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Abstract—In this paper, we extend an information-theoretic approach for characterizing the minimum cost of tracking the motion state

information, such as locations and velocities, of nodes in dynamic networks. A rate-distortion formulation is proposed to solve this

minimum-cost motion-tracking problem, where the minimum cost is the minimum information rate required to identify the network state

at a sequence of tracking time instants within a certain distortion bound. The formulation is applicable to various mobility models,

distortion criteria, and stochastic sequences of tracking time instants and hence is general. Under Brownian motion and Gauss-Markov

mobility models, we evaluate lower bounds on the information rate of tracking the motion state information of nodes, where the motion

state of a node is 1) the node’s locations only, or 2) both its locations and velocities. We apply the obtained results to analyze the

geographic routing overhead in mobile ad hoc networks. We present the minimum overhead incurred by maintaining the geographic

information of nodes in terms of node mobility, packet arrival process, and distortion bounds. This leads to precise characterizations of

the observation that given certain state-distortion allowance, protocols aimed at tracking motion state information may not scale

beyond a certain level of node mobility.

1 INTRODUCTION

IN this paper, we study communication networks whose
state keeps changing over time. Here, the state information

of a network may be composed of link states, node locations,
velocity of nodes, etc. In many cases, keeping track of the
state information of a dynamic network so as to maintain a
timely view of the network is a crucial task. For example,

. In a mobile ad hoc network, a geographic routing
protocol requires to maintain node locations (and
velocities in some cases, e.g., [2]) in order to make
proper routing/forwarding decisions for data
packets.

. In a cellular network, a central station may need to
collect the locations and velocities of mobile users in
order to implement efficient paging and handoff
mechanisms.

. In a vehicular network, a traffic control center may
want to track the movements of various vehicles so
that traffic congestions or accidents may be detected
and then communicated to vehicles/drivers in time.

. In a cognitive radio network, a secondary user may
have to know the locations of primary users as well
as the location of its intended receiver such that it

can decide whether to transmit over the primary
spectrum or not.

. In a military wireless network (or a rescue and
recovery mission), a commander may need to know
the locations of all the (mobile) soldiers in a dynamic
chaotic environment.

As networks continue to grow in size and become more
dynamic, the network state information may change rapidly
over time and hence significant control overhead may be
incurred by tracking the network state. Such an overhead,
in our opinion, has yet to be fully understood.

The premise of this work is that, instead of trying to find
solutions that produce the least overhead under certain
conditions for each of the aforementioned examples and
other network scenarios, we aim to extend a general
framework that may bound the overhead while satisfying
a constraint that the network state information is main-
tained within some given accuracy. In this paper, we
consider dynamic networks with mobile nodes where the
state information being tracked is the motion state of nodes.
Here, the motion state of a node can be (any combinations
of) the location, velocity and/or acceleration of the node.
The key departure point of this framework is to treat a
node’s motion state as a random (vector) process that
exhibits random changes. The minimum overhead is the
minimum amount of state information rate needed such
that the current state of nodes of the network can be
identified within a certain distortion bound. This motivates
the use of information theory and rate-distortion theory as a
tool for developing lower bounds on such an overhead.
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We consider the scenario where the motion state of 
nodes of a dynamic network is tracked by a network master 
at a sequence of time instants. Here, the network master 
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could be any node of the network and is also called “the
master node.” In our analysis, the actual motion state of a
node and the motion state perceived by the master node are
both treated as random processes. The discrepancy between
the actual and perceived state is evaluated under some
predefined distortion measure, for example, the mean-
squared distortion measure. Then, under the given distor-
tion measure, the information rate of tracking the motion
state of nodes in a dynamic network is the bit rate at which
the master node must receive such that the distortion
evaluated at the time instants of interest is bounded. We
formulate the problems of finding the minimum value of
these bit rates as rate-distortion problems, wherein the
tracking time instants are regarded as “side information”
(please see Section 3). Using the rate-distortion formulation
with side information and under Brownian motion and
Gauss-Markov mobility models [3], we obtain lower bounds
on the minimum bit rate of tracking the motion state of
dynamic networks, where the motion state of a node is,
either 1) the node’s location information only, or 2) the
node’s location and velocity information.

Further, we show how the derived results can be applied
to one of the aforementioned network scenarios: the
protocol overhead of geographic routing protocols
in packet-switched wireless networks. We characterize the
protocol overhead incurred in terms of node mobility,
packet arrival process, and distortion bound �. We then
connect the results obtained here with the results on the
throughput capacity of stationary multihop wireless net-
works evaluated in [4], in order to characterize the effective
throughput capacity available for users. It is shown that,
under the Gauss-Markov mobility model, in order to
prevent the total traffic from being overwhelmed by
protocol overhead, the average speed of nodes in the
network must scale down as the total number of nodes
grows. This implies that, within a certain state-distortion
bound, protocols aimed at tracking motion state informa-
tion may not be scalable beyond a certain level of node
mobility. Please note that the routing protocol initiates the
forwarding process as soon as a packet is generated at the
source. Thus, the potential capacity improvement due to
node mobility (achieved at the cost of delay associated with
waiting for the destination to move to a nearby location)
pointed out in [5] is not applicable to our work.

The contributions of this paper are summarized as follows:

1. We present an information-theoretic formulation for
evaluating the overhead incurred by tracking the
motion state information of dynamic networks. The
formulation is general in that it can be applied to any
stochastic sequences of tracking time instants, any
distortion measures, and any mobility models, as
shown in the analysis.

2. For Brownian motion and Gauss-Markov mobility
models and arbitrary tracking time distributions,
we derive lower bounds for minimum information
rate at which a master node must receive motion
state information of nodes in the network such that
the errors in nodes’ motion state are bounded
(Theorems 1 and 2 and Corollary 3).

