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Abstract—An analytical framework for modeling the performance of a
single TCP session in the presence of random packet loss is presented. A
Markovian approach is developed that allows us to study both memoryless
channels (i.i.d packet loss) and channels with memory (correlated packet
loss) modeled by a two state continuous time Gilbert model. The analytical
results are validated against results using thenssimulator. It is shown that
the model predicts throughput for LANs/WANs (low and high bandwidth-
delay products) with good accuracy. Further, throughput for the i.i.d loss
model is found to be relatively insensitive to the probability density func-
tion (p.d.f) of the loss inter-arrival process. For channels with memory, we
present an empirically validated rule of thumb to categorize the channel
transition frequency.

Keywords—Transport control protocol, wireless networks, performance
analysis.

I. I NTRODUCTION

M
OST of today’s Internet traffic is carried by networks
using TCP. While initial research efforts relied mainly

on direct measurements and TCP protocol simulations to pre-
dict key TCP characteristics, several recent efforts have been
directed towards developing an analytical model for the dy-
namic behavior of TCP. This paper presents a further contribu-
tion towards analytical modeling of TCP’s congestion avoidance
mechanism that extends the results in the literature in several
important ways. Most notably, we concentrate on TCP behavior
over lossychannels - with (i) random (i.i.d) packet loss and (ii)
with memory (i.e. bursty) losses.

Our model presented here for lossy links uses most of the
notation and results of the ideal channel window dynamics ana-
lyzed in [1].

The literature on TCP analysis for lossy links can be catego-
rized based on assumption of a) independent packet loss, and b)
correlated packet loss (bursty errors), respectively. The work in
[1], [2], [3] falls in the first category. In the pioneering paper of
[1], a complete analytical description of TCP congestion win-
dow evolution overideal (non lossy) channels is derived, which
provides the point of departure (and much of the notation) for
our work. In these works, a packet loss event is assumed with
probability q independent of all other packets loss events, in-
ducing a geometric distribution on the number of successfully
transmitted packets between consecutive packet losses, which
may not be appropriate for specific lossy links. Our approach
for modeling independent packet losses is fundamentally differ-
ent. Instead of assuming a specific packet loss distribution at

This work was supported in part by AFOSR Grant F49620-1-0472

the link layer, we derive the packet loss statistics from an un-
derlying continuous time model of the physical link. Hence,
our model for the independent packet loss can be also applied
to situations where the distribution of the number of successful
packet transmissions between consecutive random packet losses
is not geometric. In addition to this, our work has the advan-
tage of applicability to a wider range of network parameters,
since [1] considers links with high bandwidth-delay products
(WANs) only, [3] considers links with very small (zero) propa-
gation delay (LANs) only, and [2] only considers links with low
bandwidth-delay products (LANs).

The work of [4], [5], [6], [7] falls in the second category,
where the authors study TCP behavior over links experiencing
bursty packet losses. In [4], the author uses an approach sim-
ilar to that in [1], [2], [3] except that, conditioned on a packet
loss (which takes place independently with probabilityq), all
subsequent packets in the same congestion window are assumed
to be lost. While a drop-tail policy as used by IP routers may
justify this, the assumptions on the underlying physical channel
that would result in such a packet-level loss behavior was not de-
fined. Further, [4] approximates the window size evolution to be
always linear in the congestion avoidance phase, although it is
known that the evolution is sub-linear for higher window sizes.
While this approximation may result in negligible deviation in
the predicted throughput for links with small bandwidth-delay
product and/or high packet loss rate (which has the effect of lim-
iting the congestion window size), the approximation effectively
increases the channel capacity for higher window sizes, result-
ing in an optimistic predicted throughput for links with large
bandwidth-delay products and/or low loss probability.

Our model assumptions are closest to [5], [6], [7] in that we
assume the channel can be modeled by acontinuous-timetwo-
state Markov Chain alternating between a good and a bad state,
where packets are lost in the good state w.p. (with probability)0
and in the bad state w.p. 1. An embedded Markov Chain for the
congestion window at the instants of random loss is identified,
and by analyzing the interaction between the deterministic win-
dow evolution for the ideal channel case and the stochastic error
process, the steady state probability distribution of the window
size is computed. Hence using renewal theory, the (long-term)
average throughput is computed. We remark that the discrete-
time (in units of a packet transmission duration or slot) models
in [5], [6], [7] effectively assume that the channel state transi-



tions occur synchronously at the packet boundaries. This is a)
inconsistent with the physical channel state evolution which is
not predicated on the timing of packet transmissions and more
importantly, b) does not allow for modeling channel variations
faster than a packet transmission interval (i.e. ‘fast’ fading). In
addition, our model is applicable to a wider range of network pa-
rameters - specifically, [5] assumes a buffer with infinite capac-
ity (no packet loss due to buffer overflow), [6] considers links
with low bandwidth-delay products (RTT> Buffer size, both
being expressed in units of packets) and [7] considers links with
very small delay (instantaneous acknowledgments) and is lim-
ited to slow fading channels. Our model thus provides a unified
approach to model all these situations. Finally, we use results
usingnssimulator to validate model accuracy.

