend
on the rotational component of motion.

Let two 3D points P = [ x; y; z]t and P0 = [ x0; y0; z0]t be projected
into the image points p and p0. The corresponding motion vector
for each point may be expressed as

vx = vT
x + v!

x

vy = vT
y + v!

y

v0
x = v0T

x + v0!
x
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v0
y = v0T

y + v0!
y

if at some time instant, p and p0 are coincident, i.e,p = p0 = [ x; y],
then the relative motion between them can be expressed as

� vx = vT
x � v0T

x = ( x � f
Tx

Tz
)(

Tz

Z
�

Tz

Z 0)

� vy = vT
y � v0T

y = ( y � f
Ty

Tz
)(

Tz

Z
�

Tz

Z 0)

it is clear that 1) the relative motion vector (� vx ; � vy ) does not
depend on the rotational component of the motion; 2) the relative
motion vector points in the direction of p0 = ( x0; y0) = ( f Tx

Tz
; f Ty

Tz
)

(�g. 8.5) ; 3) � vx
� vy

= x � x 0
y � y0

; 4)

(vx ; vy )t � ((y � y0); � (x � x0)) t = v!
x (y � y0) � v!

y (x � x0) , where
(y � y0; � (x � x0)) is orthogonal to (� vx ; � vy ). Note
vx = Tz

Z (x � x0) + v!
x and vy = Tz

Z (y � y0) + v!
y
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Translation Direction Determination

Given two nearby image pointsp and p0, the relative motion �eld is

� vx = vT
x � v0T

x = ( x � f
Tx

Tz
)(

Tz

Z
�

Tz

Z 0) +
Tz

Z 0(x � x0)

� vy = vT
y � v0T

y = ( y � f
Ty

Tz
)(

Tz

Z
�

Tz

Z 0) +
Tz

Z 0(y � y0)

The second terms on the right side in above equations are negligible
if the two points are very close, producing the motion parallax.
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Translation Direction Determination (cont'd)

Given a point p and all its close neighbors, we can compute relative
point between p and each of its neighbors. For each relative
motion, we have

� vx

� vy
=

x i � x0

yi � y0

where (x i ; yi ) is the ith neighbor of p. A least-square framework
can be setup to solve forp0 = ( x0; y0), which also leads to the
solution to the direction of the translation motion ( Tx ; Ty ; Tz ).
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Rotation and Depth Determination

Form the pointwise dot product between the optical 
ow at each
point pi = ( x i ; yi ) and the vector [yi � y0; � (x i � x0)]t yields

v? = v!
x (yi � y0) � v!

y (x i � x0)

where v? = ( vx vy )t � (yi � y0 � (x i � x0)t and v!
x and v!

y are the
rotational component of the 3D motion. They are functions of
(! x ; ! y ; ! z ) as shown in equation 8.7 of the Trucco's. Given a set of
points, we can have several such equations, which allow to solve for
(! x ; ! y ; ! z ) in a linear least-square framework. Given (! x ; ! y ; ! z)
and (Tx ; Ty ; Tz ), the depth Z can be recovered using equation 8.7
in the Trucco's book. From equation 8.7 we have,

vx =
Tz

Z
(x � x0) + v!

x
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Tz

Z
(y � y0) + v!

y

They can be used to solve for Z.
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3D Motion based Segmentation

Given a sequence of images taken by a �xed camera, �nd the
regions of the image corresponding to the di�erent moving objects.
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3D Motion based Segmentation (cont'd)

Techniques for motion based segmentation

� using optical 
ow

� image di�erencing

Optical 
ow allows to detect di�erent moving objects as well as to
infer object moving directions. The optical 
ow estimates may not
be accurate near the boundaries between moving objects.

Image di�erencing is simple. It, however, can not infer 3D motion
of the objects.