3. The obtained results are applicable to the analysis of
protocol overhead of geographic routing protocols in

mobile ad hoc networks. We derive the minimum
overhead incurred by maintaining the geographic
information of nodes in terms of node mobility,
packet arrival process, and distortion bounds. It can
be observed that given certain state-distortion
allowance, protocols aimed at tracking motion state
information (such as geographic routing protocols)
are not scalable beyond a certain level of node
mobility (Theorem 4 and Corollary 5).

The rest of the paper is organized as follows. A brief
overview of related work and the relations with this paper
are presented in Section 2. The problem definition and its
mathematical formulation are presented in Section 3. The
evaluation of lower bounds on the information rates of
tracking motion state information of dynamic networks is
presented in Sections 4 and 5, where in Section 4 the motion
state information being tracked is the location information
only, while in Section 5 the location and velocity informa-
tion is tracked jointly. Applications to analyzing the
protocol overhead of geographic routing protocols in
mobile ad hoc networks is introduced in Section 6. In
Section 7, we briefly discuss issues and extensions that are
not yet addressed in the previous sections. We present
conclusions and future research directions in Section 8.

2 RELATED WORK

We share the viewpoint with the authors in [6] that
information theory and networks are two usually disparate
fields, and information-theoretic techniques have not yet
been widely used in the domain of networking with
random user activity. One of the earliest efforts of using
information theory to understand the overhead of network
protocols dates back to a seminal work by Gallager [7].
Under a simple (stationary) network model and using
information-theoretic methods, Gallager [7] quantified the
amount of protocol information per packet that is needed
for reconstruction of the packets at the destination within a
specified mean delay. It is shown in [7] that if the packet
lengths are small compared to the packet interarrival times,
then the protocol information can far exceed the amount of
data bits carried by the packets.

A number of recent studies have used information
theory to understand network protocols or applications,
and we review the most related results below.

Authors in [8] provide a general approach for analyzing
the cost of the registration and paging schemes in cellular
networks with the use of information theory. A more
concrete information-theoretic approach is used in [9] to
study the complexity of tracking a mobile user in a cellular
environment and a position update and paging scheme is
proposed, wherein the entire network area under study is
divided into a finite number of predefined zones, and the
node location information being tracked is roughly deter-
mined as one of those zones. In [10], the authors propose the
entropy of link change as the metric for mobility models
against which performance of wireless network protocols
could be evaluated. Authors of [11] use rate-distortion
theory to investigate the optimal timing for updating a
certain link state metric (e.g., bandwidth) such that the
update rate is minimized within a given cost constraint.
Distributed information discovery in P2P systems is studied
from an information-theoretic perspective in [12], through



which the overhead induced by the task of information
discovery is bounded. Authors in [13] studied the schedul-
ing problem in a TDMA-based network and used rate-
distortion theory to characterize the basic limits on the
amount of network information that should be transmitted
in order to achieve a given level of network performance.
An information-theoretic approach is proposed in [14] in
order to characterize the minimum routing overhead and
memory requirements of a specific two-level hierarchical
routing protocols for ad hoc networks. The overhead of
generic link state routing protocols is studied using a rate-
distortion approach in [15]. The authors in [16] study the
family of geographic routing protocols for mobile wireless
networks and the rate-distortion lower bounds for the
geographic routing overheads that are evaluated under the
Brownian-motion mobility model and an i.i.d. assumption
about the interarrival times of data packets.

While our work is in some sense along the lines with [14],

[15], [16], there are some major differences that underline
the contributions of this paper and are summarized as
follows:

1. In this paper, we study the network state tracking
problem where the network state is the motion state
of nodes and hence has a broader meaning than the
location information studied in [16].

2. The problem formulation used in this paper allows
the tracking node to utilize the tracking time
information to infer the movement of the node being
tracked. The benefits of such a modification include:
a) achieving lower information rates than those
derived in [16] (see Section 4); b) allowing our
analysis to be applied to tracking time sequences
with arbitrary probability distributions; hence, the
i.i.d. assumption about tracking time intervals used
in [16] no longer exists in our analysis.

3. While the previous work [16] relies solely on the use
of Brownian motion mobility model to deliver
mathematically tractable results, in this paper we
extend the analysis to the Gauss-Markov mobility
model, which is considered to be more realistic, and
more widely used in the literature. This allows us,
when studying the protocol overhead of geographic
routing protocols, to derive some interesting results,
e.g., the maximum scaling of the average speed (in
terms of total number of nodes) that can be
supported by ad hoc networks (Corollary 5).

3 PROBLEM DEFINITION AND MATHEMATICAL

FORMULATION

We study a general motion-tracking problem described as
follows. A number of n mobile nodes are deployed over a
2D plane. For each node i, let SiðtÞ denote its motion state at
time t, where SiðtÞ can be node i’s location XiðtÞ, or its

velocity ViðtÞ, or its acceleration AiðtÞ, or any possible
combinations of these three,1 all at time t. Assume node i
encodes its motion state information and updates to a

master node so that the master node can track node i’s
motion at time instants fTj : j ¼ 1; 2; . . .g with tracking rate

� :¼ lim
N!1

N

E½TN �
; ð1Þ

such that the actual motion states fSiðTjÞ : j ¼ 1; 2; . . .g of
node i are perceived as fŜiðTjÞ : j ¼ 1; 2; . . .g by the master
node. Now, we want to find the minimum information rate
at which node i must update its motion state information
so that the information fŜiðTjÞ : j ¼ 1; 2; . . .g decoded by
the master node is within a certain accuracy as compared to
the actual motion state information fSiðTjÞ : j ¼ 1; 2; . . .g. A
strict mathematical formulation of this problem is pre-
sented through the following definitions.

Definition 1. dðSiðtÞ; ŜiðtÞÞ is the distortion measure between
node i’s actual motion state and the state available at the
master node at time t.