The remainder of this paper is organized as follows. In Sec-
tion II, we describe our proposed analytical model and summa-
rize previous research relevant to our work. In Section III, we
present the channel loss models and deduce a set of analytical
expressions characterizing the steady state throughput of TCP-
Reno (TCP-R) as a function of the channel loss statistics and
the link parameters. Section IV is devoted to model validation,
where we describe the channel loss models developed for thens
simulator and it’s use towards validating our model accuracy. It
contains a catalog of representative simulation results that high-
lights the wide applicability of the model. The work and its
possible extensions are summarized in the concluding remarks
of Section V.

II. A M ODEL FORTCP CONGESTIONAVOIDANCE

The window-based congestion avoidance mechanism in
TCP/IP [8] acts as a self-clocking regulator based on receiver
feedback (or lack thereof). In TCP/IP, when a node successfully
receives a packet, it sends an acknowledgment (ACK) back to
the source. At all times, the source keeps a current record of
the number of unacknowledged packets that it has released into
the network - called the congestionwindow size, as well as an
estimate of the round-trip time (RTT). The source is allowed to
increase its window size as long as packets are being acknowl-
edged. The source detects a packet loss by either the non-arrival
of a packet ACK within a certain time (i.e. via timer expiry or
time out), or by the arrival of multiple ACKs with the same next
expected packet number (typically 3 duplicate ACKs). In this
paper, these two modes of packet loss detection are denoted by
‘TO’ and ‘TD’ respectively. A packet loss is interpreted by the
source as an indication of congestion, and the source responds
by reducing its window size, thereby indirectly controlling the
data rate. Modeling the dynamic behavior of congestion win-
dow size is thus key to analyzing TCP throughput performance
in a variety of situations.

Every time TCP receives an ACK, it updates its estimate of
the RTT. We assume that the RTT estimate denoted by�, is
constant. Hence, in normal operation, the timer is set to�
each time a packet is transmitted. However, when multiple TO

events take place consecutively (i.e. without the reception of any
ACKs in between), TCP applies the Binary Exponential Back-
off (BEBO) algorithm, where, for thenth consecutive TO event
(n is an integer> 0), the packet is retransmitted and the timer is
set to minf2n�; 64�g.

Our basic system model assumes an infinite source (i.e. one
that always has a packet to send) that releases packets into a
buffer of sizeB packets upon receiving ACKs from the destina-
tion. The packets are then sent over a single link with capacity
� packets per second and a net fixed delay of� (propagation
delay through the channel, any other processing delays etc.) is
assumed. DefineT = � + 1=� to be the time between the start
of transmission of a packet and the reception of an ACK for
this packet, excluding any queuing delays in the buffer. Then
�T is the bandwidth-delay product and the ratio� = B

�T is the
buffer size normalized by the bandwidth-delay product. Letwp
denote the maximum number of packets that could be in transit
between the source and destination (including the packets in the
link buffer). Thuswp = B + �T = �T (� + 1).

The above model has been analysed by [1] for ideal channel
operation where the only packet loss is due to buffer overflow.
The window size evolution was found to be periodic. We sum-
marize their analytical results relevant to our work next. Readers
interested in the details of the derivations are encouraged to re-
fer to [1]. Let t0 = 0 denote the time of establishment of the
TCP session under consideration andW (t0) denote the conges-
tion window size at timet0. Letn denote the number of packets
acknowledged during a time intervalt and consider two instants
t00, t

0

0 + t during the congestion avoidance phase of any TCP
cycle (see Figure 1). Chooset00 such thatW (t00) = W0, and
chooseW0 = 1 in the slow start phase. Then,
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Fig. 1. Sketch of the exponential, linear and sub-linearO(
p
t) phases for win-

dow evolution. Solid lines indicate the actual window size evolution while
dotted lines indicate the envelope.

Slow Start (1 < W (t0) < Wth)

W (t00 + t) = 2t=T (1)

n = W (t00 + t)� 1 (2)

Congestion Avoidance - Phase I(Wth < W (t0) < �T )

W (t00 + t) = W0 + t=T (3)

n =
1

T
(W0t+ t2=(2T )) (4)

Congestion Avoidance - Phase II(�T < W (t0) < wp)



W (t00 + t) =
q
W 2

0 + 2�t (5)

n = �t (6)

Note that in the sequel, we focus on time instantst0 whereW (t0)
is discrete - the details of the original derivation are in [1]. The
window evolution of TCP-R over ideal channels is found to be
periodic. Only the first cycle of TCP-R starts with slow start,
and after that the session continues in the congestion avoidance
phase, where the window size increases until a buffer overflow
takes place each time the window size reacheswp, and hence
the average throughput� (average packet transmission rate nor-
malized by the link capacity) is given by

� < 1 : � = (nA+nBtA+tB
)( 1� ) (7)

� > 1 : � ' 1 (8)

wherenA(nB) is the number of successful packet transmission
in the Congestion Avoidance Phase I (Phase II), withtA(tB)
denoting the time duration of each phase, respectively. Definetp
to be the time duration of a single cycle of the window evolution
(fromwp=2 till wp). Then,

� < 1 : tp = tA + tB (9)

� > 1 : tp = tB (10)

In our subsequent analysis of random packet loss, we refer totp
as the typical cycle.

