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A ControlTheoreticAnalysisof RED
C.V. Hollot, VishalMisra, Don Towsley andWei-BoGong

Abstract— In this paper we use a previously developed nonlinear dy-
namic model of TCP to analyze and design Active Queue Management
(AQM) control systemsusing RED. First, we linearize the interconnection
of TCP and a bottlenecked queue and discussits feedback properties in
terms of network parameters such as link capacity, load and round-trip
time. Using this model, we next designan AQM control systemusing the
random early detection(RED) schemeby relating its fr eeparameterssuch
asthe low-passfilter breakpoint and lossprobability profile to the network
parameters. We presentguidelines for designing linearly stable systems
subject to network parameters lik e propogation delay and load level. Ro-
bustnessto variations in systemloads is a prime objective. We presentns
simulations to support our analysis.

I . INTRODUCTION

In [1] leadingresearchesin thenetworking communityhave
proposedimplementationof REDin IP routersfor ActiveQueue
Management(AQM). It is believedthatREDwill alleviateprob-
lemsrelatedto synchronizationof flows andalsoprovide some
notionof quality of serviceby intelligentdropping.Theanaly-
sisof RED hasgeneratedseveral interestingpapers.Tuningof
REDparametershasbeenaninexactsciencefor sometimenow,
somuchsothatsomeresearchershave advocatedagainstusing
RED becauseof this tuningdifficulty [2], [3]. NumerousRED
variants[4], [5], [6], [7] have alsobeenproposed,perhapsmo-
tivatedby thedifficulty in understandingthedynamicsof RED
completely.

In [8], theauthorsinvestigatedtheissueof recommendations
of RED parameters,and gave thumb rules and guidelinesfor
choosingthem.In thispaperwe investigatesimilar issues,how-
ever from a moreformal,controltheoreticstandpoint.We usea
previouslydevelopedmodelof TCPandREDdynamics[9] asa
startingpoint to performouranalysis.Theinherentlynon-linear
modelpresentedin thatpaperis convertedto a linearsystemvia
the techniqueof linearization,and we subsequentlyapply the
well developedtools in classicallinearfeedbackcontrol theory.
We areableto give guidelineson designinglinearly stablesys-
temsaswell asprovide metricsindicatingstability androbust-
nessof the linear system. Our analysisalso revealstradeoffs
in variousparameterchoices.We supportour analysisvia non-
linearsimulationsusingthewell knownns-2 simulator[10].

The restof the paperis organizedas follows. In SectionII
we develop the linearizedmodel for the AQM control system.
SectionIII dealswith with applicationof theearlierdeveloped

This work is supportedin part by the National ScienceFoundationunder
GrantsANI-9873328andby DARPA underContractDOD F30602-00-0554.

C.V. Hollot andWei-Bo Gongarewith the ECE Department,University of
Massachusetts,Amherst,MA 01003;

�
hollot,gong� @ecs.umass.edu

Vishal Misra and Don Towsley are with the Computer Science
Department, University of Massachusetts, Amherst, MA 01003;�
misra,towsley � @cs.umass.edu

modelto an AQM systemimplementingRED. We presentde-
sign guidelinesin this section.Next, in SectionIV we present
simulationresultsdoneusingns-2 thatverify ouranalysisand
designrecommendations.Finally, wepresentourconclusionsin
SectionV.

I I . MODEL

We begin our discussionof AQM by first introducinga dy-
namicmodelfor TCP’scongestion-avoidancemode.

A. A fluid-flowmodelof TCPbehavior

In [9], a dynamicmodelof TCPbehavior wasdevelopedus-
ing fluid-flow andstochasticdifferentialequationanalysis.Sim-
ulationresultsdemonstratedthatthismodelaccuratelycaptured
thedynamicsof TCP. In this paperwe usea simplifiedversion
of thatmodelwhich ignorestheTCPtimeoutmechanism.This
modelrelatestheaveragevalueof key network variablesandis
describedby thefollowing coupled,nonlineardifferentialequa-
tions: ������	��
 �
����	��� �����	������� � 
����	���� 
���� � 
����	����� ��� � 
����	����� ���	��
 �����	�
����	��� ���	� ��� (1)

where
�� denotesthetime-derivativeof � and� �


expectedTCPwindow size(packets)�� �

expectedqueuelength(packets)�
 �

round-triptime


 ��  "!$# (secs)�� �

link capacity(packets/sec)�!$# �

propagationdelay(secs)�� �

loadfactor(numberof TCPsessions)�� �

probabilityof packetmark/drop�

The queue length � and window-size
�

are positive and
boundedquantities;i.e., �&%(' )+*-,�/. and

� %0' )+* ,� . where ,�
and

,�
denotebuffer capacityandmaximumwindow sizere-

spectively. Also, the markingprobability � takesvalueonly in' )+* � . . We illustratethesedifferentialequationsin theblock di-
agramof Figure 1 which highlights TCP window-control and
queuedynamics.We now approximatethesedynamicsby their
small-signallinearizationaboutan operatingpoint to gain in-
sightfor thepurposesof feedbackcontrol(AQM).

