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Abstract— Abstract: In this paper we present a compre- SYNTHESIS
hensive framework for abstraction and controller design for
a biological system. The first half of the paper concerns
modeling and model abstraction of the system. Most models
in systems biology are deterministic models with ordinary
differential equations in the concentration variables. We present
a stochastic hybrid model of the lactose regulation system of E.
coli bacteria that capture important phenomena which cannot
be described by continuous deterministic models. We then show
that the resulting stochastic hybrid model can be abstracted into
a much simpler model, a two-state continuous time Markov Fig. 1.
chain.

The second half of the paper discusses controller design for a
specific architecture. The architecture consists of measuremén

of a global quantity in a colony of bacteria as an output  The first part of the paper thus resides in the domain of

feedback, and manipulation of global environmental variables .. : : T
as control actuation. We show that controller design can biology/biophysics, where model building is performedeTh

be performed on the abstracted (Markov chain) model and second part of the paper is arguably of control/engineering
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The hourglass paradigm presented in this paper.

implementation on the real model yields the desired result. nature, where the problem of controller design and synshesi
for a particular control problem is discussed. The abstract
|. INTRODUCTION model can be viewed as a divider between the two domains,

where controller design can be done with the abstract model,

In this paper we present a framework that consists Qfjthout the control engineer having to know about the
modeling, abstraction and control of a biological systeniology/biophysics aspect of the system.
namely, the lactose regulation system of Eseherichia coli The lactose regulation system i coli [2] is one of the
bacteria. The conceptual idea behind the paper is captaredrost extensively studied examples of positive feedback in a
Figure 1. Roughly speaking, the paper can be divided intQatyrally occurring gene network. Two of its three compo-
two parts. The first part CorreSpondS to the lower half Oﬁent genes encode enzym@galactosidase and permease)
the hourglass in Figure 1, that discusses modeling ofdbe \yhich contribute to the synthesis of allolactose which in
regulation system as a stochastic hybrid system. The modgin acts as an inducer for the operon itself. Hysteresis and
presented in this paper is a slight modification of the ongjstapility on the level of the entire bacterial population
presented in our earlier work [1]. We also discuss how thgas identified early on by Monod and Pappenheimer [3].
stochastic hybrid model can be abstracted into a two-stag@vick and Weiner [4] discovered bistability at the level of
continuous time Markov chain, and demonstrate how thigdividual cells by studying the expression@fjalactosidase
abstraction is consistent with the macroscopic behavia ofj, 5 population of identicakE. coli cells. They showed that
colony of bacteria. cells were essentially in one of two discrete states: either

The second part of the paper pertains to the upper half @flly induced, with enzyme levels close to maximum or
the hourglass, as it discusses feedback controller systhegninduced, with negligible enzyme levels. The observation
with the abstract model (two-state continuous time Markoéf intermediate activity on the level of the entire popwati
chain) as the plant model. We also demonstrate that theflects comparably sized sub-populations of induced and
controller designed for the abstract model yields the ddsir yninduced bacteria.
behavior when implemented on the actual System, which is a|t has been shown experimenta”y [5] that by manipu|ating
colony of bacteria. The control goal, in this case, is to makge glucose concentration the bistable regime can be swappe
a certain fraction of the population induced. for a graded response. Investigation of a mathematical mode

of the lactose system [6] revealed that changes in the basal

This work was partially supported by the NSF PresidentialyE@A- transcription rate of the thkac operon can also modify the
REER (PECASE) Grant 0132716, NitPNLM Individual Biomedidafor- bistable behavior. Increased basal transcription leada to
matics Fellowhip award 5-F37-LM008343-1, and the ARO Grantl\\\F-
05-1-0219 graded response, but perhaps more interestingly, a reduced
SCEE& ngthOEngineirr?ng W;:d X‘gp“ed GRéfichesLabolzar‘]ti?/re{_basal rate leads into a regime where an induced state exists
sity of Pennsylania, Philadelphia, PA 19104, U.s.AbUt is “classically” unreachable, that is, the threshold fo
agung, hal asz, kumar , pappasg@r asp. upenn. edu induction by lactose is infinite.



The lactose control system, encoded by the operon,
is often used as a switch to control genes in genetically
engineered systems [7], [8].