Definition 2. SNi ¼ ½SiðT1Þ; SiðT2Þ; . . . ; SiðTNÞ� is the vector of
motion states of node i at time instants Tj, 1 � j � N .
Similarly, ŜNi ¼ ½ŜiðT1Þ; ŜiðT2Þ; . . . ; ŜiðTNÞ� is the vector of
motion states of node i perceived by the master node at time
instants Tk, 1 � k � N .

Definition 3. TN ¼ ½T1; T2; . . . ; TN � is the vector of the first
N time instants that node i’s motion state information is
tracked by the master node.

Definition 4. SNi , ŜNi , and T N are defined as the sets of all
possible vectors SNi , ŜNi , and TN , respectively.

Definition 5. PN denote the probability measure on the sample

space SNi � ŜNi � T N . Then, the distortion between SNi and

ŜNi , denoted by DNðSNi ; ŜNi Þ, is defined by

DN

�
SNi ; Ŝ

N
i

�
¼ 1

N

XN
k¼1

E½dðSiðTkÞ; ŜiðTkÞÞ�; ð2Þ

where the expectation is taken with respect to the
probability measure PN .

Definition 6. Let ZN 2 ZN denote the encoded version of the
actual motion states SNi , where ZN is the alphabet of ZN with
cardinality jZN j ¼ 2NR.

Without loss of generality, we assume that ZN ¼ f1; 2;
3; . . . ; 2NRg. Note that TN is statistically correlated with SNi ;
therefore, SNi is a useful piece of information for the master
node to decode/reconstruct SN . By the terminology of
information theory, TN is known as side information.

Now, we can present this problem formulation based on
rate-distortion theory to find the minimum information rate
at which node i must update its motion state information
such that DNðSNi ; ŜNi Þ � �. Fig. 1 illustrates the formulation
schematically, while Definition 7 states it formally.

1. Although the acceleration AiðtÞ is mentioned here as one of the
possible components of the motion state information, it is not included in
the analysis of this paper. We leave this as part of our future work.

Fig. 1. Rate-distortion formulation with side information.



Definition 7. The Nth-order rate-distortion function with side

information TN , RNð�Þ, is defined as the minimum rate

required to achieve distortion � if the side information TN is

available to the decoder. Precisely, RNð�Þ is the infimum of all

rates R such that there exists maps fN : SNi !f1; 2; . . . ; 2NRg,
gN : T N � f1; 2; . . . ; 2NRg ! ŜNi such that

DN

�
SNi ; gN

�
TN; fN

�
SNi
���
� �: ð3Þ

Over a long period of time, the minimum information rate
Uð�Þ (in bits/sec) at which the master node must receive
such that the distortion between the actual and perceived
motion state information is bounded by �, is given by

Uð�Þ ¼ � lim
N!1

RNð�Þ: ð4Þ

Note that the problem formulation presented above is
general in that it is not restricted to any particular mobility
models or any particular distortion measures. In this paper,
the mobility models under study will be 1) Brownian
motion, and 2) Gauss-Markov mobility model. These two
models are introduced as follows:

1. Brownian motion: Let XiðtÞ ¼ fXi1ðtÞ; Xi2ðtÞg denote
the Cartesian coordinate of a node i’s location at
time t. Node i is said to be performing Brownian
motion with drift velocity � ¼ f�1; �2g and location
variance �2, if and only if Xi1ðtÞ and Xi2ðtÞ are two
independent Wiener processes with variance 1

2�
2,

and with drift velocities �1 and �2, respectively.
2. Gauss-Markov mobility model: Let ViðtÞ ¼ fVi1ðtÞ;

Vi2ðtÞg denote the velocity (vector) of a node i
at time t. Hence, the node i’s location at time t is
given by

XijðtÞ ¼ Xijð0Þ þ
Z t

0

VijðsÞds; j ¼ 1; 2: ð5Þ

Let W1ðtÞ and W2ðtÞ denote two independent
Wiener processes (without drift) with unit variance.
Then, Node i is said to be moving according to the
Gauss-Markov mobility model with drift velocity
� ¼ f�1; �2g, velocity variance �2, and relaxation
time � , if and only if Vi1ðtÞ and Vi2ðtÞ are two
independent Ornstein-Uhlenbeck processes2 with
drift velocities �1 and �2, respectively, and satisfy-
ing the following stochastic differential equations

dVijðtÞ ¼ �
1

�
VijðtÞdtþ

�ffiffiffi
�
p dWjðtÞ; j ¼ 1; 2: ð6Þ

Here, the parameter � in the Gauss-Markov mobility
model indicates how strong the current velocity of a node is
correlated to the past, with a large � indicating a strong
correlation. Note that when � ! 0 while fixing the product
term 2�2� to be �2, i.e., asymptotically there is no correlation
between the current and past velocities, the Gauss-Markov
model with parameters f�; �2; �g will gradually become the
Brownian motion with parameters f�; �2g.3

Please note that, while the mobility models used in this
paper are all continuous time, the Gauss-Markov mobility
model first introduced in [3] and used by many others are
discrete time, which is sampled from the continuous-time
model with some time interval �t. The discretized Gauss-
Markov model used in [3] has parameters f�; �2; �g,4 in
which the correlation parameter has the relation � ¼ e��t=� ,
while other parameters still hold the same meanings as
those in our model.

Figs. 5, 6, and 7 provide a visualization of the Gauss-
Markov mobility model by plotting a number of sample
traces of a node’s movement under different mobility
parameter settings. These figures will help to illustrate
some of the analytical results derived in later sections.

