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Abstract

We study control problems for linear systems in the behavioral framev@ur focus is a class of regular controllers that
are equivalent to the canonical controller. The canonical controllepiricular controller that is guaranteed to solve the control
problem whenever a solution exists. However, it has been shown thab#t cases, the canonical controller is not regular.
The main result of the paper is a parametrization of all regular contraletsare equivalent to the canonical controller. The
parametrization is then used to solve two control problems. The firstgurois related to designing a regular controller that uses
as few control variables as possible. The second problem is to desggukar controller that satisfies a predefined input-output

partitioning constraint. In both problems, based on the parametrizatiopresent algorithms that does the controller design.

Index Terms

behavior, canonical controller, regularity, input-output partition.

I. INTRODUCTION

In this paper, we discuss control problems for linear difeial systems in the behavioral approach. The behaviohef t
systems discussed in this paper is the set of solutions ofirtear differential equations that describe the systenjslIfi
particular, we restrict our attention to the class of inéhijtdifferentiable functionsg>°. Thus, whenever a differential equation
is given, we assume its solution to be infinitely differebléa

Standard control problems in the behavioral approach ttesystheory can be formulated as follows [2], [3], [4]. A dlan
to be controlled that has two kinds of variablés:be-controlled variablesnd control variablesis given. Throughout this
paper, we denote the control variablescaand the to-be-controlled variables s The dimensions o& andw are denoted
by ¢ andw respectively. A behavioral model of the plant system thatweaes the relevant relation betweenandc is called

the full plant behavior and is denoted b¥,;. The full plant behavior can be compactly represented asdhefsall signal
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pairs (w, ¢) that are strong solutions to an associated system of linffarahtial equations [1].

Pratt = {(w,c) € ¢®([R,R*") | R (%) w+ M (%) e= o} , (1)

where R and M are polynomial matrices of appropriate dimensions. We tertbe class of polynomial matrices with
indeterminateg, g rows, andg columns over the real field aR9*?[£]. A representation of the behavior in the form of
(1) is called akernel representatigrthe reason being that the behavior is simply the kernel afieat differential operator.

A controlleris a device that is attached to (or an algorithm that actslwnfontrol variables and restricts their behavior. This
restriction is imposed on the plant via the control variabluch that it (indirectly) affects the behavior of the &-dontrolled

variables. A controlleC is thus a behavior containing all signaisallowed by the controller:

C = {CGQOO(R,RCHC(%)cO}. )

The resulting behavior is called tlw®ntrolled systemThe controlled behavioiis then defined as

K := {w e ¢(R,RY) | 3 ¢ € €(R,R)

such that(w, ¢) € Pg ande € C}. 3)

The controlled behaviok is obtained by eliminating thecontrol variabledrom the following kernel representation.
=0. 4)

If we eliminate the control variables from the full behaviare obtain the so callethanifest behavigrwhich is denoted by

P. Thus,

P = {weCRE)|3ceRE)

such that(w, ¢) € Pg }- )

As part of the control problem, one is givenspecification which is expressed in terms of the to-be-controlled véemb

The specificatiorS is given by the following kernel representation

S = {we@‘”(R,R") | S(%)sz}. 6)

The objective of the control problem is to find a controlfesuch that'C = S. If such controller exists, then the specification
S is said to beémplementableand the controlleC is said to implemens.

In [5], [6], a particular controller design, called tltanonical controllerwas introduced. This design has the nice property
that it implements the desired specification if and only & #pecification is implementable. However, analysis onégelarity
of the canonical controller reveals that itnsaximally irregular[7]. Regularity is a desirable property for the intercorntimc

[2], [3], which we will explain in Section Il. We show that tfeexist regular controllers that are equivalent to the narad



controller, and we provide a parametrization of all suchtadlers. This parametrization is then used to solve twoti@bn
problems:

1. The problem ofcontrol with minimal interaction [8]. This problem is about designing a regular controlleattimteracts
with the plant with as few control variables as possible. wivation behind this problem is as follows. Consider aation
where the plant and the controller are separated by a largsqath distance. We need a communication link between taetpl
and the controller to establish the interconnection. Iher¢fore favorable to have as few control variables as plesso that
the amount of communication links/channels can be minithize

2. The problem ofcontrol with I/O partitioning constraint. This problem is about designing a regular controller, iriclh

some predetermined control variables remain free in théralber.