III. L OSSYCHANNELS MODEL

The previous discussion assumed that the only source of
packet loss is buffer overflow. In this section, we assume the
channel causes additional random packet loss, and hence packet
loss will be a mixture of buffer overflows and random loss.

We assume the channel can be modeled by a continuous time
two-state alternating process,fS(t)jt � 0g taking values de-
scribed byk = 0 (Good) or1 (Bad) with properties that:
1. When the channel leaves one state, it will enter the other state
with probability1 (i.e. an alternating process).
2. The durations of time in the good state,fXi; i = 1; 2; : : :g
are independent and identically distributed (i.i.d) with known
cumulative distribution functionF (x) (respectively, the proba-
bility density functionf(x)) with meanE[Xi] =

1
�0

.
3. The durations of time in the bad state, denoted byfYi; i =
1; 2; : : :g are i.i.d with meanE[Yi] = 1

�1
, and independent of

thef Xi g.
4. In each of the states, the packet loss mechanism is that of a
discrete memoryless (packet) channel, with respective loss prob-
abilitiesp0 andp1. For simplicity, in this work we assume that
p0 = 0; p1 = 1, i.e. there are no packet losses in the good state
and it occurs with probability one during the bad state.

In subsection A, we will consider the special case of IID loss
by assuming thatYi have a deterministic distributionYi = �w.p.
1 where� ' 0. Subsection B considers the correlated loss case.
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Fig. 2. A sketch of a sample function of window size in the presence of random
loss for� < 1 (�T > wp=2 > W1=2)

A. Lossy Memoryless Channels - IID Loss

Let Li denote the time of theith random packet loss andWi

denote the window size just before a random packet loss takes
place. ThenXi = Li �Li�1 denotes the time between the(i�
1)th andith random packet losses withX1 = L1 by convention.
SinceXi are IID random variables, the process defined by the
loss occurrence timesfL1; L2; : : :g is a renewal process with
inter renewal p.d.f.f(x).

The window sizeW (t0) is a semi-Markovian stochastic pro-
cess, because the window size evolution after a random loss (ex-
cept for its starting value which is half of that just before the
random loss) is statistically independent from the window size
evolution before the random loss. Further, sincefX1; X2; : : :g
are i.i.d, the window sizesfW1;W2; : : :g at instants just prior to
a random loss form a finite state Markov Chain.

With the above model of random loss, two quantities associ-
ated with the just defined Markov Chain are of interest;
1. E[N jW1 = w1], the expected number of packets success-
fully transmitted before another random packet loss occurs,
given that the most recent random loss took place at a window
sizew1.
2. The conditional probabilityP [W2 = w2jW1 = w1] (denoted
Pw1;w2) ; the probability that the nextrandomloss takes place
atW2 = w2 given that the previousrandomloss took place at
W1 = w1.

Since packet losses in this section are single isolated events,
a random packet loss will be typically detected by a TD. Hence,
all packet losses, whether random or due to buffer overflow, will
be detected via TD events for the memoryless channels case.
We will neglect the delay between a packet loss event and it’s
detection (this delay is small, and is typically bounded by3

� for
the IID loss case).

To evaluate the above two quantities of interest, an approxi-
mation for TCP-R similar to that previously used by [1] in de-
riving (7) and (8) for channels without random loss is invoked.
We ignore the first cycle of TCP-R and assume that the TCP-R
session starts with window sizewp=2 instead of starting with a
window size of 1. This approximation should have a negligible
effect on the average throughput, due to two reasons. First, a
source with an infinite number of packets was assumed; hence



the effect of the transient behavior (slow start) at the beginning
of the connection is expected to be negligible, even for the case
of random loss; Second, the duration as well as the number of
packets successfully sent during this slow start phase is low (re-
call that slow start is actually ‘fast’). In other words, this tran-
sient behavior disappears very fast.

In the analysis that follows, the first TCP cycle just after a ran-
dom packet loss (fromw1=2 till wp) is called the ‘atypical’ cy-
cle. Between any two consecutive random packet losses, TCP-R
starts by entering the atypical cycle, and depending on the du-
ration of the good state, one or more typical cycles follow until
the subsequent random packet loss takes place.

Two ranges of� (� < 1 and� > 1) are considered separately
for computation ofE[N jW1] andPw1;w2 . The reason for this
is that for� < 1, w1=2 � wp=2 < �T and hence the atypical
cycle will start by a linear growth of the window size. On the
other hand, for� > 1, wp=2 > �T and hence, depending on
the value ofW1, the atypical cycle will start by either a linear
growth (w1=2 < �T ) or anO(

p
t) growth (w1=2 > �T ).