B. Linearization

Taking
��� *1� � asthestateand � asinput, theoperatingpoint���32 *1� 2 * � 2/� is definedby

��4
 ) and
�� 
 ) sothat��5
 ) 6 �872 � 2 
 ��� 
 ) 6 �329
 
:2 �� (2)
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Fig. 1. Block-diagramof TCP’s congestion-avoidanceflow-controlmode.

where 
D2 �
 � 2�  "!$# �
Assuming � ���	�FE � and


����	�FEG
:2
as constants,1 we lin-

earize(1) aboutthe operatingpoint to obtain (seeAppendix I
for details)

�H �����	�I
 � �
 72 � � H �����	�  H ����� � 
 2 ���� 
 2 � 7� � 7 H � ��� � 
D2J��H � ���	�I
 �
:2 H �����	� � �
:2 H � ���	� (3)

where H � �
 � � �32 �H � �
 � � � 2 �H � �
 �K�L� 2 �
Performinga Laplacetransformon the differential equations,
the linearizeddynamicsareillustratedin a block diagramform
in Figure2.
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Fig. 2. Block-diagramof thelinearizedTCPconnection.

Remarks 1:j
thisassumptionwill bein forcefor theduration.

1. In [11] a model for TCP’s window-controlmechanismwas
developedandarguedthat it containeda Smith regulatorstruc-
ture;see[12]. However, our modelin (3) andFigure2 doesnot
supportthis claim. Indeed,for theTCPwindow control in Fig-
ure2 to actlikeaSmithregulatorstructure,theterm klnmo1pDqsrnt l o
shouldbereplacedwith � p m7 k utwvyxz o q rnt l o .
2. In [13] amodelfor theTCPwindow-controlmechanismwas
developedwhich is similar to that in (3). However, thatmodel
doesnot containa queuedynamic.Thedynamicalsystemcon-
sideredis thusa little differentfrom ours,andhencetheir anal-
ysis andresultsdo not agreewith the conclusionswe arrive in
this paper.
3. In AppendixII weshow thatthedelayterm q rnt l o in theTCP
window-controldynamicin Figure2 is not significantwhen�
 72 �|{ �
 2 �
Since �
 72 � 
 �� 2 
 2
this delaytermcanbeignoredif

� 2~} � . For typical network
conditions,

�32 } � is a reasonableassumptionandhence,for
the remainderof the paper, we will ignorethis delayterm and
considerthesimplifieddynamics�H �����	�I
 � � �
 72 � H �����	� � 
 2 � 7� � 7 H � ��� � 
:2���H � ���	�I
 �
:2 H �����	� � �
:2 H � ���	� (4)

asillustratedin theblock diagramof Figure3.
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Fig. 3. Block-diagramof thelinearizedTCPconnectionwhen �~����� .
4. The eigenvaluesof the linearizedTCP andqueuedynamics
(4) are,respectively,� � �
 72 � �

or
� ��32�
D2 � and � �
:2 �

Sinceall the network parametersarepositive quantities,these
negative eigenvaluesindicatethat the equilibrium stateof the
nonlineardynamicsis locally asymptoticallystable. An inter-
pretationof theTCPwindow-controltimeconstant� o l o7 comes
from expressingthelinearizationof the

H ��
equationaboveas:�H �����	��
 �D� 2 H �����	� � 
:2 � 7� � 7 H � ��� � 
:2/�
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where � 2 is theequilibriumpacket-markingrateasdiscussedin
[9]. Therefore,thewindow-controltime constantcanbeequiv-
alentlyexpressedas

u� o . In equilibrium,
��4
 ) impliesthatthe

multiplicativedecreasein window size
u7 ��2 � 2 balancesits ad-

ditive increase
ul o . Consequently, � 2 
 7� o l o . It canbeloosely

interpretedas the averagefrequency of the TCP congestion-
avoidancecycle.
5. Finally, it is interestingto notethatlinearizationof thequeue
dynamicdoesnotyield apureintegrator, asonemayexpectand
asoneseesin the literature(for example,[11]) but producesa
leaky integratorwith time constant


 2
. This can be partially

explainedin noting that theflow into thequeueis a functionof
the queuelength. That is, this flow is k �l o wherepart of the
round-triptime


:2
is dueto thequeuingdelay �p .

I I I . THE AQM CONTROL PROBLEM

The objective of this sectionis to analyzethe TCP dynamic
describedin (4) in termsof network parameterssuchas TCP
load � , round-triptime


:2
andqueuecapacity� , andin terms

of the feedbacknatureof AQM. We will also discussperfor-
manceobjectivesfor AQM.