Having in mind applications where a graded setting of
a protein level is needed, we would like to investigate
whether such a response at the level of a bacterial populatio
can be ensured by a macroscopic controller design while
maintaining the underlying bistable behavior on the level o
individual cells. Possible applications are in using baate
populations in large scale synthesis in drug production [9]
novel energy sources [10]. ‘ ‘ ‘ ‘ ‘ ‘

The rest of this paper is organized as follows. In Section O e coneenaion ot oy
Il we present the mathematical model of the system under
consideration, together with its abstraction. In Sectitin | Fig- 2. The equilibria of the system given by (1). The middiege of 7.

. . . has three branches of equilibria.
we discuss the construction of a feedback control mechanism
based on the abstract model of the system. Some simulation
results for the controller described in Section Il are pre-
sented in Section IV. We conclude the paper with Section V; time delays are indicated by an explicit argument, e.g.,

where we present s few potential future research directiond! (t — 75) is the value of the variablé/ delayed withr.
The symbolT, in equation (1c) signifies the external TMG
[I. MODELING THE LACTOSE REGULATION SYSTEM concentration. If the system is to be viewed as an input-
P ; state system, theffi, can be thought of as an input to the
A. Deterministic continuous model system, while the other four concentrations are the state
Our starting point is a model of the lactose systenvariables. The variabl®, which representg-galactosidase,

due to Yildirim and Mackey [1], [11]. Briefly, the mRNA is effectively decoupled from the equations of motion ansl ha

(M) transcribed from the lactose operon is translated int3C &ffect on the dynamics of the remaining three variabtes. |
h diff d h IS however the experimental quantity that is traditionakgd
three different gene products, among them perméd®e g the observable, for example in [4]. The other symbols in

and -galactosidasg¢ B). Permease facilitates the influx of the equation are constant parameters, given by the foltpwin
lactose(L) from the exterior and also an opposing procesgable,

equilibrating the concentration of lactose inside the wéth
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the external lactose. The enzymegalactosidase has a dual | Value [ Unit | | Value [ Unit |
role; it converts lactose to allolactogd) and also converts | 1 2.26-102 [ min"' [ K7, | 6,510 ¢ mM
allolactose further to glucose and galactose. The cordogd | | vz | 0.411 mn' | v [833-107% | min!
is closed by the effect of allolactogel) on the transcription | va | 0.52 min"" | Ty | 1.0-10°° | mM/min
of the lac operon. This complicated relationship involves K 7200 ay | 9.97-10°7 | mM/min
substances not explicitly considered in the Yildirim-Magk | 75 | 2.0 mn | Ky | 6.3-10° (mm)
model, and results in the nonlinear activation function sum £z, | 0.36 mM ap | 1.66-107° m!”j
marized by the first and second terms in Equation (1a). |~ 0.83 min Br_| 546.32 min_

The available experimental results, including those used™ | 0-1 mn__| ap | 100 mn_
to validate the Yildirim-Mackey model, refer to “gratuitsu | vz | 1.52 min~ | y» | 0.6274 min
induction by substances similar to lactose sucthasmethyl ar, | 81 min—' | n 2

galactosidase (TMG). Such gratuitous inducers, which are
not processed by the cell, are often preferred in experiahent
settings because their presence does not lead to increased 5o 5
growth rate. From a modeling perspective, using TMG 7~M 7M+M’?/B 7B i (2)
instead of lactose also breaks one of the feedback loopgin th YA =yA+t @, yp =Y+ p 3)
Yildirim-Mackey model, since3-galactosidase does not act .

on TMG, and TMG itself can play the inducer role played byvhere x is the growth rate. The values of the constants
allolactose in the full Yildirim-Mackey model. The equat® are based on those in [11] but have been modified to give

together with the following relations

of mation for induction by TMG T) are as follows: consistent behavior to the TMG model in the limit of a large

aM 1+ Ky (e "™ T(t — mar))" . but finite cell population.

dt n K+ Ki(e=#MT(t — 1a1))" + Lo —yud, (1) . .