Define,
Na ; Nb : the number of successful packet transmissions dur-
ing Congestion Avoidance Phase I and II, respectively, of the
atypical cycle following a random packet loss at a window size
W1 = w1.
NA ; NB : the number of successful packet transmissions dur-
ing Congestion Avoidance Phase I and II, respectively, of a typ-
ical cycle.
Np = NA+NB is the number of packets sent in a typical cycle
(NA = 0 for � > 1).
The corresponding durations where the above number of pack-
ets is transmitted (time is counted since the beginning of the
phase referenced) areta, tb, tA, and tB respectively. Thus,
t1 = ta + tb; tp = tA + tB are the durations of the atypical
cycle and a typical cycle, respectively (Figure 2). For� < 1,
NA = 0 andtA = 0.

The values ofN andt with capitalized subscripts (A, B) do
not depend onW1 and can be computed using (3)-(6) as in the
case of channels without random packet loss. On the other hand,
the values with small letter subscripts (a, b) refer to the atypical
cycle of TCP-R just after a random loss at a window sizeW1.
Those values depend on the value ofW1, and can also be com-
puted from (3)-(6) by substituting by the appropriate initial and
final values of the window size.

A set of parameters that will simplify the calculation of
E[N jW1]will henceforth be defined. Conditioned onW1 = w1,
let us assume that no more random packet losses will take place.
For � < 1, let a(n) denote the time at which thenth packet of
the linear phase of the the atypical cycle is transmitted. Simi-
larly, let b1(n) denote thenth packet of theO(p:) phase. Let
A(n) denote the time at which thenth packet of the linear phase
of the j + 1st typical cycle is transmitted, and letB1(n) de-
note thenth packet of theO(

p
:) phase. Then, expressions for

these parameters are computed from (4) and (6) by substituting

by the appropriate values ofW0, solving fort, and then adding
the appropriate time shift value. For example,a(n) is calcu-
lated by solving fort in (4) and substitutingW0 = W1=2. In
this case, there is not time shift adjustment, sincet is counted
from the beginning of the phase in question, which is also the
time at which random packet loss took place. Similarly,b1(n)
is calculated by solving fort in (6) and then adding the time at
which this phase of the cycle starts (ta). The set of parameters
a(n); b1(n); A(n) andB1(n) can be used for the case of� > 1
only whenw1=2 < �T . For w1=2 > �T , then, in a similar
fashion, we defineb2(n) andB2(n). Hence,

a(n) = T=2
q
w2
1 + 8(n+ 1)� T=2w1

b1(n) = ta + (n+ 1)=�

b2(n) = (n+ 1)=�

A(n) = t1 + jtp + T=2
q
w2
p + 8(n+ 1)� T=2wp

B1(n) = t1 + tA + jtp + (n+ 1)=�

B2(n) = t1 + jtp + (n+ 1)=�

(11)

where,0 � n < 1 is an incremental counter that is initialized
at the beginning of each congestion avoidance phase (linear orp
:) and0 � j < 1 is an incremental counter that refers to

thej +1st typical cycle after the first atypical cycle following a
random packet loss.

A similar set of parametersc(w2), d1(w2), d2(w2), C(w2),
D1(w2) andD2(w2), denoting the times at which the window
size reachesw2 in the linear andp: phases of the atypical and
typical cycles, can be defined in a way that parallels the defini-
tion of the parameters in (11). Expressions for these parameters
are deduced by substituting by the appropriate values ofW0 in
(3) or (5), solving fort, and then adding the appropriate time
shift parameter. Hence,

c(w2) = T (w2 � w1=2)

d1(w2) = ta +
w2
2 � (�T )

2

2�

d2(w2) =
w2
2 � (w1=2)

2

2�

C(w2) = t1 + jtp + T (w2 � wp=2)

D1(w2) = t1 + jtp + tA +
w2
2 � (�T )

2

2�

D2(w2) = t1 + jtp +
w2
2 � (wp=2)

2

2�
(12)

A.1 Channels with large bandwidth-delay product (� < 1)

Since

E[N jW1 = w1] =
1X
n=0

Pr[N > njW1 = w1] ; (13)



using (11), the above can be written in terms of the complemen-
tary distribution function ofX , i.e., �F (a) = Pr[X > a] as
follows.

E[N jW1 = w1] =

Na�1X
n=0

�F [a(n)] +

Nb�1X
n=0

�F [b1(n)]

+

1X
j=0

NA�1X
n=0

�F [A(n)]

+

1X
j=0

NB�1X
n=0

�F [B1(n)] (14)

In a similar fashion, using (12),Pw1;w2 can be written in
terms of �F (x), where we introduce�F (a; b) = �F (a)� �F (b).