Usingthe linearizedTCPmodel(4) anAQM controlsystem
canbe modeled2 asin the block diagramof Figure5 . In this
diagram����� # denotesthetransferfunctionfrom lossprobabilityH � to window size

H �
and � �����	��� relates

H �
to queuelength� . The term q rnt l o is the Laplacetransformof the time-delay

in the delayedlossprobability
H � ��� � 
D2�� . In control-system

language,we referto theAQM ControlLaw block asthe“con-
troller” or “compensator”andthe restof the (uncompensated)
systemasthe“plant”. Thegoalof thecompensatordesignis to
provide a “stable” closed-loopsystem.However, therearecon-
cernsbeyondstability which impactcontroldesign.Firstly, the
systemmusthave an acceptabletransientresponse.Secondly,
thecompensatordesignshouldberobustto variationsin model
parametersandmodelingerrors.Hence,thegoalof controlen-
gineersis to designsystemswith amargin of safety. Thesemar-
ginsarecalledstabilitymargins. Therearetwo classicalmetrics
to measurethis relative stability. The first of thoseis the gain
margin, which is the factorby which the openloop gain of a
stablesystemmustbechangedto make thesystemunstable.If
we look at Figure1, thegainmargin is roughly theuncertainty
in the load level � that thedesigncantolerate.Thesecondof
thosemeasuresis thephasemargin. Thedefinitionof thephase
margin is a little bit morecomplex, but in thecontext of AQM
we caninterpretthephasemargin astheamountof uncertainty
in the roundtrip delaya designcansustainwithout becoming
unstable.Stability marginsof a systemcanbereadilydeduced
from Bodeplots. A Bodeplot is thefrequency responseplot of
theopen-loopsystem.Themagnitudeandphaseresponseof the
systemareplottedon a doublelog scale.Thegainmargin of a
systemis equalto the magnituderesponseof the systemat the
pointwherethephaseresponseis � �/� )¡  . Thephasemargin ¢¤£
is definedas ¥ # £ � �/� ) where¥ # £ is thephaseresponseat the¦

This linearizedcontrol systemassumesan infinite queue-lengthandallows
queuelength to take on negative values. While our subsequentanalysisand
designarebasedon this linearmodel,they areverifiedin nonlinearsimulations
which includethesenonlinearconstraints.

frequency wherethemagnituderesponseis unity (or 0 dB). The
two quantitiesareshown in Figure 4. Intuitively, if we don’t
have positive margins, thenthe feedbackcontrol systemstarts
behaving like a positive feedbacksystem,i.e. onewheretheer-
ror getsamplifiedin theloop, leadingto divergentandunstable
behavior.
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A. Plant dynamics

In Figure5 we give a feedbackcontrol systemdepictionof
AQM. The action of an AQM control law is to mark packets
(with probability � ) asa functionof measuredqueuelength � .
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Fig. 5. AQM asfeedbackcontrol.

From Figure 5, the plant transfer function, � �¸·�� 
� ��� # �¸·/� � �����	��� �¸·/� , can be expressedin termsof network pa-
rametersyielding:

� ��� # ��·��¹
 l o p m7 k m·  7 klnmo�p �
� ���/���/� ��·��¹
 kl o·  ul o � (5)

We referto thetwo poles � � �»º ��
 72 � � and � � º 
 2 as� ��� # and� �����	��� respectively.

The plant dynamics,denotedby the transferfunction � ��·�� ,
then relateshow this packet-markingprobability dynamically
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affectsthequeuelength.From(4) andFigure3 we have

� �¸·��¼
 � p m7 k � q r½t l o�¸·  7 klnmo�p �¾��·  ul o � � (6)

Remarks 2:
1. The high-frequency plant gain of � ��·�� in (6) is

p m7 k . The
variationin this gainasa function of TCP load � shouldbe a
concernin thedesignof AQM controlschemessinceit hasdirect
bearingon stability, transientresponseandsteady-stateperfor-
mance.Indeed,a smallTCPload � increasesthehi-frequency
gain leadingto decreasedstability marginsandincreasedoscil-
latory response.Conversely, largerTCPloadswill tendto damp
theclosed-looptransientresponse.
2. StableAQM in thefaceof thetime-delay


 2
canplaceahard

limit on the closed-loopcontrol bandwidthand consequently,
on theachievablespeedof transientresponse.Indeed,for stable
behavior, closed-looptimeconstantsareapproximatelybounded
by

D2 º � seconds.

B. AQM performanceobjectives

As in any control systemdesign,a first stepis to poseper-
formanceobjectives.For AQM, performanceobjectivesinclude
efficient queueutilization, regulatedqueuingdelayandrobust-
ness.
1. efficientqueueutilization: For efficientuse,thequeueshould
avoid overflow or emptiness. The former situationresultsin
lost packets and undesiredretransmissions,while an empty
buffer under-utilizes the link. Both of theseextremesshould
beavoidedin bothtransientandsteady-stateoperation.
2. queuingdelay:Thetimerequiredfor adatapacket to beser-
viced by the routing queueis called the queuingdelayand is
equalto �p . This time, togetherwith thepropagationdelay

!$#
,

accountsfor thenetwork delayandit is desirableto keepsmall
both the queuingdelayandits variations. This calls for regu-
lating to small queuelengths;however, doing so may result in
link underutilizationandthis limitation presentsa fundamental
tradeoff to AQM design.
3. robustness:AQM schemesneedto maintainclosed-loopper-
formancein faceof varying network conditions. Thesecondi-
tionsincludevariationsin thenumberof TCPsessions� , vari-
ationsin thepropagationdelay

!¿#
andtheintroductionof short-

livedinto thequeue.

