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NETWORKLAYERPERFORMANCE

MODELINGANDANALYSIS,PARTII:

INSIDEAROUTER

�BasicSingleQueueModel

�PoissonArrivalModel

�TheM/M/1Queue

�Readanyofthequeueingtheoryreferences,e.g.

Schwartz(Sections2.1-3),Molloy,Kleinrock.
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Queueing in the Network Layer at a Router
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Basic Single Queue Model

� Classical queueing theory can be applied to an output

link in a router.

Arriving Customers

Queue Server

Departing Customers

Transmitted PacketsArriving Packets

Buffer Transmitter

� For example, a 56 kbps transmission line can \serve"

1000-bit packets at a rate of

56;000 bits=sec

1000 bits=packet
= 56 packets=sec
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Applications of Queueing Analysis

Outside of Networking

� Checkout line in a supermarket.

� Waiting for a teller in a bank.

� Batch jobs waiting to be processed by the CPU.

� \That's the way the whole thing started,

Silly but it's true,

Thinking of a sweet romance

Beginning in a queue."

{G. Gouldman, \Bus Stop," The Hollies
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The Poisson Arrival Model

� A Poisson process is a sequence of events \randomly

spaced in time."

0 t1 t t t2 3 4 .  .  .

� Examples

{ Customers arriving to a bank.

{ Packets arriving to a bu�er.

� The rate � of a Poisson process is the average number

of events per unit time (over a long time).
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PropertiesofaPoissonProcess

�Foralengthoftimet,theprobabilityofnarrivalsin

tunitsoftimeis

Pn(t)=
(�t)n

n!
e
��t

�For2disjoint(non-overlapping)intervals,(s1;s2)and

(s3;s4),(i.e.s1<s2�s3<s4),thenumberofarrivals

in(s1;s2)isindependentofthenumberofarrivalsin

(s3;s4).

CCN,ECSE-4670:PerformanceII:InsideaRouter,August11,1998,cK.S.Vastola,RPI7

InterarrivalTimesofaPoissonProcess

�Pickanarbitrarystartingpointintime(callit0).

�Let�1=thetimeuntilthenextarrival.

P(�1>t)=P0(t)=e
��t

�So

F�1(t)=P(�1�t)=1�e
��t

andf�1(t)=�e
��t

�1,thetimeuntilthe�rstarrival,

hasanexponentialdistribution!
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Interarrival Times of a Poisson Process (cont.)

� Let �2 = the length of time between the �rst and

second arrival.

� We can show that

P (�2 > t j �1 = s) = P (�2 > t) = e��t for any s; t > 0

i.e. �2 is exponential and independent of �1!

� Similarly de�ne �3 as the time between the second

and third arrival; �4 as the time between the third

and fourth arrival; . . .

� The random variables �1; �2; �3; : : : ; �n; : : : are called the

interarrival times of the Poisson process.
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Interarrival Times of a Poisson Process (cont.)

� The interarrival time random variables, �1; �2; �3; : : :

{ Are (pair-wise) independent.

{ Each has an exponential distribution with mean 1=�.

0 t1 t t t2 3 4 .  .  .
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TheM/M/1Queue

�AnM/M/1queuehas

1.Poissonarrivals(withrate�).

2.Exponentialservicetimes(withmean1=�,so�is

the\servicerate").

3.One(1)server.

4.Anin�nitelengthbu�er.

�TheM/M/1queueisthemostbasicandimportant

queueingmodel.
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QueueingNotation

\M/M/1"isaspecialcaseofmoregeneral(Kendall)

notation:X/Y/m/k,where

�Xisasymbolrepresentingtheinterarrivalprocess

M=Poisson(exponentialinterarrivaltimes�).

D=Deterministic(constant�).

�Yisasymbolrepresentingtheservicedistribution

M=exponential,D=deterministic.

G=General(orarbitrary).

�m=numberofservers.

�k=numberofbu�erslots(omittedwhenk=1).
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Aside: The D/D/1 Queue

� The D/D/1 queue has

{ Deterministic arrivals (periodic with period = 1=�).

{ Deterministic service times (each service takes

exactly 1=�).

{ As well as 1 server and an in�nite length bu�er.

� If � < � then there is no waiting in a D/D/1 queue.

Randomness is a major cause

of delay in a network node!
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State Analysis of an M/M/1 Queue

� Let n be the state of the system = the number of

packets in the system (including the server).

� Let pn be the steady state probability of �nding n cus-

tomers waiting in the system (including the server).

� How to �nd pn? The state diagram:

n-1 n+1n0
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State Analysis of an M/M/1 Queue (cont.)

n-1 n+1n

� If this system is stable (i.e. pn 6= 0 for each n), then

in steady state it will drift back and forth across the

dotted line. So,

� the number of transitions from left to right

= the number of transitions from right to left.