Il. BACKGROUND MATERIAL

Kernel representations of a given behavior are not uniqeseNheless, for any behavi, there is a unique integex(3),
which is the minimum number of rows that a kernel represemtatf 8 can have. This number is also the row rank of any
kernel representation of the behavior. A kernel represientavith the minimum number of rows (i.e. equal to its row kan
is called aminimal kernel representation

Suppose that a behavi® is given by

%::{w|R(%>w:0}, ()

where R is full row rank and ha(8) rows. We can permute and partition the variablesvifinto w; andwy such that (7)

o {0 () ()=o)

where R; is a square full row rank polynomial matrix. Such a partitisncalled aninput-outputpartition wherew; is the

becomes

output andws is the input to the system. Notice that the number of outptit® ds p(B).

Given a control problem, the implementability of a spectima S is a property that depends on the specification itself as
well as the plant. The following result is proven in [9], [10]

Lemma 1 (Willems’ lemma)Given Pr,; as a kernel representation of (1). A specificatidns implementable if and only
if N'C S C P, whereN is thehidden behaviodefined by := {w € €*°(R,R¥) | (w,0) € Pgup }-

Quite often, in addition to requiring that the controllemal@ments the desired specification, we also require thatdahtroller
possesses a certain property with respect to the plant. éepbthat has been quite extensively studied is the so caipdarity

property[11], [3], [12], [13]. A controller

C:{CE(’Z‘X’(R,RC) |C<%>c:0}, 9)
whereC' is full row rank, to be regular if

R M
rank = rank[ R M } + rankC. (10)

0 C



It can be proven that nonregular interconnections mighecafthe autonomous part of the plant or the controller [24],[1
which, in many cases would be undesirable or unrealistic.

If the specificationS is such that there exists a regular controliethat implements it, thers is said to beregularly
implementableNecessary and sufficient conditions for regular impleraleifity were derived in [3]:

Theorem 2:Given the full plant behaviofPs,;. A specificationS is regularly implementable if and only if 1) it is
implementable, i.e. NV C S C P and 2)S + P = P. The symbolP** denotes the controllable part of the manifest

behaviorP.

IIl. THE CANONICAL CONTROLLER AND ITS REGULAR EQUIVALENCES

In this section, we review the idea of canonical controlled dts properties [6]. Given a full plant behaviét,; and a

specificationS, the behavior of the canonical controliés,, is defined as

Cean = {c€C®(R,R%) | I we c®(R,R") such that

(w,c) € Pry andw € S}. (11)

A kernel representation of the canonical controller can l@ioed by eliminatingy from the following kernel representation

=0. (12)

For the canonical controller the following result holds.
Theorem 3:(cf. [6]) The canonical controlle€..,, implements the specificatiofi if and only if S is implementable.

We define thecontrol manifest behavioof the plant,

Pe = fee €®(R,RY) |3 we C®(R,RY)

such that(w, ¢) € Pran}- (13)

A kernel representation dP. can be obtained by eliminating from the kernel representation &%,,.

Despite of the nice property given in the previous theordma,danonical controller also has the property of bemaximally
irregular, in the following sense.

Theorem 4:(cf. [7]) Assume that the specificatia® is implementable. The canonical control&g,, is regular if and only
if every controller that implements is regular.

In this paper, we want to show that if the specificati®ris regularly implementable at all, then, although the céarain
controller itself is maximally irregular, there exist régucontrollers that are equivalent to it. By equivalent trolters, we
mean controllers that allow the same setcofrajectories of the plant as the canonical controller ddése class of such
controllers is defined as follows.