C. DesigningRED

An active queue-management(AQM) systemcan be mod-
eledas the feedbackcontrol systemshown in Figure6. Here� ��·�� q r½t l o denotesthe previously derived small-signal lin-
earizationof TCP-queuedynamics (linearized about queue-
length � 2 ). � ��·�� is ����� # �¸·�� � �����	��� �¸·�� derivedpreviously.

H � andH � denoteperturbationsin the lossprobabilityandqueuelength
respectively. In Figure6 the transferfunction � �¸·�� denotesan
AQM controlstrategy suchastail-dropor RED.

Tail-dropis anon-off controlstrategy. In termsof our set-up
in Figure6, tail-dropamountsto theon-off action

H � %"ÀJ)Á* ��Â .
It is known in control theory that suchan on-off mechanism3Ã

alsoreferredto asrelaycontrol in thefeedbackliterature.
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Fig. 6. Block diagramof a linearizedAQM controlsystem

leadsto oscillations(limit-cycles)thatcanexhibit complex and
chaoticbehavior; e.g.,see[14]. Suchoscillationsmaybeunde-
sirablein queuemanagement,andRED wasintroducedto sta-
bilize them.

A transfer-functionmodelfor REDis:� �¸·��¼
 �ÉÈ �	Ê ��·��Ë
 Ì¼È �	Ê· ºÎÍ  � * (7)

where Ì È �	Ê 
 � £ÐÏ¾ÑÒFÓ-� ��ÔÕ� Ò×ÖÙØ ��Ô � Í 
�ÚÜÛ¡Ý � � � �ßÞ �H *
Þ|à ) is the queueaveraging parameterand

H
is the sample

time;see[9]. In designing�ÉÈ �	Ê ��·�� to stabilizetheAQM control
system,variationsin both the numberof TCP sessions� and
round-triptime


 2
shouldbetakeninto account.Thevariations

in

 2

aredueto a variablepropagationtime
! #

where
 2 
 � 2�  "! # �
Let’s assumea range for the numberof TCP sessions,say��á(� r , andthe round-triptime,


 2ãâ 
 v . The objective
is to selectRED parametersÌ È �	Ê and Í in (7) to stabilizethe
linear control systemin Figure6 for all these� and


 2
. The

linear feedbackcontrol systemin Figure6 is stableif bounded
exogenousinputsproduceonly boundedoutputs. This in turn
impliesthatresponsesto initial conditionswill beboundedand
convergeexponentiallyto zero.Underthisdefinitionof stability,
we give thefollowing two propositions:

Proposition1: Let Ì�È ��Ê and Í satisfy:Ì¼È �	Ê ��
 v � �	ä� � �ßr � 7 â8å ¥ 7æÍ 7  � (8)

where ¥ æ 
 ) � �èçKéÜêìë � � r��
 v � 7 � * �
 v×í � (9)

Then, the linear feedback control systemin Figure 6 using� ��·��&
 �ÉÈ �	Ê �¸·/� in
�¸î¡�

is stable for all � áï� r and all
 2Õâ 
 v .

Proof: Considerthefrequency responseof thecompensated
loop transferfunctionÌ �ñð ¥ � �
 � È �	Ê �ñð ¥ � � �òð ¥ � q rÁó�ô l o
 Ì È �	Êèõ l o p�ö�÷õ 7 k ö m q rÁó�ô l o� ó�ôø  � �ù� ó�ômÙúz mo�û  � �¾� ó�ôxz o  � � �
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Fromthis and(9) wehave:

Ì �ñð ¥ �Ëü Ì�È �	Ê õ l o pýö�÷õ 7 k ö m9q rÁó�ô l oó�ôø  � *ÿþ ¥ %ß' )Á* ¥ æ . �
Now, givenany � á � r andany


:2 â 
 v ,� Ì �ñð ¥ æ � � â Ì¼È �	Ê õ l��Ápýö�÷õ 7 k�� ö m� ô m�ø m  � �
Fromthis and(8) it follows that

� Ì �ñð ¥ æ � � â � for all � á � r
and for all


:2 â 
 v . Thus, the unity-gain crossover fre-
quency is boundedaboveby ¥ æ . To establishclosed-loopstabil-
ity, we invoke theNyquiststability criterion[12] andshow that� Ì �ñð ¥ æ � à � � � )
	 . To this end,we againuse(9) to obtain� Ì �ñð ¥ æ � á � Í È �	Ê õ l��¿pýö�÷õ 7 k � ö mó�ô �#���
��  � � ¥ æ 
 2 á ��� ) 	 � ) � � �/� )� 	 à � � � ) 	 ��
Remarks 3:
1. The rationalebehind this choiceof parametersis to force� È ��Ê �¸·�� to dominateclosed-loopbehavior. Thisis doneby mak-
ing the closed-looptime constant(

ü � º ¥ æ ) greaterthaneither

theTCPtime-constantõ l��Áö m p7 k�� or thequeuetime-constant

 v .