Pw1;w2 =

8>>>>>><
>>>>>>:

0 R1
�F (c(w2); c(w2 + 1)) R2
�F (c(w2); c(w2 + 1))
+
P
1

j=0
�F (C(w2); C(w2 + 1)) R3

�F (d1(w2); d1(w2 + 1))
+
P
1

j=0
�F (D1(w2); D1(w2 + 1)) R4

(15)

whereR1: 0 < w2 < w1=2, R2: w1

2 < w2 <
wp
2 , R3:

wp
2 <

w2 < �T andR4: �T < w2 < wp.
A remark on the derivation of (15) is appropriate. The tran-

sition probability is computed in terms of the inter-loss distri-
bution by summing the probabilities that the inter-loss duration
ends at any of the instants where the window size is atw2. De-
pending on the value ofw2 andw1, TCP-R may take on the
valuew2 in the atypical cycle, or in any of the following typical
cycles.

A.2 Channels with small bandwidth-delay product (� > 1)

For this case, the summation in (13) can be written using (11)
in terms of �F (:) as before with the following difference - we
have to differentiate between the situations whenW1=2 < �T
andW1=2 > �T . Recall for the non-random-loss case,wp=2 >
�T , and hence the typical cycles will always consist of aO(

p
t)

evolution betweenwp=2 andwp. However, for the first cycle
after a loss that occurs atW1 = w1, the cycle starts with win-
dow sizew1=2. If w1=2 < �T , the window size will have a
linear growth fromw1=2 until �T and then aO(

p
t) evolution

(unless another random loss takes place). On the other hand, if
w1=2 > �T , the window size will have aO(

p
t) growth directly

fromw1=2 without going into a linear phase first.

(i) w1 < 2�T

E[N jW1 = w1] =

Na�1X
n=0

�F (a(n)) +

Nb�1X
n=0

�F (b1(n))

+

1X
j=0

Np�1X
n=0

�F (B2(n)) (16)

Pw1;w2 =

8>><
>>:

0 0 < w2 < w1=2
�F (c(w2); c(w2 + 1)) w1

2 < w2 < �T
�F (d1(w2); d1(w2 + 1)) �T < w2 <

wp
2P

1

j=0
�F (D2(w2); D2(w2 + 1))

wp
2 < w2 < wp

(17)
(ii) w1 > 2�T

E[N jW1 = w1] =

Nb�1X
n=0

�F (b2(n))

+
1X
j=0

Np�1X
n=0

�F (B2(n)) (18)

Pw1;w2 =

8<
:

0 0 < w2 <
w1

2
�F (d2(w2); d2(w2 + 1)) w1

2 < w2 <
wp
2P

1

j=0
�F (D2(w2); D2(w2 + 1))

wp
2 < w2 < wp

(19)

A.3 Steady state distribution of the window size

The average throughput of a TCP-R session under the current
model is given by

� = (
E[N ]

E[X ]
)(
1

�
) (20)

whereE[N ] is the average number of packets successfully sent
in an inter-loss duration, and E[X] is the average time between
two random losses (which is equal to1=�).
E[N ] is given by

E[N ] =

wpX
W=0

E[N jW ]�(W ) (21)

where� is the steady state distribution of the MC.
MATLABTM routines for solving the eigenvalue problem

were used to compute�(W ) for different values of�, �, � and
B and for different distributions for the inter-loss times. The
results will be discussed in Section IV.

B. Channels with Memory - Correlated Errors

For channels with memory, random packet loss can take place
in bursts as well as in isolation. In this case, packet loss detec-
tion will be a mixture of TD’s and TO’s.

Let f denote the fraction of time the channel spends in the
bad state (i.e. the steady state probability of being in the bad
state), then

f =
E[Y ]

E[X ] +E[Y ]
: (22)

It is worth noting that in the limit1=�1 ! 0, this model be-
comes identical to the memoryless channel model with average
inter-loss distribution of1=�0.

The difficulty in analyzing TCP for channels with memory
lies in the delay in TCP response to changes in channel state. A



simple example shows this aspect (Figure 3): consider the qui-
escent scenario where TCP is successfully transmitting packets
(i.e. channel is in a good state) when the channel enters a bad
state for a duration long enough to initiate multiple consecutive
TO events. Suppose the most recent TO event caused TCP to
set its timer expiry period to a suitably large value. Assume the
bad state duration beyond the final TO event is sufficiently short
such that only the current packet is lost, and then the channel en-
ters the good state. Then, if this good state ends before the end
of the timer-expiry period, such a good state sojourn is wasted
since TCP will not attempt to retransmit during this period (the
average throughput during this time is zero). This is an example
when a good state duration is ‘skipped’ by TCP, which we refer
to as ‘unsampled’ good state.

Our analytical model henceforth attempts to accurately de-
scribe the behavior of TCP in such environments. We make
some simplifying assumptions that allows analytical modeling
without sacrificing the essential characteristics of the TCP be-
havior.