Definition 5: The class of regular controllers that are equivalent to #renical controller is denoted &§:2, and is defined



as

ot .= {C | Cis regular andC NP, = Ccan N Pe}. (14)

can

The following theorem provides a necessary and sufficientitions for the nonemptyness of the cla&§s. This theorem
is given without proof due to space limitation. The readereiferred to [8], [14] for the proof and to [15], [16] for re&t
results for nD behaviors.

Theorem 6:The class 8 is nonempty if and only if the specificatia$ is regularly implementable.

an
In fact, regular implementability of the specificatiohalso implies that for every regular controller that implenssS there
exists a superset of that controller @i that implementsS. This is the content of the following theorem.
Theorem 7:[8], [14] Given a full plant behaviorPs,;; and a regularly implementable specificatién If C is a regular
controller that implements, then there exists a regular control&re ¢:¢¢ that implementsS andC C C’.

Given the importance of the sé&te8 | in this paper we present a parametrization of all contrsllar¢s . Before we can
obtain the parametrization, we need the following lemma.

Lemma 8:[8], [14] Let a plant be given as the kernel of a full row rarik(%) and a regular controllef be given as

the kernel of a full row rankC (%) . Denote the full interconnectiokl := P NC. Let €« denote the set of all controllers (not
necessarily regular ones) that (i) have at most as many tsugs€, and (ii) also implement when interconnected witf®.
A controller C’ € € if and only if its kernel representation can be writtenlad® + C for some matrix’. Moreover, every
controller inC’ € € has the properties that (&) is regular, and (bX’ has exactly as many outputs @s Notice that the
number of outputs ip(K) — p(P).

If we pick any regular controlle€ € €8, Lemma 8 can be used to parametrize all other controlle®jf) based on a

kernel representation «f. This is the one of the main results of this paper, which ismsanized in the following theoret

Theorem 9:[14] Let the control manifest behavior of the plafRt be the kernel ofP,. (i) and a controlleiC € ¢ be

dt can

can

the kernel ofC' (%). Assume that bothP, and C are full row rank. A controllelC’ is an element of’¢¢ if and only if it is
the kernel ofV (4) P, (&) + C () for some polynomial matri¥/ ().

Proof: The full plant behavior can be represented by

R(&) MG ||| _, as)
0 P(4) c ’

where R is full row rank. It follows that a controlle€’ represented as the kernel 6f (%) is regular if and only if

P
rank = rank P, +rank C’. (16)

O/
This is equivalent to saying that the interconnectiorPpfandC’ is regular. Therefore, we can apply Lemma 8 (by replacing
K with C..,, and P with P.) and obtain the parametrization of all elementsZjfg,. [ |

1We refer the reader to [17] for related results.



IV. CONTROL WITH MINIMAL INTERACTION

Consider the following definition of irrelevant variables.

Definition 10: Let a behaviofs be given by the kernel representation

d d
Ry (%> wy + R <a) we = 0. an

The variables inw; are said to bérrelevantto 9% if 8 can be written a€> (R, R"') x B, whereB; is the behavior ofw,.
Notice thatw, being irrelevant td5 in (17) is equivalent with?; = 0. The number of irrelevant variables in a behavior

B is thus the number of zero columns in a kernel representafion For any system8, denote the number of its irrelevant

variables byi(B8). It can be proven that(®8) is independent of the choice of kernel representatiof3ofThe problem of

control with minimal interaction that we are addressinghis tpaper can be formulated as follows.

Control with minimal interaction. Given are the full plant behavioP;,; (1) and specificationrS. We assume that the
specificationS is regularly implementable. Construct a regular contraflesuch that 1)C implementsS and 2) ifC’ is a

regular controller that implementS theni(C) > i(C").