dB Crn } When the value of, is maintained between 1.4 - 3V,

o T ese M(t —78) =8B, (b)  the system has three equilibria. Two of these equilibria are
ar ar P T. 8P T T (10) stable, giving rise to bistability of the system. Also, \iagy

a Ry 1. DM R, T Y the value of7, causes a hysteresis behavior. See Figure 2
dP —u(rptTs) - for the illustration. The model (1) qualitatively reprodsc
— = M(t—T1p— —ApP. 1d . ! . - .

ar e (t=7p = 75) =P (1) the observed experimental behavior. The higher-dimeasion

We take into account time delays due to transcription aneersion defined in [11] and discussed in [1], very closely
translation. Variables without an argument are taken a¢ timapproximates that behavior. However, that model (with its



original parameter set) is correct only as a descriptiork
bulk behavior of a large number of cells described as a
“reactor”. This is because stochastic behavior on the I
individual cells is ignored both in its construction and
validation.

It has been recognized early on that the observe
centrations on the level of a very large number of ci
actually an average over two distinct sub-populations t
whose-galactosidase level takes one of two extreme \ ) )
This microscopic bistability was termed the “all-or-n N ) R TR B
phenomenon [4].

There is an apparent discrepancy between the macrigg. 3. Simulation results of two cells. In this plot, the ext@ concen-
scopic and microscopic. behavior in thes system. Hys- (ol o THD & iereased o minutes (rken by e aows).
teresis observed on the macroscopic level is indicative @finutes later.
an underlying bistability. However, a closer examinatidn o
traditional induction experiments reveals that the olesrv
two extreme states, completely induced and uninduced,
in fact transient and onlypan in);ermediate concentratiam CZ(ESnstantCN as

es)

B (moleculs

be maintained indefinitely on the bulk level. Bistabilitytiee Oy = 10-161.6.023 - 1023 20lecules s M
determining feature on the level of individual cells, which lecul mole mM
spend relatively little time in intermediate induction tea — 6.023 . 104 Roeces

The observed macroscopic timescale of switching reflects mM

the rate of occurrence (low probability density) of fast In terms of stochastic differential equations, our hybrid
stochastically triggered transitions of individual celigher stochastic model can be written as follows.

than the time spengn route between the two microscopic
steady states.

. . . dM; = dM; — dM;, (4a)
To reconcile the discrepancy we need to take into account . N
the stochastic nature of the behavior of individual cellse T dB; = dB; — dB, (4b)
macroscopic model needs to be modified in two respects:  dIy _ Tear Py BLPTy T (4c)
(1) introduce stochastic phenomena and (2) adjust theikinet dt Ky +T. K, +T; Lt
parameters of the model to obtain the correweicroscopic dpP, W(TPHB)M(t—TP—TB) ~
phenomenology. A similar program has been carried out by dt ape T —ph. (4d)

Mettetal et al [12]. . -
Here the processes/; and M; are the Poisson processes

that are responsible for the creation and breaking up of the
B. Stochastic model messenger RNA molecules, respectively. Similafy, and
B, are the Poisson processes that are responsible for the
While stochasticity is sometimes thought of as leadingreation and breaking up of the- galactosidase molecules,

to small deviations from the ODE prediction, it actuallyrespectively. The rates of these processes are state deyend
may often lead to qualitatively different behavior [13].éFe  and are given as follows.

are several sources of randomness or noise in biochemical

processes [14], [15]. Here we focus on “intrinsic” stoclast 1+ Ky (e ™ Ty_p )"

Ehen_ome_na_ relgte(_j _to tremmall copy number of molecule Ay (t) =Cn aMK+ Ki(e T )" +Tq|, (538)
pecies inside individual cells. Chemical reactions, & th (t—7nr)

microscopical level, amount to creation and breaking upX;;(t) = yar M, (5b)
of chemical molecules. These processes can be modeled 8, () = age ™™ M1y, (5¢)
Poisson random processes [16], [17], whose rates depend 0R~( ) = 35 B,. (5d)

the state of the system, i.e. the number of molecules in the ©

reaction. Construction of stochastic models for biochamic We simulate the model (5) using a numerical scheme similar
processes is a well established procedure supported bgea lato the explicit tau-leaping method for Gillespie simulatio
literature [18]. We develop a hybrid stochastic model fa thcombined with a fixed time step Euler scheme for the
system, where only a subset of the species is treated stochesntinuous variables. Our implementation also takes into
tically and the remainder are treated as continuous vasablaccount the time delays. For more details we refer to [1].
that obey traditional ODEs [1]. This computationally lessA pair of typical simulation traces for individual cells are
expensive approach allows us to perform quasi-simultasieoshown in Figure 3. The induction of individual cells takes
simulations for many cells. The connection between the ODflace over a relatively short timescale, of several mindtes
and the stochastic description is through the the conwersicontrast to this, the time it takes for each cell to induce
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validity of our simple two-level model, where the evolution
of the probability of the two states is given by