Let t denote the time at which the channel enters the good
stateandTCP resumes transmitting packets. Then, the source
will continue to successfully transmit packets for a duration
Xi = x at which time the channel enters the bad state for a
duration of timeYi = y. Let Ui = u denote the time inter-
val betweent + x and the time TCP will start tosuccessfully
retransmit the lost packet(s) (Figure 3). Notice thatu may in-
clude a number of good state durations that were not detected
by TCP (i.e. unsampled states). From a modeling point of view,
these unsampled good states are considered bad states, since the
instantaneous throughput during these skipped states is zero.

LetW1 = W (t�), W = W (t + x�) andW2 = W (t+ x +
u�).

In the above definitions, we emphasize that the good state is
one that is successfully used by the TCP source. Good channel
durations in which TCP doesn’t attempt to transmit packets (i.e.
unsampled states) do not result in a statistical renewal, and we
will incorporate them into the effective bad state durationu.

The window evolution betweent and t + x is identical to
that depicted earlier in Section A. The evolution betweent + x
andt + x + u is however rather complicated, and we make the
following simplifying approximations :

1. The distribution of the duration of stay in the good and bad
states are exponential.
2. The initial timer-expiry period� is constant, and is equal to
� +B=�.
3. At the end of a sampled good stateXi = x, if the following
bad state durationYi = y < �, there are enough packets in
transit to cause a TD (this assumption is not required ify > �)
and further, the TD takes place immediately.

In light of the above assumptions, we will describe the behavior
of TCP in two different cases;y > � andy < �.

Y =yiX =xi

U =ui
t

Second TO
Third TO

First TO

2

jX 
Z =zi

Fig. 3. Sketch of TCP behavior fory > �.

B.1 The case ofy > �

In this case, no packets will get through the channel until a
TO takes place att = x + �, at which time TCP will retrans-
mit the packet, set its timer-expiry period to� and will wait for
ACKs. However, this packet will be lost since the channel is in
the bad state. If the channel state is good att = x + 2�, then
TCP will resume its transmission, else, another TO will take
place followed by a retransmission, and the timer expiry will
now be set to2�. This doubling of the TO expiry period con-
tinues up to64� after which it remains constant. This process
of timer expiry and retransmission continues until TCP success-
fully transmits a packet in some good state, which we call a
sampled good state (renewal). LetZ denote the time from the
first TO event (att + x + �) until the first successful packet
transmission (U = Z +�). Then the above scenario shows that
Z will take only multiple values of� (Figure 3).

Sincey > �, S(t+x+�) = 1 is the channel state just after
the first TO event. LetÆ > 0 and define

PÆ = Pr(S(t+ x+�+ Æ) = 0jS(t+ x+�) = 1)

= Pr(S(Æ) = 0jS(0) = 1)

= (1� f)(1� e�(�0+�1)Æ) (23)

where we used the Memoryless (assumption (1)) property in
(23) together with a first order analysis of the transient behavior
of the channel two-state MC.

Then,

Pr(Z = �) = Pr(S(�) = 0jS(0) = 1) = P� (24)

Pr(Z = 3�) = P2�(1� P�) (25)

where we used the Markov property in (24) and (25). The p.d.f
of Z conditioned onY = y (y > �) can be computed, and after
some algebraic manipulations,

E[ZjY = y] = a+
�b(191� 127b)

(1� b)
2 ; y > � (26)

where

M1(k) =
kY
i=1

(1� P2(i�1)�);
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Fig. 4. Sketch of TCP behavior fory < �.

a =
6X

k=1

[(2(k+1) � 1)�P2k�M1(k)];

� = �P64�M1(6);

and
b = 1� P64�:

B.2 The case ofy < �

The treatment of the case wherey < � is similar (see Figure
4). In this case, the channel enters the bad state at timet+x, and
since we assume that the channel has enough packets in transit
(assumption (3)), a TD will take place at(t + x + y). Now,
we further assume that ifS(t + x + y + 1=�) = 0, this packet
will be successfully transmitted andu = y, otherwise, a TO will
take place at(t + x + y +�) and the behavior follows just as
in the case ofy > � (i.e. a sequence of TO and retransmissions
until a successful packet transmission takes place at a sampled
good state). The assumption made here forS(t+x+y+1=�) is
mainly inspired by our observations from tracingnssimulations.
That is, we have observed that when a the good state is shorter
than1=�, TCP almost always skips some good states and ends
up in a TO.

The subsequent analysis parallels the casey > �, and after
some algebraic manipulations,

E[U jY = y] = Cy +D ; y < � (27)

where

C = c1 + c2 + �1
b

(1� b)
;

D = d1 + d2 + 64��1b
(2� b)

(1� b)2
;

c1 = P 1
�
;

c2 =

6X
i=1

Pr[U = y + 2i�];

�1 = (1� P 1
�
)(1� P�)

2M2(6);

d1 =
1

�
P 1
�
;

d2 =

6X
i=1

2i�Pr[U = y + 2i�];

and for2 � k � 5

Pr(U = y +�) = (1� P1=�)P�

Pr(U = y + 2�) = (1� P1=�)(1� P�)P�

Pr(U = y + 4�) = (1� P1=�)(1� P�)
2P2�

Pr(U = y + 2(k+1)�) = (1� P1=�)(1� P�)
2M2(k)

M2(k) = P2k�

k�1Y
i=1

(1� P2i�)

And finally, using (26) and (27),

E[U ] =

�Z

y=0

E[U jY = y]fY (y) dy

+ (� +E[Z])(1� FY (�)) (28)

where the expression in (28) can be computed in a closed form.