A controller that satisfies the requirements above is calleohtroller with minimal interactionWhen some control variables
are irrelevant to the controller, we can realize the colgralithout using these variables. A controller with mininr@eraction
is thus a controller that uses the fewest number of variabléts realization. Notice that such a controller is genlgralot
unique.

We use the parametrization @8 that we derived in the previous section to solve the problérooatrol with minimal
interaction. First, consider the following lemma.

Lemma 11:Let B be a behavior, whose variables include the variabje If w; is irrelevant to3, then it is also irrelevant
to any®B’ D 8.

Lemma 11 and Theorem 7 tell us that it is sufficient to searchafoontroller with minimal interaction i’8, instead of
in the set of all regular controllers. This is an advantageceswe can parametrize all the controllersdfs,, as shown in
Theorem 9. To solve the problem of control with minimal imietion, we need to find an element &% with the maximal
number of zero columns. Generally, since there are finitedyyncolumns, there is a maximal number of zero columns that
can be attained. However, there is no guarantee that thibewin attained by a unique controller. In fact, generallgading,
it is not.

The procedure to compute a regular controller that implés§nand has the maximal number of irrelevant variables can

be summarized as follows.

Step 1.Construct the canonical control&r,, for the problem. SinceS is regularly implementable, we know that the
canonical controller implementsS.
Step 2.Construct a controll€re €2 . Denote a kernel representationfind the control manifest behavid?,, by C(%)

can*

and P(-%;) respectively.



Step 3.The kernel representation of the controller withimé interaction can be found by finding a matfix such that

C + VP has the maximal number of zero columns.

The algebraic problem related to the third step has a cordrinhaspect in it, as we generally need to search for the
answer by trying all possible subsets of the columns. ThisaBon gives rise to a computational challenge, namelyeigh
an algorithm that can handle this combinatorial problencieffitly. We refer the reader to [18] for an algorithm thatves!
the combinatorial problem. The following lemma establsla@ upper bound for the number of irrelevant variables that ¢
be attained in the controller with minimal interaction.

Lemma 12:A controller with minimal interaction can have at mast p(C) irrelevant variables. Here denotes the number
of all control variables (the number of componentscpfandp(C) denotes the number of output variableCinwhich is the
same for all regular controller that implemeidis

Proof: From the definition of regularity, we know that all regulamtwllers that implemens have the same number of
outputs, i.e.p(C). This is the number of rows in a minimal kernel representatib the controller. It is easily seen that the
number of columns ig. If a regular controller has more than— p(C) irrelevant variables, then the nonzero entries of any

kernel representation of it form a tall matrix, and thus earme minimal. ]

V. CONTROL PROBLEM WITH INPUFOUTPUT PARTITION CONSTRAINT

In some cases, it is physically necessary to require thatcon&roller some of the plant control variables are freeal#ss,
for example because these variables are sensor outputsonhel problem with input-output partitioning constrafar linear
systems is formally defined as follows.

Control with input-output partition constraint. Given a control problem, where the plant is

P:{(w,cl,@)|R(%)w+P(%)cl+Q(%)02:0}. (18)

The control variables are; andcy, the to-be-controlled variable is. The desired specification is given as

d
Find a regular controlle€ described as

C= {(01,02) | C <%) c1 4 Cy (%) cy = o} : (20)

such thatC implementsS and the variables i€ can be input-output partitioned such that is free inC, i.e. for any
¢y € €°(R,R%?) there exists a; € €*°(R,R°*) such that(ci, c2) € C.

To solve the problem, we assume that the specificatida regularly implementable (otherwise the problem is d¢leant
solvable).

Notation 13: We denote the class of regular controllers that impleménis €g*.

To find a solution to the problem, we need to use the followiespit.



Lemma 14:Given a system

e~ {ienen 10 (L) e s (4)ero) -

Without loss of generality we assume th&t C,] is full row rank. The variable, is free inC if and only of C; is full row
rank.
Using Lemma 14, we can reformulate the control problem dsvitl.