2. Differentchoicesof
� Ì¼È �	Ê * Í � satisfy the conditionabove.

For example,Figure7 illustratesa region of admissibleparam-
eters4 when


 v 
 ) � �
� secs,� r 
�� ) , � ) and � ) flows and� 
�� î � ) packets/sec.
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3. This RED designis linearly robustto thenetwork parameter
variations �5á�� r and


 2 â 
 v . The extent to which this
feedbackcontrol systemis stableto further variationsin these
parametersis characterizedin Proposition2 below.#

valuesof admissiblepairs $%� ���! '& ")( lie below thegraphs.

4. The multiplicative factor ) � � in the choiceof ¥ æ is the one
which providesstability margins. If we choosea highervalue
than ) � � , we producea controllerwith lower stability margins.
Thebenefitof themoreaggressive designis that it givesfaster
responsetimes(dueto anincreasein ¥ æ ).
5. It seemscounterintuitivethatthesystemis stablefor all load
levelsgreaterthan � r . In fact,thesystemmayoscillateif the
loadlevel makesthesystemgointo aregionwheretheoperating
point lies in thediscontinuityregionof thelossprofile. Thiswas
studiedin [8]. However, the gentle mechanismrecommended
in [15] removestheinstability relatedto thediscontinuity.
6. At high loadlevels,thelossprobabilitybecomessufficiently
high to causesomeflows to go into timeouts.We have ignored
timeoutsin ourmodelandanalysis.Timeoutsshouldnot impact
stabilityfrom ouranalysis;indeed,they tendto makethesystem
lessoscillatory.
7. Theanalysiswe presentedconsidereda boundon theround
trip time


 v . However, it doesnot follow that if theroundtrip
time of someflows exceedthis boundthenthesystembecomes
unstable. In fact, in the presenceof heterogenousround trip
times for the flows, this boundshouldbe interpretedfor what
we call the equivalentroundtrip time of theflows. For simple
(singlebottleneck)cases,the equivalentroundtrip time is the
harmonicmeanof the individual roundtrip timesof the flows.
Considera scenariowith � flows having heterogenousround
trip times


+*
. Theharmonicmean(


 ��� ) of theroundtrip times
is givenby �
 ��� 
I�� k, *.- u �
/*
Now, at thebottleneckedrouter, thecapacityis sharedby these
differentflows. Thus,at equilibrium,ignoringtimeoutsandus-
ing the simplified 0 � formula for throughput([16], [17]) we
have

� 
 k, *1- u 0 �0 � 2 
 *
 å �� 2 k, *1- u32 �
 *54
 å �� 2 2 �
 �	� 4 �
Hencethesystembehavesin themeanasasystemwith � flows
eachhaving anidenticalequivalentroundtrip time thatis


 �	� .
Proposition2: ConsideranyREDcontroller �ÉÈ ��Ê ��·�� satisfying
conditions

� � � and
� � � in Proposition1. Then,thegain margin�

GM
�

and phasemargin
�
PM
�

of the linear control systemin
Figure6 satisfy: 687 á � � � � 7 á � � 	 �
Consequently, this linear control systemwill remainstable if
either


 2:9 � � 
 v or � à u;=< � r .
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Proof: Sharpeninga phasecomputationmadein theproof of
Proposition1 gives� Ì �ñð ¥ æ � á � Í È �	Ê õ l��¿pýö�÷õ 7 k�� ö mó�ô �#���
��  � � ¥ æ 
D2 á ��� ) 	 � ) � � �/� )� 	 ü ��� � 	 �
Thus, � 7 
 � � )
	  � Ì �òð ¥ æ � á � � 	 . The phaselag dueto
additionalround-triptime delay > 
 is:� q rÁó�ô �@? l 
 � ¥ æ > 
 �
From (9), ¥ æ â 25A ul o . Using this and ¥ æ > 
 
 � � � <uCB 2 � gives> 
 â � � � � 
 . For thegainmargin computationwe recall from
theproof of Proposition1 that

� �ñð ¥ �Ëü Ì�È ��Ê õ l o pýö�÷õ 7 k ö mó�ôø  � *ÿþ ¥ %�' )Á* ¥ æ . �
Consequently, � � �ñð ¥ æ � á ��� ) 	 �
Since � q rÁó�ô l o 
 ��� ) 	
then

� Ì �ñð <7 l o � á � �/� )
	 . Because
� Ì �òð ¥ æ � � â � , then� º � Ì �ñð <7 l o � � ü Dm z oô � givesa lower-boundto the gain margin.