B.3 Steady State Distribution of the Window Size

LetXj denote the used durations of the sampled good states,
andUj denote the durations of the time between the end of the
good sampled statej and the beginning of the next good sam-
pled statej + 1. SincefX1 + U1; X2 + U2; :::g are indepen-
dant and identically distributed (IID) random variables, the se-
quence of window sizesfW1;W2; :::g just before the transition
to a sampled good state form a finite state MC (the number of
states isWp=2).

The conditional expected number of successful packet trans-
missions during a good stateE[N jW1] can be computed exactly
as in the case of memoryless channels and will be also given
by (14), (16) and (18). The only difference is thatw1=2 in the
above equations will be replaced byw1 sinceW1 here denotes
the starting window size and not the window size before packet
loss.

In order to compute the MC transitional probabilitiesPw1;w2 ,
let us first computePw1;w andPw;w2 . Pw1;w has the same ex-
pression asPw1;w2 in (15), (17) and (19) whereW2 andw2 in
these equations are replaced byW andw respectively andw1=2
is replaced byw1.

Using assumptions (1)-(3),Pw;w2 can be computed in terms
of the statistics ofY and the value of� as follows. If a TD takes
place, the window size is set toW=2. On the other hand, after
the first TO at a windowW , the window size is set to one and
TCP reverts to slow-start with a threshold windowW=2. If an-
other consecutive TO occurs, then the window is reset to one and
the slow start threshold is set to half the window size just before
the second consecutive TO. We will approximate this behavior
in case of TO’s by assuming that, in case of one or more TO’s,
the window is set to one. This is a good approximation to the



transition probability in case of TO’s since, in case of a single
isolated TO, the window size is expected to recover to a high
value before another random loss takes place, while, for mul-
tiple TO’s, since the threshold is halved each time a TO takes
place and no packets are ACKed in between TO’s the window
size will decrease exponentially in between TO’s, making the
scenario close to our assumption. Hence,

Pw;w2 =

8>><
>>:

Pr[Y < �]P1=� w2 = w=2
Pr[Y < �](1� P1=�)
+Pr[Y > �] w2 = 1
0 otherwise

(29)

SincePr[W2jW1;W ] = Pr[W2jW ] = Pw;w2 , we have

Pw1;w2 =

wp=2X
w=1

Pw1;wPw;w2 (30)

Finally, using the renewal reward theory and defining the re-
ward as the number of successful packet transmissions, we can
compute, although not in a close form, the steady state distri-
bution of the MC�, E[N ] (from (21), where the sum is from
W = 1 towp=2 instead ofwp), and hence the average through-
put

� = (
E[N ]

E[X ] +E[U ]
)(
1

�
): (31)

IV. M ODEL VALIDATION USING THE nsSIMULATOR

In order to validate the analytical model, we used the well
knownnssimulator version 2.1b4a from UCB/LBNL. Sincens
is under development, only a core of the TCP protocol suite as
written innshas been validated.

The two-state error model implemented by UCB/LBNL inns
does not fall in the validated portion ofnsmodules. We found
that this implementation was not suitable for our purpose. since
it uses the packet reception as the clock for proceeding the two-
state channel Markov Chain, and hence, when packets are not
being received (due to TO or empty buffer), the channel Markov
Chain is “frozen”. This contradicts with the physical layer mod-
eling of the channel, where the channel state changes proceed
in time independent of whether packets are or are not being re-
ceived.

Hence, we embedded our own two-state continuous-time
Markov Chain loss model. This required changing the two files
“errmodel.cc”, “errmodel.h” and “ns-errmodel.tcl” to redefine
the mechanism of dropping packets. The new updated files as
well as the simulation script is included in [9]. Figure 5 shows
a schematic of the simulation topology. In this scenario, once a
packet starts being received at the destination, areceiveproce-
dure is called. The procedure does not drop the packet only if the
channel remains in the good state during the entire duration of
the packet transmission time, otherwise, the packet is dropped.
In the figure, ‘S’ and ‘D’ refers to successful and dropped pack-
ets, respectively, while ‘G’ and ‘B’ refers to the Good and Bad

timeS D S S D

G B G B

time

Recvd()Source

Drop

  ?

Yes

No

ACKs

Packets

DropCount++

Destination Node
Buffer

Fig. 5. NS simulation topology and packet dropping

states. In the simulation, an FTP application is attached to the
TCP-R agent at the source. The simulation time is chosen long
enough to guarantee the steady state as reached. This time is set
to be at leastmaxf100tp; 100E[X + Y ]g.