B (molecule)
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d { 7 } _ { “M(T) M) } { 1o ] -
2 000':: dt | Tni M(Te)  —Xa(Te) Thi |
» .
s " 2 0 The connection between the full model and the abstraction
£ E o015 is as follows. The rate of the exponential curve, should
o - : match1/7, which is the mean time to transit from the low
, o, stable state to the high stable state. We compute this time
Oy 1% 1200 Oy 1% 1200 average from the 1000 samples and use its value to compute

the exponent of the curves in Figure 8. We can observe that
Cimulations, The exponential ourve i platied o show hatracroscopic oy 15 920¢!
ks)gl;\%? cin be fitt([e)d quite well with a?first order dynamicyégiin (6)%. We will rely on the two-level abstraction (6) to de5|gn

a control strategy for obtaining a graded response from a
varies significantly. The aggregate for many simulationgolony of individually bacteria, by modulating the externa
of individual cells under the same circumstances shows BvG. We will use simulation on the full model for valida-
gradual increase of average enzyme activity extending ovggn.
a much longer time interval.

I1l. CONTROLLER SYNTHESIS

C. Two state Markov chain model _ . :
The architecture of the control system that we discuss in

Similarly to [1], the bulk behavior can be well described bynis paper is illustrated in Figure 6. The plant to be coiecbl
a simple two-level abstraction of the states of an individugp, 5 colony ofE. coli bacteria. The controller affects the plant
ceII,. as illustrated in Figure 7, as a contllnuous time Markoy,y adjusting of the external concentration of TMG in the
chain [19]. The states of the Markov chain correspond to thgqyironment. Feedback information is read from the plant in
low and high stable equilibria of the systems, also knowghe form of a global quantity, which we consider as deput
as the induced and uninduced states. The rates of switchigfihe control system. By this, we mean the controller does
between the two states are given as a function of the exteri@t have any information about the individual cells in the
TMG concentrationl.. See Figure 4 for a diagram of the ¢ojony. Rather, a global quantity, for example, the fractio
syste.n%.. _of induced cells in the population, is fed into the controlle

This simple model can closely reproduce the bulk behaviofhe control goal is to make the output track a given reference
of a large number of cells. We run the simulation of the fU”trajectory or attain a desired level.
model (given in (4)) to simulate a colony of 1000 cells. The Feedback control of a group of Markov chains by adjusting
macroscopic behavior of the colony, which is computed age transition rates has been studied, for example in [21].
the average across the 1000 samples are pIotfted In FigufRere, the plant is a group of artificial muscle cells that can
5. Itis this colony-level average behavior that is observegyitch between contracting and noncontracting states.
in macroscopic experiments like Novick and Weiner's. The Recall the two state Markov chain model of the bacteria.
experimental curves as well as those corresponding to th€e denote the probability of finding the cell at tinein
average of many individual simulations are well matched bye induced state asy;(¢), and in the uninduced state as
a two-exponential behavior. This is a strong argument fer thxlo(t). The evolution of the variables;,; and z;, satisfies

. _ _ _ , _differential equation (6). Suppose that we havecells, and

A method for approximately abstracting stochastic hybridteys is for each cell. we introduce an output/observation ma
presented in [20]. The nonlinear dynamics in this paper makesim- ’ p p

lementation of the method computationally challenging. Hareit is . . .. .
P P i gnd { yni,  if the i-th cell is induced at time,

noteworthy that there are more systematic ways of abstrastiochastic i ) ) ' )
Yio, If the i-th cell is uninduced at time.