� Thus we obtain the balance equations

pn� = pn+1� for each n � 0
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State Analysis of an M/M/1 Queue (cont.)

� Lets solve the balance equations: pn� = pn+1�

� For n = 0 we get

� If we let � = �=�, this becomes

p1 = �p0

� Similarly

p2 = �p1 = �2p0

� And in general

pn =
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StateAnalysisofanM/M/1Queue(cont.)

�Wehavepn=�np
0forn=1;2;3;:::

�Weneedtosolveforp0,soweneedonemoreequa-

tion.Use
1
X
n=0

pn=1

�Weobtain

1=
1
X
n=0

�
n
p0=p0

1
X
n=0

�
n

=

8><
>:

p0

�1
1��

�
for�<1

1for��1

�Sowemusthave

p0=1��andpn=(1��)�
n

forn=1;2;3;:::
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StateAnalysisofanM/M/1Queue(cont.)

�Notethatrequiring�<1forstability(i.e.�<�)

makesintuitivesense.

�Also�=1�p0

=probabilitythatthequeueingsystemisNOTempty

=probabilitythattheserverisworking

So�issometimescalledthe\serverutilization"

�Finallynotethatpn=(1��)�n;n=0;1;2;3;:::isa

geometricdistribution.
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The Finite Bu�er Case: M/M/1/N

� In�nite bu�er assumption is unrealistic in practice.

� N = total number of bu�er slots (including server).

� New state diagram:

n+1n N0

� Get the same balance equations pn� = pn+1� but now

only for n = 0;1;2; : : : ; N � 1 with N <1. So

pn = �pn�1 = �np0 for n = 0;1;2; : : : ; N

as before, but we get a di�erent p0.
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The Finite Bu�er Case: M/M/1/N (cont.)

� From pn = �np0 for n = 0;1;2; : : : ; N <1 and
PN

n=0 pn = 1 we get

p0 = 1�
NX
n=1

�np0

� So

p0 =
1

1+
PN

n=1 �
n

= 1

1+
�(1��N)

(1��)

= � � � =
1� �

1� �N+1

� Note that this holds for any � � 0. No need to assume

� < 1. We always have stability in �nite bu�er case.
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BlockingProbabilityandtheRightSizeBu�er

�Sointhe�nitebu�ercase,

pn=
(1��)�n

1��N+1
forn=0;1;2;:::;N

�NotethatpNistheprobabilitythatthebu�erisfull

atanarbitrarypointintime.

�Sincearrivalsareindependentofbu�erstate,wehave

pN=PB=probabilityanarrivingpacketisturned

awayduetoafullbu�er.

�PBiscalledtheblockingprobability.
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BlockingProbabilityandBu�erSize(cont.)

�PBisveryimportant!

�WecanusePBtochoosethecorrectbu�ersize.

�Example:For�=0:5,pN>10
�6forN�18,

whilepN<10
�6forN�19.

�Thus,ifwedesireablockingprobabilitylessthan

10
�6,weneedabu�ercapableofholding19ormore

packets.
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ThroughputintheFiniteBu�erCase

�Thethroughputofanyqueueingsystemistherate

atwhichcustomerssuccessfullyleavethesystem.

�FortheM/M/1in�nitebu�ercase,=�ifthesys-

temisstable.(Everythingthatarrivesmusteventu-

allydepart.)

�FortheM/M/1/N�nitebu�ercase,=�(1�PB).

(Everythingthatarrivesandisnotblockedmusteven-

tuallydepart.)
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ThroughputintheFiniteBu�erCase(cont.)

AlternatewaytocomputethroughputofM/M/1/N:

Lookattheoutputside.

�P(serverisbusy)=1�p0

�Whentheserverisbusy,theoutputrate=�

�Whentheserverisidle,theoutputrate=0

�Sotheaveragerate==�(1�p0)+0p0
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Aside:DerivationofpN=PBUsingThroughput

�Equatingourtwoformulasforweget

�(1�p0)=�(1�PB)

�SolvingforPBweget

PB=1�
1�p0

�=���=
(1��)�N

1��N+1
=pN

�Isn'tthatneat?
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ApproximationofaFiniteBu�erSystem

bytheIn�niteBu�erModel

�Foranin�nitebu�er,pn=(1��)�n

�Fora�nitebu�er,pn=(1��)�n=�1��N+1�

�For�=0:8andN=16packets,theseprobabilities

di�erbylessthan2.3%.

�For�=0:8;N=32,thedi�erenceisonly0.06%.

Thein�nitebu�ermodelisaverygood

approximationofa�nitebu�ersystem.

Evenformoderatebu�ersizes!
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HowLongisThatLine?

�LetslookagainattheM/M/1queueingsystem.

�n=thenumberinthesystem(includingtheserver).

