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NetworkLayerPerformance

ModelingandAnalysis,PartI:

ESSENTIALSOFPROBABILITY

�Motivation.

�BasicDe�nitions.

�ModelingExperimentswithUncertainty.

�RandomVariables:Geometric,Poisson,Exponential.

�Readanyoftheprobabilityreferences,e.g.Ross,

Molloy,Papoulis,StarkandWoods.

�CheckoutWWWversionofnotes:http://networks.

ecse.rpi.edu/~vastola/pslinks/perf/node1.html
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Motivation for Learning Probability in CCN
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Basic De�nitions

� Think of probability as modeling an experiment.

� The set of all possible outcomes of the experiment is

the sample space S.

� Classic \experiment": Tossing a die.

S = f1;2;3;4;5;6g

� Any subset A of S is an event, e.g.

A = fthe outcome is eveng = f2;4;6g
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BasicOperationsonEvents

�ForanytwoeventsA;B,thefollowingarealsoevents

�A=Acomplement=falloutcomesnotinAg

A[B=AunionB=falloutcomesinAorBorbothg

A\B=AintersectB=AB=falloutcomesinAandBg

�Note�S=;,theemptyset.

�IfAB=;,thenAandBaremutuallyexclusive.

�Cantakemanyunions:A1[A2[���[An

�Orevenin�niteunions:A1[A2[���=
1

[
n=1

An

�Dittoforintersections.
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ProbabilityonEvents

�Pisaprobabilitymassfunctionifitmapseachevent

AintoarealnumberP(A)and

i)P(A)�0foreveryeventA�S

ii)P(S)=1

iii)IfAandBaremutuallyexclusiveevents,then

P(A[B)=P(A)+P(B).Infact,foranysequence

ofpair-wise-mutually-exclusiveevents,A1;A2;A3;:::

(i.e.AiAj=;foranyi6=j);wehave

P

0
B@

1

[
n=1

An

1
CA=

1X
n=1

P(An)
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OtherProperties

�P(�A)=1�P(A)

�P(A)�1

�P(A[B)=P(A)+P(B)�P(AB)

�A�B)P(A)�P(B)
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ConditionalProbability

�P(AjB)=(conditional)probabilitythattheoutcome

isinAgiventhatweknowtheoutcomeisinB.

P(AjB)=
P(AB)

P(B)
P(B)6=0

�Example:Tossonedie.

P(i=3jiisodd)=

�NotethatP(AB)=P(B)P(AjB)=P(A)P(BjA).
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Independence

�EventsAandBareindependentifP(AB)=P(A)P(B).

�Example:Acardisselectedatrandomfromanor-

dinarydeckofcards.A=eventthatthecardisan

ace.B=eventthatthecardisadiamond.

P(AB)=

P(A)=P(B)=

P(A)P(B)=
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Independence(cont.)

�EventsAandBareindependentifP(AB)=P(A)P(B).

�IndependencedoesNOTmeanthatAandBhave

\nothingtodowitheachother"orthatAandB

\havenothingincommon".

�Bestintuitiononindependenceis:

AandBareindependentifandonlyifP(AjB)=P(A)

(equivalently,P(BjA)=P(B)),i.e.ifandonlyif

knowingthatBistruedoesn'tchangetheprobability

thatAistrue.

�Note:IfAandBareindependentandmutuallyex-

clusive,thenP(A)=0orP(B)=0.
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RandomVariables

�ArandomvariableXmapseachoutcomesinthe

samplespaceStoarealnumberX(s).

�Example:Afaircoinistossed3times.S=f(TTT);

(TTH);(THT);(HTT);(HHT);(HTH);(THH);(HHH)g:

LetXbethenumberofheadstossedin3tries.

X(TTT)=X(HHT)=

X(TTH)=X(HTH)=

X(THT)=X(THH)=

X(HTT)=X(HHH)=

�SoP(X=0)=P(X=1)=

P(X=2)=P(X=3)=
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RandomVariableasaMeasurement

�Thinkofmuchmorecomplicatedexperiments

{Achemicalreaction.

{Alaseremittingphotons.

{Apacketarrivingtoanrouter.

�Wecannotgiveanexactdescriptionofasample

spaceinthesecases,butwecanstilldescribespe-

ci�cmeasurementsonthem

{Thetemperaturechangeproduced.

{Thenumberofphotonsemittedinonemillisecond.

{Thetimeofarrivalofthepacket.
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Random Variable as a Measurement (cont.)

� Thus a random variable can be thought of as a mea-

surement on an experiment.

Sample Space S X(s)

s

Measurement Space

X
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Probability Mass Function for a Random Variable

� The probability mass function (PMF) for a (discrete-

valued) random variable X is

PX(x) = P (X = x) = P (fs 2 S j X(s) = xg)

� Note that PX(x) � 0 for �1 < x <1.