4 INFORMATION RATES OF LOCATION TRACKING

In this section, we study the motion-tracking problem
where the motion state of interest is the location informa-
tion only. The mobility model under study is the Brownian
motion model introduced in Section 3. The distortion
measure used here is the mean-squared error,5 i.e.,

dðXiðtÞ; X̂iðtÞÞ :¼ jXiðtÞ � X̂iðtÞj2 ¼
X2

j¼1

ðXijðtÞ � X̂ijðtÞÞ2: ð7Þ

We will present our analytical results in Section 4.1 and
numerical evaluations in Section 4.2.

4.1 Analytical Results

A lower bound on the minimum information rate of
tracking a node’s location information under mean-squared
distortion measure is presented in the following theorem.

Theorem 1. Assume a node i is performing Brownian motion
with drift velocity � and location variance �2. Then, the lower
bound on the minimum information rate Uð�Þ of tracking a
node’s location information such that the mean-squared
distortion between the actual and perceived location informa-
tion at time instants fTjg1j¼1 is bounded by �, is given by

Uð�Þ � � E½log2
eY � þ log2

�2

�

� �� �
; ð8Þ

where eY is a random variable following the mixture pdf

feY ðtÞ ¼ lim
N!1

1

N

XN
j¼1

fYjðtÞ; t � 0; ð9Þ

where fYjðtÞ is the pdf of tracking time interval Yj :¼ Tj �
Tj�1, j ¼ 1; 2; . . .

Proof. Please see Appendix A, which can be found on the
Computer Society Digital Library at http://doi.
ieeecomputersociety.org/10.1109/TMC.2011.117. tu

2. Please refer to [17, Chapter 11-1] for detailed definitions of Wiener
processes and Ornstein-Uhlenbeck processes.

3. Please refer to [18] for a detailed explanation on this.

4. The notation for the velocity variance in [3] was �2. In this paper, we
use �2 instead, because here �2 is used to represent the location variance of
Brownian motion.

5. Although here we only study the Brownian motion with MSE
distortion, the derivation method used here is general and can be applied to
other mobility models and other distortion measures. This will be
elaborated in Section 7.



From (8), we notice that the minimum information rate
Uð�Þ does not depend on the drift velocity �. This is obvious
because, while changing � may affect the expected locations
of a node, it has no effects on the uncertainty of node
locations. Apart from this observation, we can also make
several remarks on the results of Theorem 1.

Remark 1. On the tightness of the lower bound. The lower
bounds presented in Theorem 1 (8) is known as the
Shannon lower bounds, which are asymptotically tight as
the distortion decreases to zero (see [19] and the
references therein). This justifies the evaluation of the
information rates using the lower bounds for small �.

Remark 2. On the impact of the statistical properties of
tracking time sequence TN . Notice the fact that the
tracking rate � ¼ E½ eY ��1, therefore we can rewrite (8) as

Uð�Þ � E½ eY ��1 E½log2
eY � þ log2

�2

�

� �� �
: ð10Þ

This equation suggests that, for fixed mobility parameter
� and fixed distortion parameter �, the minimum informa-
tion rate Uð�Þ only depends on the mixture density of
all tracking time intervals fYjg1j¼1. This result applies to all
possible distributions of fYjg1j¼1 and is not just limited to the
i.i.d. case as opposed to [16]. This result also indicates that,
the information rate Uð�Þ cannot be affected by the degree of
correlations in tracking times, as long as the mixture density
(or the marginal distributions) of fYjg1j¼1 is known. This
observation is important from an engineering point of view,
since the mixture density feY ð�Þ can be estimated by the
empirical distribution of tracking time intervals; hence,
Uð�Þ can be calculated by simply plugging the empirical pdf
into (10) without any hassle of dealing with tracking-time
correlations.

Remark 3. On the use of side information TN . Using TN at the
decoder helps to reduce the information rates. To see
this, note that, according to the proof of Theorem 1
we know that the minimum information rate Uð�Þ of
tracking a node’s location information using the side
information TN is given by6

Uð�Þ � 2�ðHðXi1ðT1ÞjT1Þ � log2ð	e�ÞÞ: ð11Þ

Meanwhile, according to the previous work [16], the
minimum information rate of tracking a node’s location

information without utilizing the side information TN ,

denoted by U 0ð�Þ, is given by

U 0ð�Þ � 2�ðHðXi1ðT1ÞÞ � log2ð	e�ÞÞ: ð12Þ

Since conditioning does not increase entropy, it is implied

by (11) and (12) that Uð�Þ � U 0ð�Þ, which means that the side

information TN can only help to reduce the information

rate. The benefit of using side information will be evaluated

numerically in the following section.

4.2 Numerical Evaluations and Discussions

Theorem 1 provides analytical expressions for the minimum

information rate Uð�Þ with the time-interval sequence

fYjg1j¼1 having a general mixture pdf feY ðtÞ. In this section,

we study the information rate Uð�Þ numerically by consider-

ing several specific mixture probability distributions for

fYjg1j¼1, and make comparisons with the results in [16]

where the side information TN is not utilized by the tracker.

Please note that we are evaluating the results of Theorem 1

without the need of assuming fYjg1j¼1 are i.i.d.; however,

we have to limit our comparisons with [16] to the i.i.d. case.
Fixing the tracking rate �, we evaluate Uð�Þ with (8) for

the following cases:

1. Case 1: the tracking time instants fTjg1j¼1 is
(deterministically) periodic, i.e., the distribution of
fYjg1j¼1 follows a trivial pdf feY ðtÞ ¼ 
ðt� ��1Þ.

2. Case 2: The mixture density of fYmg1m¼1 is the
uniform distribution with pdf

feY ðtÞ ¼ �
2 ; 0 � t � 2��1;
0; otherwise:

�
ð13Þ

3. Case 3: The mixture density of fYmg1m¼1 is the
exponential distribution with pdf

feY ðtÞ ¼ �e��t; t � 0;
0; otherwise:

�
For conciseness, the results are summarized in Table 1.