Since¥ æ â ) � � 
:2 then

687 á � � � �
Example 1: Considerthe caseof network parameters:� 
�-î � ) packets/sec5, � r 
 � ) and


 v 
 ) � � sec.From(9),¥ æ 
 ) � �ýçKéòê ÀJ) � �s�E� � * � � ) � � ��Â 
 ) � ) � � rad/sec�
For Í 
 ) � )s) � , wecomputefrom (8):

Ì È �	Ê â � � � r � 7��
 v � � ä å ¥ 7æÍ 7  � 
 � � � � � � ) � rGF �
Thus,onechoicefor � È �	Ê is

� È ��Ê �¸·��¼
 � � � � � � ) � rGFt25A 2�2 ;  � �
In termsof implementation,wecanbreakthis �ÉÈ �	Ê ��·�� down asÌ¼È �	Ê 
 � � � � � � ) � rGF � Í 
 ) � )s) �
Now, for a link capacityof 3750� ÓIH�J q �	· º · q H , H 
 � � �E� � � ) � rGF ,
yielding Þ , the averaging weight, as � � �E�$� � ) � rLK . Ì¼È �	Ê 
� £ÐÏ¾Ñ º � ÒLÓ � ��ÔÕ� ÒLÖÙØ ��Ô � . Thus,if we choose� £ÐÏ¾Ñ as0.1,then
the dynamicrangeof the averagequeuesize is approximately
540packets.M

correspondsto a15Mb/s link with averagepacket size500Bytes.

Remarks 4:
1. Fromtheviewpoint of steady-stateregulation it is desirable
to selectÌ¼È �	Ê in (8) aslargeaspossible.By steadystateregu-
lation we meanthat

H � shouldgo down to zeroin steadystate.
However, underthe RED mechanismthe steadystatevalueof
the queuelength (for a stablesystem)dependsupon network
conditions.Thus

H � in ourlinearmodelnevergoestozerowhich
is not a desirablefeature.We canreducethis steadystateerror
by decreasingÍ . From(8), ÍON ) allows Ì¼È �	Ê NQP . In this
limiting casewe have

�ÉÈ �	Ê 
 Í ·
which correspondsto classicalintegral compensation.
2. A drawbackin usingREDfor stabilizingqueuelengthis that
it hasa low control-bandwidth¥ æ which, from (9), mustbeless
thanthebandwidthof eitherthequeueor TCPdynamic.Conse-
quently, closed-loopresponsesarecommensuratelyslow6. This
canbe improved by introducingleadcompensationinto RED.
Thisresultsin aclassicalproportional-integral(PI) compensator

�SRUT 
 ÍVRUT ��· º'W  � �· �
The designof sucha compensatoris discussedin a separate
companionpaper[18].

IV. SIMULATIONS

We verify our propositionsvia simulationsusingthens sim-
ulator. Althoughour analysiswascarriedout with a linearized
model, the simulationsarenon-linearin nature. We look at a
singlebottleneckedrouterrunningRED. In additionto infinite
duration,greedyflows suchastheonewe model,we introduce
shortlived,http flows into therouter, to generatea morerealis-
tic traffic scenario.Thehttpflowsweresimulatedusingthehttp
moduleprovidedwith ns. The effect of flows which arevery
shortlived is essentiallythatof introducingnoiseto thequeue.
Theobjectiveof thecontrolsystemis to achieve full utilization
of the bandwidthin the presenceof theseshort livedflows. In
all our plots we depict the time evolution of the instantaneous
queuelength,with theunit of thetimeaxisbeingseconds.

A. Experiment1

In thefirstexperiment,welook ataqueuewith 60ftp (greedy)
flows,and180httpsessions.Thelink bandwidthis 15Mb/s,and
the propagationdelaysfor the flows rangeuniformly between
160and240ms. We attemptto control thequeueto provide a
queueingdelayof around50-70ms, andhenceset the Ò×ÖÙØ ��Ô
and ÒFÓ � ��Ô of the queueas200 and250 respectively, with av-
eragepacket sizebeing500 Bytes. The averagingweight and� £ÐÏ¾Ñ is retainedas“vanilla”, i.e. the valueswhich arethe de-
fault in ns. Thebuffer hasamaximumcapacityof 800packets.
We set the gentle parameterin RED as “on”. The instanta-
neousqueuelengthis shown in Figure8. Observe theoscillat-
ing natureof thequeue.It frequentlygoesdown to zero,therebyX

In Example1, thebandwidthwasapproximately0.053rad/sec.Closed-loop
responsesaredominatedby theassociated20-secondtime constant.
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under-utilizing the link. The largeoscillationsalsoaddconsid-
erablejitterY to theroundtrip timesof thepackets.