hybrid systems. Y

()



with y,; and y;,, both fixed real numbers. Obviously Now, letn; be the random processes that corresponds to the
{yé}ie{l,...,N} are random processes. Furthermore, we ddraction of population that is induced at tinte The output
note the average output across the population as anothgrcan then be written as a function of:

random procesg;’,

Ut = Ynie + Yio(1 — ny), (13)
N 1 ol i and for brevity, we shall express the dependenci and s
b =N ;yt' onn; as\;(n:) and Az (n;) respectively. Since the transition

of the cells are independent, it can be proven that
Notice that we explicitly write down the dependency of the

1
average output on the size of the population. Pr {|nt+5 —ng| > N | nt} = 0(8?).
Suppose that we are given a control problem, namely we N . ]
want to makey; track a certain given trajectory(t). We Moreover the transition densities are given by
propose the following solution. Consider the following nebd _ i o 9
of control system Pr{ngs = ng + lne} = (1= ne)NAi(ne)d + 0(6%),

[2)-( Amlla] T a0

xT9 )\1(’&) —AQ(U) T9 1
yY(t) = yiow1(t) + yniz2(t) Pr{ns = n — e} = mNa(ny)d + O(6%).
Suppose that we have an output feedback law Define a probability density functiop as
u(t) = f(y(1)), ® pl,t) i=Pr{n = z}.
Obviously p(z,t) can be nonzero only ifz €
such that the closed loop system {&,4,....,X}. From the transition densities, we can

d { T ] _ { “M(fW)  A(f®) ] [ T } ) compute the evolution of(x,t) as follows.

dt | w2 M(f(y)  —=2(fW) || 22 pla,t +6) =
[ 2%8; ] = [ 22 } () = Yo (t) + ynix2(t), (10) (1 —2)N + 1))\ (a: _ %) p (x _ %J) 5+
produces the output trajectory (1= (1 —=2)NAi(x) —axNXa(x)) p(x, t)d+
y(t) = n(t). (11) (N + 1)) <x+ %) p(m+ %t) 5+ 0(8?)

We can state the following theorem about the effect of a

feedback control law on the behavior of the system. Op(z,t) = lim pla,t+96) = pla,?) =
Theorem 3.1: If we apply the following feedback ot -0 f ,
1- 1 - — - —

() = £(5), (1=2)N+1)) (:B N)p(m N,t)+
on a colony of N cells with independently identically dis- (=1 —2)N Ay () IxN)‘Q(x))f(x’tH
tributed initial states, o (N + 1Ay <x + N) p (m + N’t> )

Lo o Z1,0 . .

{ 2ns(0) } = [ 220 ] ; By rearranging the equation, we get
. Ip(z, )
then the expected value gf satisfies o
. _ 1 1
ngnoo By =n(t). (12) (1 -=z)N ()\1 (x — N) p (m — N’t) — Al(x)p(x,t)) +
Proof: Denote the state of theth cell at timet as ¢, 1 1

that is, N ()\2 (a: + N) p (:L’ + N’t> - )q(:(;)p(ac,t)> +

¢! € {hi, 1o},

1 1 1 1
. . . . A - — — —,t A — —.,t].
which correspond to the cell being in the induced and’ (m N)p(w N’ )+ ? ($+ N)p<x+ N’ )
unindqced state respectivgly: The evolution of the prdhgbi By taking the limit of N approaching infinity, we can
densities for each cell satisfies interpretp as continuous density function, and we get

i ‘ (1= 2X2(7))d + O(6%) ,q; =hi, dp(z,t) d(Aip)  9(Aap)
P =h = ~ 4 ) .
clatss =nitad = { Ll O T 2o e n® 2
i 1—X(7¢))6+ 0O 52 7qi:]_o7 78((x—1))\1p+x>\2p)
Pr{g; s =1lolg:} = { &2(@)1—1(- tO)()(SQ) ) ,qf@ = hi. B Ox ' (14)



Seeing (14) as a diffusionless Fokker-Planck equation, e
can infer that the fraction of induced cells, evolves nt
according to

dnt

dt
Now we are going to bring (15) to a form similar to (9). E
introducing an auxilliary variablen; = 1 — ng, which is the
fraction of uninduced cells, we have

d { my ] _ { —Ai(ne)  Aa(ne) ] [ my }7 il

@
T

= (1 — nt))\l(nt) — nt)\g(nt). (15)

average transition rates (min %)
IS

dt | m Ar(ne)  —A2(ne) n
o ; i ; ; ; ; ;
Emo _ T ,0 . ' '8 2 exfe?na\ cuncemrguon of TMG ?}?M) ¢ e °
Eng 2,0

Fig. 7. Relationship between the external concentratiofM6 (7°) and
the average transition rates (inductiol;§ and deinduction X2)). The
points are data obtained from Monte Carlo simulations.