The derivations are placed in Appendix B, available in the

online supplemental material.
Figs. 2 and 3 show the plot of the minimum information

ratesUð�Þ andU 0ð�Þ against the location variance of Brownian

motion �2 and the tracking rate � (by a master node) for the

three different cases. Several conclusions can be drawn

according to these figures:

TABLE 1
Minimum Location Information Rate (w/o Using Side Information) with Different Tracking-Time Distributions

Case 1: Periodic; Case 2: Uniform; Case 3: Exponential.

6. In order to compare with the results in [16], we have to apply
Theorem 1 to the special case that the tracking time intervals fYjg1j¼1 are
i.i.d.



. It is observed that for high location variance �2 and
high tracking rate �, the minimum information rate
required to identify the locations of a node in
dynamic networks becomes very high.

. For Case 1, where the side information fTmg1m¼1
bears no randomness, it is shown that the presence
of side information will not reduce the information
rate. However, for Cases 2 and 3, it is observed that
side information does reduce the information rate
thanks to its random nature.

. It is shown that the rate required for periodical
observations (Case 1) is higher than that required
for uniform and exponential cases (Cases 2 and 3).
In fact, the rate for periodical location tracking is
the highest of any probability distributions of eY
with fixed tracking rate �. This can be shown as
follows. By Jensen’s inequality, the minimum
information rate Uð�Þ for an arbitrary probability
distribution of eY

�

Z 1
0

log2ðtÞfeY ðtÞdtþ log2

�2

�

� �� �
¼ �E½log2

eY � þ � log2

�2

�

� �
� � log2 E½ eY � þ � log2

�2

�

� �
¼ � log2

�2

��

� �
is shown to be no greater than the minimum
information rate of periodical tracking provided by
Case 1 from Table 1.

5 INFORMATION RATES OF LOCATION-VELOCITY

JOINT TRACKING

In this section, we study the motion-tracking problem
where a node’s location and velocity are being tracked
jointly, i.e., the motion state of interest is composed of a
node’s location information and its velocity information;
hence, the motion state of a node i at time t is described
by SiðtÞ ¼ fXiðtÞ; ViðtÞg. The mobility model used here is
the Gauss-Markov model introduced in Section 3. We still
use the mean-squared error as the distortion measure, i.e.,

dðSiðtÞ; ŜiðtÞÞ ¼ fd1ðSiðtÞ; ŜiðtÞÞ; d2ðSiðtÞ; ŜiðtÞÞg; ð14Þ

where

d1ðSiðtÞ; ŜiðtÞÞ :¼ jXiðtÞ � X̂iðtÞj2
¼
P2

j¼1ðXijðtÞ � X̂ijðtÞÞ2

d2ðSiðtÞ; ŜiðtÞÞ :¼ jViðtÞ � V̂iðtÞj2

¼
P2

j¼1 VijðtÞ � V̂ijðtÞ
� �2

:

8>>><>>>: ð15Þ

Compared to Section 4, a new component/dimension
of the motion state information is introduced in the
analysis of this section. This allows us to demonstrate the
generality of the formulation proposed in this paper. In
Section 5.1, we will present our analytical results and the
connections to the results presented in Section 4. Then,
we provide numerical evaluations in Section 5.2 and give
insights on how the mobility parameters may affect the
information rates.

5.1 Analytical Results

A lower bound on the minimum information rate of
tracking a node’s location and velocity information jointly
under mean-squared distortion measure is presented in the
following theorem.

Theorem 2. Assume a node i is moving according to the Gauss-
Markov mobility model with drift velocity �, velocity variance
�2, and relaxation time � . Then, the lower bound on the
minimum information rate Uð�Þ of joint tracking a node’s
location and velocity information, such that the mean-
squared distortion between the actual and perceived motion
information at time instants fTjg1j¼1 is bounded by
� ¼ f�1; �2g, is given by

Uð�Þ � maxfL1; L2g; ð16Þ

where

L1ð�Þ ¼ � E log2
2eY
�

�
1þ e�eY =��� 4

�
1� e�eY =��� 	h i�

þ E½log2

�
1� e�eY =��� þ log2

�4�2

�1�2

	
L2ð�1Þ ¼ � E log2

2eY
�

�
1þ e�eY =��� 4

�
1� e�eY =��� 	h i�

� E



log2

�
1þ e�eY =���þ log2

�2�2

�1

	
;

8>>>>>>><>>>>>>>:

Fig. 2. Minimum location information rate (w/o using side information)
versus location variance of Brownian motion. � ¼ 10; � ¼ 2.

Fig. 3. Minimum location information rate (w/o using side information)
versus tracking rate by a master node. � ¼ 10; � ¼ 2; �2 ¼ 400.



where eY is a random variable following the mixture density
fYjðtÞ of tracking time intervals Yj :¼ Tj � Tj�1, j ¼ 1; 2; . . .

Proof. Please see Appendix C, available in the online
supplemental material. tu

From Theorem 2, we notice that, the lower bound L2 on
Uð�Þ is dependent on the location error �1 and is
independent on the velocity error �2. In fact, it is actually
the lower bound for the minimum rate of tracking a node’s
location information only when the node’s movement is
governed by the Gauss-Markov mobility model. Therefore,
we have the following corollary.

Corollary 3. Assume a node i is moving according to the Gauss-
Markov mobility model with drift velocity �, velocity variance
�2, and relaxation time � . Then, the lower bound on the
minimum information rate Uð�Þ of tracking a node’s location
information only, such that the mean-squared distortion
between the actual and perceived location information at time
instants fTjg1j¼1 is bounded by �, is given by

Uð�Þ � L2ð�Þ; ð17Þ

where L2 is from (16).