0
Z


 20
 40
 6
[

0
 8
\

0
 100
 120
 140
 160
 180
 200

0
Z




100


200


3
]

00


4
^

00


5
_

00


6
[

00


T
`

ime


Q
ue

ue
 S

iz
e 

(p
ac

ke
ts

)

Default RED paramaters


Fig. 8. Experiment1

B. Experiment2

Now weusethedesignasderivedin Example2. Thus,weset
the averagingweight to be � � �
� q � � , � £ÐÏ¾Ñ to ) � � andthedy-
namicrange( Ò×ÖÙØ ��Ô *�ÒFÓ-� ��Ô ) to 150-700packets. This should
yield a stablemodeof operation.Theresultsareplottedin Fig-
ure9. We indeedseethatthesystemis stable,with smallfluctu-
ationsaboutanoperatinglevel of thequeue.Thedeterministic
oscillationswhichwereobservedin thepreviousexperimentare
absentin this configuration.A point to notehowever, is that it
takes a long time to “settle” to the operatingpoint. This ini-
tialization is a major “disturbance”andone doesn’t expect to
encounterit in the normal modeof operation. However, it is
relatedto the responsivenessof the control systemto change
in operatingconditions.This slow responseis relatedto a low
valueof ¥ æ that we use. 7 We canbe moreaggressive in our
choiceof ¥ æ , to geta fasterresponse,however thatwill leadto
lowerstabilitymargins.In thenext experiment,wetestadesign
which hasa fasterresponsetime.

C. Experiment3

Weincrease¥ æ to 0.2from 0.05.Recallthat � º ¥ æ is approxi-
matelythetimeconstantof thefeedbackloop. Thus,increasing¥ æ shouldyield a fasterresponsetime. Therearea numberof
waysof incorporatingthe effect of the increased¥ æ . We look
backatProposition1,andevaluatetheeffectof increasing¥ æ onÌ È �	Ê . We couldeithermaintaina constant¥ æ ºÎÍ ratio, thereby
increasingÍ (which in turn meansincreasingÞ ) andmaintainÌ¼È �	Ê , or wecouldretainthevalueof Í andincreaseÌ�È ��Ê corre-
spondingly. Thelattercanbeachievedin two differentways- bya

The settling time is also increaseddue to the non-lineareffects of the tail
dropphenomenahappeningasthequeuesizereaches800.Theclampingat800
resultsin a longer time for the averageto “grow” to a value which can start
providing lossfeedbacks
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Fig. 9. Experiment2

shrinkingthedynamicrange(recallthat Ì¼È �	Ê 
 #�dfe=g£ÉÏùÑ5h%i r £ *1j h.i )
or by increasing� £ÐÏ¾Ñ . In ourfirst approachto obtainafasterre-
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Fig. 10. Experiment3

sponsetime,we make thedynamicrangeshorter, reducingit to
150-250,from theearlier150-700.Thequeuesizefor this sce-
nario is plottedin Figure10. As we observe, the queuesettles
to aroundtheoperatingpoint after60 seconds, comparedto 80
secondsin Experiment2. Noticealsothesomewhatlargedevi-
ationsin thequeuesizearoundthe100-160secondrangein the
simulation. This is becauseour aggressive designhasreduced
the stability margins. The presenceof http flows introducesa
stochasticelementin theloadlevel andhencewe canexpectto
seethoselargervariationswith lowerstabilitymargins.

The non-lineareffectsof tail drop result in a highersettling
time thanpredictedby linearanalysis.We canreducethenon-
lineareffectsby moving thedynamicrangedown, however that
leavesuswith a lower margin of errorasfar asunderutilization
of thequeuegoes.Weshow theeffectsof loweringthedynamic
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Fig. 11. Experiment3a

rangeto 50-150in Figure11(Experiment3a).Thesettlingtime
hasindeedgonedown, howeverthequeuelengthstayscloserto
zeroandthe link is muchmorelikely to beunderutilized.Next
we try the alternative approachof increasingÍ and retaining
theoriginaldynamicrangeof 150-700.This is shown in Figure
12 (Experiment3b). As we cansee,thesettlingtime hascome
down and there is also bettermargin at the lower end of the
queue.Thus,choosinga largervalueof Í appearsto beabetter
optionthanlowering ÒLÖÙØ ��Ô .
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Fig. 12. Experiment3b

D. Experiment4

Next we begin to investigatethe relative stability of the de-
sign, and look at issuesrelating to “over” designingor being
too conservative. In Experiment4, we take the basestablede-
sign,but doubletheroundtrip timesof onefourth of theflows.
Theresultsareplottedin Figure13. Thesystemremainsstable
andthelongerroundtrip timesof thefractionof theflowsdon’t

affect thingstoo much.
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Fig. 13. Experiment4

E. Experiment5

In this experiment,we doublethe roundtrip timesof all the
flows. Thus,our systemwasdesignedfor a muchlower round
trip time and it shouldshow instability. The plot is shown in
Figure 14. Observe the large oscillations. One thing to take
from thisexperimentis thatthephasemarginsfor thenon-linear
systemseemto bea little lower thantheoneswederivedfor the
linearsystem.
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Fig. 14. Experiment5