Since we also have
lim E?]iv = Yo my + yni By,
N—oo

and by the construction of the feedback law, we can obtain
(12). [ |
Theorem 3.1 provides us with a guarantee that if we
design a suitable output feedback law based on the model
(6), implementing the feedback law on the colonyMofcells
will make the expected value of the average outpyf’ as
N tends to infinity. y; >0.52
In the remainder of the paper we shall address the follow-
ing control problem. Given the control architecture in 6, werig. 8. The hybrid automaton representing the flow controllée value
want to design a controller such that the fraction of induce k:_ISO (ihosen such that the time constant of the exponential is hOtes
cells attains a certain level, for example 50%. Declaring th™ )
fraction of induced cells as output is equivalent to setting
Yio = 0 and Yni = 1.
Before we proceed to propose a feedback control algfretween 0.48 - 0.52, theh is kept at its current value. We

¥, <0.48

high
To= k(T - Te)
y, >0.48

rithm, notice that the equilibria of (6) is given by: therefore create a deadzone that will prevent the controlle
dlaw] [ =MT) AT - f_rom switching indeterminately around the desired level of
dt { Thi } { M(Te)  —Xa(Te) ] [ Thi } ’ be = 0-5. .
M(T) The on-(_)ff controller algorithm assumes that the e_xternal
Thi = ——214,, concentration of TMG can change betweEp and 1}, in-
A2(Te) stantaneously. This is not physically feasible if the colter
such that the fraction of induced cells at the equilibria i$s to be actually implemented. We therefore propose another
given by controller that is more feasible.
— M (Te) . (16) Flow controller. The controller that we propose is essen-
AM(Te) + Ao (Te) tially a hybrid system with two modes of dynamics. The

Figure 7 captures the relation between the transition ratégntinuous dynamics of the first modei, gh, is such that
A1 and )., and the external concentration of TMG. Noticethe concentration df. converges exponentially &,;, while
that \; is a monotonously increasing function @f, while in the other model ow, T, converges exponentially td;,.
), is monotonously decreasing. Also notice thafat= 1.4 The scheme of the dynamics is shown in Figure 8. If the
uM, )\ is about 9 times bigger thak,, while at 7, = 2  fraction of induced cellsy;, is higher than 0.52, then the
uM ), is about 4.5 times bigger thak,. Therefore, if the controller is switched to thé ow mode. If g; is less than
external concentration of TMG is kept att M, the fraction 0.48 then the controller is switched to the gh mode. If
of induced cells is going to converge to around 10%, whilg: is between 0.48 - 0.52, thef. is kept at its current
if the external concentration of TMG is kept atuM, the value. Again, here we create a deadzone that will prevent the
fraction of induced cells is going to converge to around 80%gontroller from switching indeterminately around the dedi
Based on this knowledge, we propose the following simpltevel of 7; = 0.5.
on-off feedback control strategy. Actuation in the flow controller is indeed physically
On-off controller. The external concentration can assumdeasible, since we assume that the change in the external
only two values, 7}, = 14 puM and Ty; = 2 pM. If  concentration of TMG is done gradually in the order of
the fraction of induced cellsy,, is higher than 0.52, then minutes. Sensing of the fraction of induction is also pdssib
T. = Tj,. If g, is less than 0.48 theff, = Tj;. If g, is to implement. One way of doing it is by inserting a new
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Fig. 9.  Simulation results using the on-off controller. LeRractic.. - "
of induced cells. Here the simulation is initiated at two @iént initial
conditions. The dashed lines indicate the deadzone betd@&¥nand 52%.
Right: The level ofT, for both simulations. For clarity, th&. trajectory

of the fully induced initial condition is plotted higher.