Here, the parameter � in the Gauss-Markov mobility
model indicates how strong the current velocity of a node is
correlated to the past, and a large � indicates a strong
correlation. Note that the Gauss-Markov model with para-
meters f�; �2; �gwill gradually become the Brownian motion
with parameters f�; �2g if we allow � ! 0 while fixing the
product term 2�2� to be �2. This allows us to verify the
consistency between Corollary 3 and Theorem 1 as follows.

Notice that for � ! 0, ð1þ e�eY =� Þ and ð1� e�eY =� Þ tend to 1,

and E½log2ð1þ e�
eY =� Þ� approaches 0, then by enforcing

�2 ¼ 2�2� , (17) becomes

Uð�Þ � � E log2

2 eY
�

" #
þ log2

�2�2

�

!

¼ � E½log2
eY � þ log2

�2

�

� �� �
;

ð18Þ

which conforms to (8) in Theorem 1.
The above analysis that reaches (18) does provide an

alternate route for reaching the conclusions of Theorem 1.
The above derivation relies on the special connection

between Brownian motion and the Gauss-Markov Mobility
Model and hence does not preserve the generality of the
approach used in deriving Theorem 1 in Section 4. More-
over, the special trick used here cannot yield a meaningful
understanding about the effect of the side information
newly introduced in this work. Therefore, we cannot regard
this as a replacement of Theorem 1.

5.2 Numerical Evaluations and Discussions

In this section, we evaluate the results of Theorem 2

numerically. Due to mathematical complexities, we only

consider the case where the tracking time instants fTjg1j¼1

is (deterministically) periodic, i.e., the distribution of

fYjg1j¼1 follows a trivial pdf fY ðtÞ ¼ 
ðt� ��1Þ. In this case,

(16) becomes

Uð�Þ �

� log2
2
��

�
1þ e� 1

��

�
� 4
�
1� e� 1

��

�� 	�
þ log2 1� e� 1

��

� 	
þ log2

�4�2

�1�2

	
; if �2

�2 þ e�
1
�� � 1;

� log2
2
��

�
1þ e� 1

��

�
� 4
�
1� e� 1

��

�� 	�
� log2

�
1þ e� 1

��

�
þ log2

�2�2

2�1

	
; otherwise:
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Fig. 4 shows the plot of the minimum information rate

Uð�Þ against relaxation time � and velocity variance �2

under finite distortion f�1; �2g. It is observed that for large �2

the information rate of tracking a node’s motion becomes

very high. In fact, if we take a look at Fig. 5 wherein sample

Fig. 4. Minimum location information rate versus relaxation time.
� ¼ 10; �1 ¼ 0:01; �2 ¼ 10.

Fig. 5. Sample traces of Gauss-Markov mobility model for different values of �2. (� ¼ 0; � ¼ 0:2; simulation time: 100.)



traces of a node’s movement are plotted for different values
of �2, we can notice that for small �2 the node’s movement
can be very restricted (Fig. 5a); with the increase of �2, the
node’s movement can become more and more unrestricted
(Figs. 5 and 5c), indicating an increasing uncertainty of the
node’s motion state.

From Fig. 4, we also observe that, for large relaxation
time � , with the decrease of � , the information rate Uð�Þ will
be increasing. This fact can be understood straightfor-
wardly, since a decrease in � suggests that a node’s current
and past velocities are becoming less and less correlated,
and hence it will increase the uncertainty of the node’s
motion state. However, for small � , it is shown in Fig. 4 that,
with the decrease of � , the information rate Uð�Þ is actually
decreasing. The reason behind this seemingly counter-
intuitive phenomenon is that, when � is small, the location
variance of node i is

var½XijðtÞ� � �2t�; j ¼ 1; 2: ð19Þ

Therefore, the location uncertainty of a node will diminish
with the decrease of � and hence yield low information
rate Uð�Þ. In fact, if we take a look at Fig. 6 wherein sample
traces of a node’s movement are plotted for different
values of � , we can notice that the node’s movement can
become very restricted if we simply decrease � while
keeping �2 unchanged.

In order to remove the effect of � on the location
uncertainty, we have to fix �2� to be some constant. Now,
we take a look at Fig. 7 wherein sample traces of a node’s
movement are plotted for different values of � while
keeping �2� as constant. In this case, we can observe that

the node’s movement is no longer restricted even if � takes
on a very small value (e.g., � ¼ 0:01, Fig. 7a).

By letting 2�2� ¼ �2, we plot the curves of Uð�Þ against �
and �2 under finite distortion f�1; �2g in Fig. 8. In this case,
the information rate Uð�Þ is always increasing with the
decrease of � . In fact, it is easy to verify that for this case
the rate Uð�Þ will become unbounded with � ! 0. This is
because for � ! 0, a node will asymptotically perform
Brownian motion and hence the node’s instantaneous
velocity become unbounded,7 and hence it is impossible
to keep track of the velocity of Brownian motion under a
finite distortion error.

6 APPLICATION: ANALYZING THE OVERHEAD OF

GEOGRAPHIC ROUTING PROTOCOLS

In this section, we present how the theories developed in the
above sections can be applied to analyze the overhead
incurred by geographic routing protocols over mobile ad hoc
networks. First, we present a brief introduction of geographic
routing protocols in Section 6.1. Then, in Section 6.2, we
characterize the overhead of geographic routing protocols for
mobile wireless networks and investigate how the protocol
overhead interacts with the data traffic.

6.1 Geographic Routing Protocols

In packet-switched communication networks, routing is the
process of forwarding data packets from one host to
another such that packets may eventually reach their
destinations. Geographic routing is a routing technique

Fig. 6. Sample traces of Gauss-Markov mobility model for different values of � . (� ¼ 0; �2 ¼ 5;000; simulation time: 100.)

Fig. 7. Sample traces of Gauss-Markov mobility model for different values of � while fixing �2� as constant. (� ¼ 0; �2� ¼ 500; simulation time: 100.)