� Also for a (discrete-valued) random variable X

1X
x=�1

PX(x) = 1
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Cumulative Distribution Function

� The cumulative distribution function (CDF) for a ran-

dom variable X is

FX(x) = P (X � x) = P (fs 2 S j X(s) � xg)

� Note that FX(x) is non-decreasing in x, i.e.

x1 � x2 ) FX(x1) � FX(x2)

� Also

lim
x!�1

FX(x) = 0 and lim
x!1

FX(x) = 1
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PMF and CDF for the 3 Coin Toss Example

0 1 2 3 x 0 1 2 3 x
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CDF
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ExpectationofaRandomVariable

�Theexpectation(average)ofa(discrete-valued)ran-

domvariableXis

�X=E(X)=
1X

x=�1
xP(X=x)=

1X
x=�1

xPX(x)

�Threecoinsexample:

E(X)=
3X
x=0

xPX(x)=0�1
8

+1�3
8

+2�3
8

+3�1
8

=1:5
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ImportantRandomVariables:Bernoulli

�Thesimplestpossiblemeasurementonanexperiment:

Success(X=1)orfailure(X=0).

�Usualnotation:

PX(1)=P(X=1)=pPX(0)=P(X=0)=1�p

�E(X)=
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ImportantRandomVariables:Binomial

�LetX=thenumberofsuccessinnindependent

Bernoulliexperiments(ortrials).

P(X=0)=

P(X=1)=

P(X=2)=

�Ingeneral,P(X=x)=

�Exercise:Showthat

nX
x=0

PX(x)=1andE(X)=np
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ImportantRandomVariables:Geometric

�LetX=thenumberofindependentBernoullitrials

untilthe�rstsuccess.

P(X=1)=p

P(X=2)=(1�p)p

P(X=3)=(1�p)2p

�Ingeneral,P(X=x)=(1�p)x�1pforx=1;2;3;:::

�Exercise:Showthat

1X
x=1

PX(x)=1andE(X)=1
p
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ImportantRandomVariables:Poisson

�APoissonrandomvariableXisde�nedbyitsPMF

P(X=x)=
�x

x!
e
��

x=0;1;2;:::

where�>0isaconstant.

�Exercise:Showthat

1X
x=0

PX(x)=1andE(X)=�

�Poissonrandomvariablesaregoodforcountingthings

likethenumberofcustomersthatarrivetoabankin

onehourorthenumberofpacketsthatarrivetoan

routerinonesecond.
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Continuous-valuedRandomVariables

�Sofarwehavefocusedondiscrete(-valued)random

variables,e.g.X(s)mustbeaninteger.

�Examplesofdiscreterandomvariables:numberof

arrivalsinonesecond,numberofattemptsuntilsuc-

cess.

�Acontinuous-valuedrandomvariabletakesonarange

ofrealvalues,e.g.X(s)rangesfrom0to1assvaries.

�Examplesofcontinuous(-valued)randomvariables:

timewhenaparticulararrivaloccurs,timebetween

consecutivearrivals.
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Continuous-valuedRandomVariables(cont.)

�Adiscreterandomvariablehasa\staircase"CDF.

�Acontinuousrandomvariablehas(some)continuous

slopestoitsCDF.

�Thus,foracontinuousrandomvariableX,wecan

de�neitsprobabilitydensityfunction(pdf)

fX(x)=F
0

X(x)=
dFX(x)

dx

�NotethatsinceFX(x)isnon-decreasinginx,wehave

fX(x)�0forallx:
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PropertiesofContinuousRandomVariables

�FromtheFundamentalTheoremofCalculus,wehave

FX(x)=
Zx

�1

fX(x)dx

�Inparticular,

Z1
�1

fX(x)dx=FX(1)=1

�Moregenerally,

Zb

a
fX(x)dx=FX(b)�FX(a)=P(a<X�b)
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ExpectationofaContinuousRandomVariable

�Theexpectation(average)ofacontinuousrandom

variableXisgivenby

E(X)=
Z1
�1

xfX(x)dx

�Notethatthisisjustthecontinuousequivalentofthe

discreteexpectation

E(X)=
1X

x=�1
xPX(x)
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ImportantContinuousRandomVariable:

Exponential

�Usedtorepresenttime,e.g.untilnextarrival.

�Haspdf

fX(x)=

8<
:

�e
��xforx�0

0forx<0

forsome�>0

�Show

Z1
0

fX(x)dx=1andE(X)=1
�

NeedtouseIntegrationbyParts!
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ExponentialRandomVariable(cont.)

�TheCDFofanexponentialrandomvariableis

FX(x)=
Zx

0
fX(̂x)dx̂=

Zx
0

�e
��x̂

dx̂

=
�
�e

��x̂�x
0

=1�e
��x

�SoP(X>x)=1�FX(x)=e
��x
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MemorylessPropertyoftheExponential

�AnexponentialrandomvariableXhastheproperty

that\thefutureisindependentofthepast"i.e.the

factthatithasn'thappenedyet,tellsusnothing

abouthowmuchlongeritwilltake.

�Inmathterms

P(X>s+tjX>t)=P(X>s)fors;t>0
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MemorylessPropertyoftheExponential(cont.)

Proof:P(X>s+tjX>t)=
P(X>s+t;X>t)

P(X>t)

=
P(X>s+t)

P(X>t)

=
e
��(s+t)

e
��t

=e
��s

=P(X>s)

CCN,ECSE-4670:PerformanceI:Probability,August11,1998,c
K.S.Vastola,RPI29