Problem. Find a controllerC € €g* in the form of
d d
C= {(01702) | Ch <E> c1+ O (E) c2 = 0},

We shall use the following lemma to show that we can restrictaitention to controllers ii€.¢¢ in solving the problem.

can

where(C; is full row rank.

Lemma 15:Let X be a subset of's*® such that for any’ e¢g* there exists &’ € X such thaiC C C’. Then there exists
aC € ¢g*® that solves the control problem with input-output partitiig constraint if and only if there exists € X that
does so.

This lemma tells us that if we can construct a subse€gf with the property ofX, we do not need to search for the
candidate controller in the whol&s®. Rather, we can restrict our attention i Theorem 7 shows that'e¢ has the desired

property. Thus, we shall try to construct the desired cdlietran €8, which we can parametrize according to Theorem 9.

can?

A solution to the control problem can be found by executing fillowing steps.

Step 1.Construct the canonical controller,,, for the problem. SinceS is regularly implementable, we know that the
canonical controller implements.

Step 2.Construct a controllé€r € ¢X¢¢. The proof of Theorem 6 contains information on how to cargt€ from a regular

can*

controller. Denote the kernel representationCadind the control manifest behavid?,., respectively by

C= {(01702) | o <%> c1 + Cy (%) Cy = O} s (223)
Pe = {(01702) | P (%) e+ Py (%) cr = } : (22b)

Step 3.Following Theorem 9, any controliéf in €228 can be represented as

can

= {(01,02) | (€ + VD) <%) et
(Cy +VPy) <%) e = 0} 23)

The kernel representation of a controllerdft? that satisfies the input-output partitioning constraint te found
by finding a matrixV’ such thatC; + V P; is full row rank.
A necessary and sufficient condition for the existence ohsuaeatrixV is given in the following lemma.

Lemma 16:Given polynomial matrice§’ € R*4[¢] and P € RP*4[¢]. There exists a polynomial matriX € R¢*P[¢] such



that C + V P is full row rank if and only if

rank > c.

We refer the reader to [18] for a proof of this lemma.
To conclude, the following is the algorithm to solve the cohproblem with input-output partitioning constraint.
Algorithm 17: The following steps provide a solution to the problem if amdyadf it is solvable.

1. Verify if the specificationS is regularly achievable. If so, go to step 2, otherwise theblam is not solvable.

2. Construct the canonical controller for this problem, atenit asCe.,.

3. Construct a regular controll€r € €55, Theorem 6 guarantees that this can be done. The contlkrd the control

manifest behaviofP. can be represented in the form shown in (22).

M
4. Verify if rank ! > p(C), wherep(C) denotes the number of output variablesCoflf this condition is satisfied, go to
Py

step 5, otherwise the problem is not solvable.

5. Compute & such thatC; + V P; is full row rank. The existence of sudh is guaranteed by Lemma 16. A controller that

solves the control problem is given by

¢ = {(01,02) | (CL+VP) (%) ot

(Cy+ VPy) (%) 0y = o} (24)

VI. CONCLUDING REMARKS

The main result of the paper is a parametrization of all mguabntrollers that are equivalent to the canonical coletrol
¢re . This class of controllers has two nice properties:
(i) All its members are regular controllers, and
(ii) it acts as an upperbound to other regular controllefis Theans, any regular controller is a subset of an eleme@f:gf

The special properties of the clag&® and its parametrization are used to solve two control problén the behavioral
framework. The first control problem is related to designingegular controller that uses as few control variables asiple.
The second problem is about designing a regular contrdilgtr gatisfies a predefined input-output partitioning.

The use of the parametrization 6f:% is not necessarily limited to the above mentioned problefmsinteresting problem
is, for example, to use the parametrization to constructgalae controller with as small MacMillan degree as possi@le

Such a result can potentially lead to the solution to the Istaonding problem of regular feedback implementability][19
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