TCP-R parameters are set to their default values. Equal
packet size of1000 bytes is used. The maximum receiver ad-
vertised window was set to1000 (since we do not assume any
limitations on the receiver’s advertised window). We assume
fine grained timers are used and hencetcpT ick is set to0:01.

Figures 6, 7 and 8 show a comparison between the analysis
results and those obtained by simulation for the IID loss case
assuming an exponential inter-loss distribution (refer to [10]
for details of the calculation). We plot the average throughput
against the average inter-loss duration. The figures show that
the model provides accurate throughput predicitions for a wide
range of links.

To study the sensitivity of the results to the shape of the inter-
loss distribution, we consider the Gamma family of densities

fX(x) =
��x(��1)e��x

�(�)
(32)

with meanE[X ] = �
� . For � = 1, the Gamma distribution

reduces to the exponential with parameter�. Figure 9 shows the
throughput behavior for the Gamma distribution with� = 1,
2, and4 and suggests that the dependence on the shape of the
distribution within this family is weak.

Figures 10, 11 and 12 show a comparison between the anal-
ysis and the simulation results for the case of correlated packet
loss. The throughput is plotted against the average holding time
in the bad state. Each figure shows two pairs of curves, one for
f = 1% and the other forf = 10%. Notice that, for a fixedf ,
the ratio ofY toX is fixed but the values ofY andX may vary.
The analysis results agrees with those obtained by simulations
for a wide range of links. While the parameters in Figure 10
represent a typical fast LEO link, those in Figure 12 represent a
low speed LEO link. The parameters in Figure 11 are those of a
typical high speed WAN link.

It is worth noting that the throughput behavior for channels
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Fig. 7. Throughput comparison for the random packet loss case (� =
1000; � = 8:0; � = 0:001; B = 16; wp = 18)

with memory (e.g. fading channels) exhibit a “ceiling” behavior
for a fixedf (fading percentage) asY andX increase. This
observation has been also noted by [11]. The explanation of
this is evident. WhenX is ‘long’, TCP throughput in the good
state approaches that of an ideal channel. Call this throughput
value�free. In the bad state, the throughput is zero. Also, since
the good states are long, all good states are sampled. Hence,
for a fixedf , the ceiling value�ceil for slow channel transition
frequency is given by

�ceil = (1� f)�free (33)

An empirical rule for deciding whether the frequency of chan-
nel transitions is fast or slow (i.e. fast or slow fading) is to com-
pareX + Y to � andtp. If X + Y < �, this is a fast fading
channel. If� < X + Y < tp, then it is a moderate fading
channel. Finally, ifX + Y > 10tp, then we have a slow fading
channel and the throughput is given by (33). An example for
applying this rule is shown in Table1. The link parameters used
are� = 100, � = 0:01 and� = 8:0. Hence,tp = 1:215 and
� = 0:17. We fix f = 0:2 (i.e.X = 4Y ).

V. CONCLUSION

In this paper, we presented an analytical model of TCP-R.
The model captures the essential behavior of TCP and can be
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Fig. 8. Throughput comparison for the random packet loss case (� =
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TABLE I

AN EXAMPLE OF CHARACTERISING THE CHANNEL TRANSITION

FREQUENCY(FADING FREQUENCY)

Fading X Y Range �

Fast 0:08 0:02 X + Y < � 0:1591

Moderate 0:8 0:2 � < X + Y < tp 0:5367

Slow 8 2 tp < X + Y < 10tp 0:6973

Slow 80 20 X + Y > 10tp 0:7189

Slow 800 200 X + Y � 10tp 0:7480
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Fig. 11. Throughput comparison for the correlated packet loss case (� =
10000; � = 16:0; � = 0:001; B = 176; wp = 187)

10
−4

10
−3

10
−2

10
−1

10
0

10
1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E[Y]

Th
ro

ug
hp

ut

f=1%

f=10%

Analysis
Simulation

Fig. 12. Throughput comparison for the correlated packet loss case (� =
100; � = 16:0; � = 0:01; B = 32; wp = 34)

tailored to specific TCP implementations. The model provides
a close estimate of the throughput of TCP as measured against
ns simulations for a variety of links (WANs/LANs). Equally
accurate results are provided in the presence of IID losses as
well as in bursty errors.

By modeling the channel statistics by a continuous-time
finite-state MC, and accompanied by insight drawn fromnssim-
ulations, we were able to model the behavior of TCP in the pres-
ence of fast fading channels where we have shown that the ef-
fective good state durations (i.e. sampled good states) can be
much less than expected resulting in a serious degradation of
TCP throughput.

A number of avenues for future work remain. First, the model
can be used to compare the performance of different TCP imple-
mentations. Second, with little additional effort, the effect of a
fixed receiver advertised window size can be incorporated in the
model. Third, the effect of the packet size, especially for fast
fading channels, may be analyzed. Fourth, the effect of time-out
granularity may also be studied. Finally, an extension of this
model to incorporate the different packet drop policies would be
valuable.
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