�Sotheaveragenumberinthesystemis

E(n)=
1
X
n=0

npn=(1��)
1
X
n=0

n�
n

=(1��)
�

(1��)2
=

�

1��
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Little'sFormulaandQueueingDelay

�LetT=timespentbyacustomerinaqueueing

system(waitingandbeingserved).

�E(T)=theaveragedelayforacustomer.

�Little'sFormulasays

�E(T)=E(n)

where�isthe\arrivalrateforcustomerseventually

served"(whichwehadcalled).

�Little'sFormulaholdsforverygeneralqueueingsys-

tems(notjustM/M/1).Evenwholenetworks!
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Little'sFormulaandQueueingDelay(cont.)

�Little'sFormulaiseitherdeeporobvious.Intuition:

�Picka\typicalcustomer."

�Whenitarrivestothequeueingsystem,itshould�nd

E(n)customerswaiting.

�Whenitleavesthesystem,ithasbeeninthesystem

forE(T).Thus,�E(T)customersshouldhavearrived

duringitstimeinthesystem.

�Insteadystate,theaveragenumberofcustomersleft

behindondepartureshouldequaltheaveragenumber

foundonarrival,i.e.�E(T)=E(n)
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Little'sFormulaandQueueingDelay(cont.)

�LetsapplyLittletotheM/M/1queue

E(T)=
E(n)

�
=

�

�(1��)
=1

���

�E(T)ismeasuredinunitsoftime.Sometimesitis

moreconvenienttoconsider

�E(T)=
�E(n)

�
=

�

�(1��)
=1

1��

whichisunitless.

�SometimesweconsiderthewaitingtimeW,i.e.the

timespentwaitinginthequeue(notinservice).So,

E(W)=E(T)�
1
�
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Single Link Example

Buffer Transmitter

Arriving Packets Transmission Line

� Poisson packet arrivals with rate � = 2000 p=s.

� Fixed link capacity C = 1:544Mb=s (T1 Carrier rate).

� We approximate the packet length distribution by an

exponential with mean L = 515 b=p.

� Thus the service time is exponential with mean

1
� = L

C
=

515 b=p

1:544Mb=s
� 0:33 ms=p

i.e. packets are served at a rate of � = 3000 p=s.
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Single Link Example (cont.)

� Using our formulas for an M/M/1 queue

� = �
� = 0:67

So,

E(n) =
�

1� �
= 2:0 packets

and

E(T ) =
E(n)

�
= 1:0 ms
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OtherQueueingModels

�Therearemanyotherimportantqueueingmodels

whichareusefulinnetworking.

�M/M/kfork>1.Multipleservers.

{Goodmodelofalinkwhichismadeupofmultiple

channels,eitherphysicallyorthroughmultiplexing

(e.g.aT1Carrieristypicallytimedivisionmulti-

plexedwithk=24).

{HasworseperformanceatlowerloadsthanM/M/1

withsametotalcapacity.
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OtherQueueingModels(cont.)

�M/M/k/kfork�1.Oneormoreservers,nobu�ers

(exceptoneineachserver).

{Importantmodelincircuitswitchednetworks.

{Modelsatrunklinewithkcircuitsavailable.

{Anycustomer(acall)whichdoesn'tgetacircuit

isblocked(getsabusysignal).

{BlockingprobabilityisgivenbytheErlangB(or

ErlangLoss)Formula

PB=
�k=k!
Pk

i=0�i=i!
��0

CCN,ECSE-4670:PerformanceII:InsideaRouter,August11,1998,cK.S.Vastola,RPI34



OtherQueueingModels(cont.)

�M/G/1.Arbitraryservice(packetlength)distribu-

tion.

{Canstillcomputethemeannumberinthesystem

viathePollaczek-Khinchine(P-K)Formula

E(n)=

0
@�

1��

1
A"

1�
�

2
(1��

2
�

2
)

#
�<1

where�2isthevarianceoftheservicetimedis-

tribution.Again,variability(randomness)causes

delay.

{CanapplyLittle'sFormulatogetthemeandelay.
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OtherQueueingModels(cont.)

�M/D/1.Deterministicservicetimes(packetlength).

{SpecialcaseofM/G/1with�2=0

E(n)=

0
@�

1��

1
A

 
1�

�

2

!
�<1

{Underheavyload(��1),M/D/1hashalfthedelay

ofanM/M/1.

{Thisisonemotivationfor�xed-packet-lengthsys-

temslikeATM.
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OtherQueueingModels(cont.)

�Canalsomodelandanalyzeotherqueueingsystems

{Withpriority.

{Withmoregeneralarrivalprocesses.

{With\vacations."

{Manyothers.

�SeeSchwartz(Ch.2),Kleinrock(Vol.I&II)ortake

ECSE-6820/DSES-6820,Queuing(sic)Systems&

Applications.

�QueueingtheoryisalsousedinanalysisofOperating

Systems,e.g.inCSCI-6140.
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