7. Please see [17] for detailed explanation.



that uses the position of destination nodes in order to make
routing decisions [20]. Geographic routing requires nodes
to know their locations. This may be accomplished using
GPS [21] or other mechanisms [22]. Also, geographic
routing requires a distributed location service which allows
source nodes to collect the location information of the
destination nodes [23]. All geographic routing protocols
function in the following manner. When a new packet
arrives at a source node, it queries the location service in
order to discover the current position of the destination.
The position of the destination is added to packet headers
and the source and intermediate nodes forward the packet
to a neighbor that is closer to the destination.

It is clear that, in geographic routing, the process of
collecting the destinations’ location information by the
source nodes produces an overhead. Such a process can be
abstracted as follows. For any source-destination pair ðk; iÞ,
destination node i will encode its location information and
send out as control packets, which may be received by the
source node k such that it can make routing decisions upon
the arrivals of data packets at node k. Therefore, the control
message overhead associated with S-D pair ðk; iÞ is formed by
the bit streams of all such control packets received by node
k. In the following section, we will apply the results
derived in previous sections to bound such an overhead.

6.2 Overhead-Throughput Analysis of Mobile
Ad Hoc Networks Using Geographic Routing

Consider a mobile ad hoc network of n nodes that are
randomly distributed over a torus with surface area of
AðnÞ ¼ �ðnÞ.8 The movement of each node is governed by
the Gauss-Markov mobility model with drift velocity �ðnÞ,
velocity variance �2ðnÞ and relaxation time �ðnÞ. The
transmission range of each node is assumed to be fixed
and is denoted by rðnÞ. We pick uniformly at random a
matching of source-destination pairs, so that each node is
the destination of exactly one source. The source node k is
constantly generating data packets (with packet size c bits)
destined to i at rate �ðnÞ packets/sec such that the jth
packet destined to destination i is generated at time
Tj ¼ j=�ðnÞ, 8j � 0.

We assume that both the drift velocity �ðnÞ and the
velocity variance �2ðnÞ of a node can only scale as Oð1Þ.
Since the network radius scales as �ðnÞ, this ensures that
the nodes do not wrap around the surface during the time
scale corresponding to packet interarrival times. So, if we
look at the movement of a node during a small time
interval, then with high probability the motion is similar to
the Gauss-Markov model on an infinite 2D plane. Therefore,
we study the movement of nodes over the torus as if they
are moving over an infinite plane and hence results from
previous sections can be applied here.

We also assume that the relaxation time �ðnÞ scales as
�ð1Þ. This is because, either �ðnÞ ¼ oð1Þ or �ðnÞ ¼ !ð1Þ will
make the Gauss-Markov mobility model become trivial:
1) when �ðnÞ ! 0, nodes are performing Brownian motion
with zero location variance; 2) when �ðnÞ ! 1, nodes are
just moving with constant velocity �ðnÞ.

According Corollary 3, in order to have node i’s location
error bounded by �ðnÞ at node k, the minimum bit rate at
which node k must receive node i’s location information is
given by

Uð�Þ � �ðnÞ log2

2

�ðnÞ�
�
1þ e�

1
�ðnÞ�
�
� 4
�
1� e�

1
�ðnÞ�
�� ��

� log2ð1þ e
� 1
�ðnÞ�Þ þ log2

�2ðnÞ�2

2�ðnÞ

�
:

ð20Þ

Note that the maximum per-node throughput of a

random multihop wireless network scales as �ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ
[4], and it is indicated by Corollary 3 that in mobile wireless

networks, the control message overhead produced by

geographic routing protocols reduces the per-node through-

put at least by Uð�ðnÞÞ. Therefore, the bit rate of transmitting

data packets from a source to its destination, c�ðnÞ, which is

termed as effective per-node throughput, can only scale as

Oð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ, and it remains to be seen whether the

effective per-node throughput c�ðnÞ can actually attain the

order �ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ. This question is answered in the

following theorem.

Theorem 4. Consider a mobile ad hoc network where node
movement follows the Gauss-Markov mobility model. Then, in
order to have the effective per-node throughput c�ðnÞ achieve
the optimal scaling �ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ, the velocity variance of a
node �2ðnÞ must scale as O �ðnÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

ð Þ:
Proof. Please see Appendix D, available in the online

supplemental material. tu

The results of Theorem 4 determines the level of node
mobility (in terms of total number of nodes in the network)
that geographic routing protocols can ultimately support.
The exact order of node mobility, which is for this case the
velocity variance �2ðnÞ, however, is still not explicit and is
dependent on the location error �ðnÞ. It is clear that
the location error �ðnÞ cannot be too large since otherwise
the routing protocols will not function properly. Since the
determination of location error �ðnÞ in order to achieve
satisfactory network performance (e.g., high delivery ratio)
is out of the scope of this paper, we need to borrow some
results of such a study in the literature, e.g., [29] and [30]. It
is observed in [29] that for geographic routing protocols

Fig. 8. Minimum location information rate versus relaxation time by fixing
2�2� to be �2. � ¼ 10; �1 ¼ 0:01; �2 ¼ 10.

8. This network area setting keeps the node density constant, and is
termed as “extended network” in some works in the literature.



using greedy forwarding, 20 percent error in node’s
location information (relative to its transmission range r)
may cause substantial loss in performance. An improve-
ment, comprising of maintaining two hop neighborhood
information, is proposed which makes geographic routing
tolerant to 40 percent error in location. Similar observations
regarding loss in performance due to location errors
induced by increased mobility and beacon interval are
made in [30]. Based on these observations, for the mean-
squared location error �ðnÞ with the dimension of unit
squared distance, we use the order �ðnÞ ¼ Oðr2ðnÞÞ as a rule
of thumb to determine the location error that a geographic
routing protocol can tolerate. In this case, we have the
following corollary.