Fig. 10.  Simulation results using the flow controller. Leftra&tion
of induced cells. Here the simulation is initiated at two eiént initial
conditions. The dashed lines indicate the deadzone betd&$nand 52%.
Right: The level ofT, for both simulations. For clarity, th&. trajectory
of the fully induced initial condition is plotted higher.

gene in the DNA of the bacteria in tHac operon. As th
genes in the operon gets expressed, the new gene pre
ofp, a fluorescent protein that emits green light [5]. -
amount of emitted light can be used as an indication o
concentration of proteins in the cell, which in turn deterez
if the cell is classified as induced or uninduced.
Theorem 3.1 provides us with a convergence guaran
the controller is a static feedback controller, which is the - -——
case with the controllers that we propose. Nevertheles / ’4>‘ ——
the following section we present some simulation resuk -
show that the controllers indeed function as intended.ld=
lishing a stronger convergence proof for dynamic feed
controller is one of the our future research goals.
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Fig. 11. A dynamic histogram of the distribution of the intericoncen-
tration of TMG in the cells. The colony size is 1000 cells. Afch time

IV. SIMULATION RESULTS instant, the classes in the histogram are constructed u&inggual length
intervals of internal TMG concentration between 0 and.A0.

In this section, we present some simulation results on the
application of the two controllers proposed in the previous
section to a colony of bacteria with 1000 cells. Figure 9 V. CONCLUDING REMARKS

shows the simulation results with two initial conditions, |, this paper, we present a comprehensive framework for
fully induced and fully uninduced colony, when the on-offgpstraction and controller design for the lactose recurati
controller is used. We can see that the desired fraction @{stem of theE. coli bacteria. The abstraction framework is
activation of 50% can be attained and maintained within thgased on the idea that two stable equilibria of the systems
deadzone. On the right side of Figure 9 we can see the levgly pe thought of as states of a continuous time Markov
of T. switches betweefi}, andT}; in both simulations.  chajn, and that the transition rates of the Markov chain can
The same simulations are repeated with the flow controllgfe obtained through Monte Carlo simulations of the actual
and the results are shown in Figure 10. We can see thgjstem.
the desired fraction of activation of 50% can be attained Because of the simplicity of the abstract model and its
and maintained close to the deadzone. The variation @emonstrated accuracy in predicting the average behafsior o
the fraction of induction is larger than that of the on-offg colony with many cells, we can use the abstract model as a
controller, which can be expected since the flow controllesuilding block for designing, for example, a feedback control
is more sluggish. system for the biological systems. By feedback control here
In Figure 11 we can see a dynamic histogram that showge mean influencing the average behavior of the colony
the distribution of the internal concentration of TMG in theusing an environmental variable (external concentratibn o
cells, when the flow controller is used with fully uninducedTMG) as control actuation. In the (future) implementation,
initial condition. We can see that initially (at time = the role of the flow controller may be played by another
0) the distribution is concentrated at the bottom level. Agenetically engineered module, such as a toggle switch [7]
time progresses, a second cluster, which corresponds to that results in the production or consumption of the inducer
induced cells appears. After= 300 minutes, we can see This may be implemented in the same organism or in another
that the higher cluster moves up and down because of te&ain which is present in the same bioreactor. Thus, one
modulation ofT, as it is also shown in Figure 10. might be able to construct a network using specifically



engineered organisms as circuit elements.

Control of a large number of Markov chains by adjusting

the transition rates is quite a versatile framework. Fomexa |15

ple, it has been studied in [21] for artificial muscle fibers.

Considering the generality of the framework, we see paénti[1€]
application of it in other fields such as active materials

and networked engineering systems with a large numbgr]
of autonomous agents such as sensor networks and robotic

swarms [22].

Concluding the discussion in this paper, we point out two
future goals for our research. The first goal is of theorétic
nature, namely, we want to establish a stronger proof
convergence than Theorem 3.1. By stronger we mean \i#9)

want to have a proof of stochastic convergence of the avera
output for system with dynamic feedback. The second go

is very much related to the spirit of this paper, as captured
in Figure 1. We want to develop the upper part of thé??]
hourglass in Figure 1, which means posing and solving more
complicated control problems, for example, various typles o

optimal control problems that are relevant to the biololgica
system.
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