F. Experiment6

Now we retain the round trip time, but vary the load level.
First, we reducethe numberof ftp flows to 8. This shouldre-
ducethestabilitymargin accordingto Proposition2. Theplot in
Figure15revealssomeoscillationsbut thesystemremainsrela-



9

tively stable.Thegainmarginsin thenon-linearsystemseemto
beretainedfrom thelinearmodel.
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Fig. 15. Experiment6

G. Experiment7

Now we increasethe load level. Accordingto our analysis,
the systemshouldremainstable,however sincewe have been
too conservative in our design,theperformanceof thecompen-
satorshouldbeslower. Figure16 exhibits thephenomena,with
thequeuelengthtakinga longertime to settle.
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Fig. 16. Experiment7

H. Experiment8

Finally, we retainthe load level of 60, but reducethepropa-
gationdelayto 50ms. This againshouldhave no effect on sta-
bility, but performanceshouldbedegraded.Figure17 displays
theslow response.
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Fig. 17. Experiment8

V. CONCLUSIONS

In this paperwe analyzeda combinedTCPandAQM model
from acontroltheoreticstandpoint.Weusedlinearizationto an-
alyze a previously developednon-linearmodel of the system.
We performedthe analysison an AQM systemimplementing
RED. We are able to presentdesignguidelinesfor choosing
parametersthat lead to stableoperationof the linear feedback
control system.We arealsoableto derive expressionsfor the
relativestability of thesystemsodesigned.We performednon-
linear simulationsusingns that verified our analysis. We are
alsoable to make somecommentson tradeoffs of variouspa-
rameterchoicesfor RED.

While in ourdesignmethodologywe focusedon thestability
of the queuelengthasa meansto achieve AQM performance
objectives,this may not be the overridinggoal of RED imple-
mentations.Indeed,stabledesignsarealsoslow designs,and
moreresponsivesystemscanbeobtainedby tradingstability for
speedfrom our guidelines. However, the resultingfastersys-
temsmay comewith a price of large delay jitter, fluctuating
loss levels and inefficient utilization of resources.The oscil-
lationscanalsoaffect the performanceof otherprotocols(for
instanceTCP-friendlyschemes)thatrely onefficientestimation
of lossanddelay. Anotherlimitation of RED is thedirectcou-
pling betweenqueuelengthandlossfeedback.This resultsin
loaddependentqueuelevels.Higherloadlevelsresultsin lower
bandwidthper flow, but this couplingof load level andqueue
length in RED imposesan additionalperformancepenalty in
termsof thehigherdelaythatcanbeavoided. Thecontrol the-
oretic modelwe developedpointsus in the directionof AQM
schemesmore suitedfor the particularapplication. Thereare
well developedtoolsin classicallinearsystemanalysisthathelp
in designingimprovedcontrollersfor AQM. Our investigations
in thatdirectionaredetailedin [18].
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APPENDIX

I . L INEARIZATION OF THE FLUID-FLOW MODEL

Assumingconstantnumberof TCP flows � andround-trip
times



, we first definethe right-handsidesof the differential

equationsin (1) by:k �¸� * � l *1�-* � � �
 �
(� �����	��� l� 
 � ��� � 
Õ�l ��� *1� � �
 � ���	�
 �����	� ��� �
(10)

where
� l ���	�ã�
 ����� � 
Õ� . Recalltheoperatingpoint relation-

ships: ��4
 ) 6 � 72 � 2:
 ��� 
 ) 6 � 2 
 
:2 �� �
Evaluatingpartialsat this operatingpoint

��� 2 *1� 2 * � 2 � in (2)
gives: m km � 
 m km � l 
 � ��2� 
 2 � 2
 � ��2� 
:2 �� 72
 � �
:2 �32
 � �
 72 � �m km � 
 mm � 2 ��p  "! # � � 7 �� � �p  "! # � 4
 � �
 72 �  � 72 � 2� 
 72 �
 � �
 72 �  �� 
 72 � 
 ) �m km � 
 � � 72� 
:2
 � l mo p mk m� 
 2
 � 
:2 � 7� � 7 �m lm � 
 mm � � �� �p  "! # �
 � � � 2� � � op  "!¿# � 7
 � �
 2è�m lm � 
 �
:2 �

I I . JUSTIFICATION OF (4) WHEN
�32 } �

Considerthedifferentialequation�H �����	�Ë
 � Þ � H �����	�  H ����� � 
:2/���  on ���	�
where Þ �
 klnmo1p and

n
is a ficticiousinput. Denotethetransfer

functionfrom
n

to
H �

by p ��·�� . Thenp ��·���
 �·  Þ � �  q r½t l o �
 ���·  Þ �¾� �  rq � �
s z otwv q � �
If thebandwidthof thetransferfunction

qtwv q is muchlessthanul o ; i.e., �
 72 �|{ �
 2 *
or equivalently,

�32 } � , thenp �¸·���ü ��¸·  Þ �ù� �  qtwv q �
 �·  � Þ �
Thus,theapproximation(4).
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