Corollary 5. Assume a geographic routing protocol can only

tolerate a mean-squared location error �ðnÞ ¼ Oðr2ðnÞÞ, and let

the drift velocity �ðnÞ in the Gauss-Markov model for each node

to be 0. Then, in order to have the effective per-node throughput

c�ðnÞ achieve the optimal scaling �ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ, the average

speed of a node jV ðnÞj :¼ E½jV ðnÞj� must scale as

O

ffiffiffiffiffiffiffiffiffiffi
logn

n

r !
: ð21Þ

For the case jV ðnÞj ¼ �ð1Þ, the effective per-node throughput

c�ðnÞ can only scale as

O
1ffiffiffi

n
p

log1:5ðnÞ

� �
: ð22Þ

Proof. Please see Appendix E, available in the online
supplemental material. tu

The results of Corollary 5 indicate that, under Gauss-
Markov mobility model without drift, in order to have the
data rate of each S-D pair achieving the maximum per-
node throughput, the average speed of each node must
scale down with the increase of the number of node n. If
we let the average speed of each node stay constant, then,
as compared to the maximum per-node throughput
scaling �ð1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n logn
p

Þ that can be achieved in static
multihop wireless networks, the data rate of each S-D
pair must be reduced by a factor of logn in order to let the
network accommodate the protocol overhead incurred by
geographic routing protocols.

It is worth noting that, under the same network setting,
results in [24] indicate that for topology-based proactive
routing protocols (e.g., DBF [25] and OLSR [26]), the
maximum mobility degree (measured in node’s average
speed) can be supported by the network is jV ðnÞj ¼
Oð1=ðn lognÞ3=2Þ: On the other hand, for reactive routing
protocols that maintain the route state or vector state of a
network (e.g., DSR [28] and AODV [27]), the maximum
mobility degree must scale as jV ðnÞj ¼ Oð 1

n2Þ. By compar-
ison we understand that, asymptotically, geographic rout-
ing protocols may tolerate a relatively higher degree of
mobility and hence have better scalability than the routing
protocols examined in [24] that maintain other types of state
information of the network.

7 DISCUSSIONS

In this section, we discuss issues yet to be addressed in this
paper. First, we discuss how the formulation and analysis
may be extended to the absolute difference distortion
measures. We then address why the cost of tracking local
neighboring information is not considered in the analysis of
geographic routing.

7.1 Absolute Difference Distortion

In previous sections, all the rate-distortion bounds are
derived under the MSE distortion. However, we do realize
other distortion criteria may also be of great interest. For
example, in some cases, we do want to bound node
locations nonprobabilistically, and consequently the abso-
lute difference distortion measure makes more sense.
Precisely, the per symbol distortion is given by9

dðXiðtÞ; X̂iðtÞÞ :¼ jXiðtÞ � X̂iðtÞj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX2

j¼1

ðXijðtÞ � X̂ijðtÞÞ2
vuut :

ð23Þ

And the Nth-order total distortion is defined by

DN

�
XN
i ; X̂

N
i

�
:¼ max

1�k�N
fdðXiðTkÞ; X̂iðTkÞÞg: ð24Þ

With this new distortion measure, we let

DN

�
XN
i ; X̂

N
i

�
�

ffiffi
�
p
; ð25Þ

which is clearly a more stringent requirements for main-
taining location accuracy. Under Brownian motion, the
result of Theorem 1 is changed to the following:

Uð�Þ � � E½log2
eY � þ log2

e�2

�

� �� �
: ð26Þ

The proof of this derivation can be found in Appendix F,
available in the online supplemental material.

Compared to the bound under MSE distortion, the new
bound under absolute difference distortion measure is
larger by � log2 e.

7.2 Why the Cost of Tracking Neighboring
Information Not Considered

In Section 6, we analyzed the protocol overhead of
geographic routing protocols. In particular, the overhead
under study is the cost of source node in knowing
destination node’s position estimates. Admittedly, some
geographic routing algorithms require nodes to exchange
beacons to obtain neighboring information and hence incur
an overhead as known as “beacon overhead.” The rate-
distortion bound on beacon overhead is well studied in the
previous work [16]. However, the reason we do not study
or revisit such an overhead in this paper is that, beacon
exchanges are not absolutely required by all geographic
routing protocols. For example, Beaconless Geographic
Routing [31], [32] does not require such a mechanism and
hence does not incur such an overhead. Since our protocol
overhead analysis mainly focus on investigating the scaling

9. For notation simplicity, we only discuss tracking the location
information only.



properties rather than giving precise characterization of the
actual overhead for all scenarios, therefore we prefer to only
analyze the part of the overhead necessary for all
geographic routing protocols.

8 CONCLUSIONS AND FUTURE WORK

In this paper, we extended an information-theoretic frame-
work for bounding the motion-tracking cost in dynamic
networks. In this problem, a tracking node wants to
maintain the motion state information, such as locations
and velocities, of other nodes in the network. The objective
is to find the minimum amount of information rate (i.e.,
overhead) required by the tracking node such that the
distortion between the actual and the perceived motion
state information of other nodes is bounded. We formulate
this minimum overhead problem as a rate-distortion
problem with side information. As compared to previous
work [16], such a formulation not only helps to yield better
lower bounds on the information rate (protocol overhead),
but also extend the analysis to more realistic mobility
models, and incorporate more general stochastic models for
the sequence of tracking time instants. It is shown that our
theoretical analysis can be applied to analyze the protocol
overhead of geographic routing protocols in mobile ad hoc
networks. The generality of our proposed framework leads
to some interesting results for large-scale mobile ad hoc
networks, including finding the maximum scaling of
average node speed that can be supported by networks
that use geographic routing to route packets. Directions of
future research may include further extending our pro-
posed information-theoretic framework to incorporate
additional or other types of network state.
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