EEM3L1: Numerical and Analytical Techniques
L ecture 5:

Singular Value Decomposition
SvD (1)
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Motivation for SVD (1)

SVD = Singular Value Decomposition

Consider the system of linear equations AX = b
Suppose b is perturbed to b+db

Solution becomes x = Alb + A1db

The consequent change in x is therefore A-1db

For what perturbation db will the error be biggest?

How big can the norm of the error be, in terms of H5bH ?

The norm of the error, relative to |[db| can be expressed in
terms of a number called the smallest singular value of A
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Motivation for SVD (2)

Which direction b must be perturbed in to give the biggest
error?

If cond(A) islarge. How can we then find an accurate
solutionto AXx=Db ?

Both of these questions can also be addressed using Singular
Value Decomposition

The remainder of the section of linear algebra will be taken
up with Singular Value Decomposition (SVD)
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Orthogonal Matricesrevisited

Remember that an m x n matrix U is called column
orthogonal if UTU = |, where | isthe identity matrix

In other words, the column vectorsin U are orthogonal to
each other and each of them are of unit norm

If n=mthen U iscalled orthogonal.
In thiscase UU™=I aso
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SVD of aMatrix

Let A bean mx n matrix such that the number of rowsmis
greater than or equal to the number of columnsn. Then
there exists:

()  anmx ncolumn orthogonal matrix U

(1) annxndiagonal matrix S with positive or zero
elements, and

(iti) an nx northogonal matrix V

such that: A= USVT

Thisisthe Singular Value Decomposition (SVD) of A
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The Singular Values of A

Suppose S=diag{o,, 0,,..., O- }.
By convention it isassumed that 6, 20,2> ... 20,20
Thevalues o,, 0,,..., o- are caled the singular values of A
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SVD of asguare matrix

The case where A isan n X n sguare matrix is of partiicular
Interest.

In this case, the Singular Value Decomposition of A isgiven
A=USVT
WhereV and U are orthogonal matrices
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Singular values and Eigenvalues

The singular values of A are not the same as its eigenvalues
>> 6ig(A)
ans =

2.3230

0.0914+0.4586i

0.0914-0.4586i

0.2275

For any matrix A the matrix AHA is normal with non-negative
eigenvalues.

Thesingular values of A arethe squareroots of the
eigenvalues of AHA
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Calculating Inverseswith SVD

Let A be an n X n matrix.
Then U, Sand V areaso n x n.

U and V are orthogonal, and so their inverses are egual to
their transposes.

S Isdiagonal, and so itsinverse is the diagonal matrix whose
elements are the inverses of the elements of S

A :V[diag(01‘1,02‘1,...,Ur]1)}~J '
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Calculating I nver ses (contd)

If one of the g siszero, or so small that its value Is dominated
by round-off error, then there is a problem!

The more of the ;s that have this problem, the ‘more
singular’ Ais.
SVD givesaway of determining how singular Ais.

The concept of “how singular’ Aisislinked with the
condition number of A

The condition number of A istheration of itslargest
singular valueto itssmallest singular value
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The Null Space of A

Let A be an n x nmatrix

Consider the linear equations Ax=b, where x and b are vectors.

The set of vectors x such that Ax=0 isalinear vector space,
called the null space of A

If A isinvertible, the null space of A isthe zero vector
If Alissingular, the null space will contain non-zero vectors
The dimension of the null space of Aiscalled the nullity of A
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The Range of A

The set of vectorswhich are ‘targets’ for A, i.e. the set of all
vectors b for which there exists a vector x such that Ax=b
Iscalled therange of A

Therange of Alisalinear vector space whose dimension is
therank of A

If Alissingular, then the rank of A will belessthann
n = Rank(A)+ Nullity(A)
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SVD, Range and Null Space

Singular Vaued Decomposition constructs orthonormal bases
for the range and null space of a matrix

The columns of U which correspond to non-zero singular
values of A are an orthonormal set of basis vectorsfor
therangeof A

The columns of V which correspond to zero singular values
form an orthonormal basisfor the null space of A
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Solving linear equations with
SVvD

Consider a set of homogeneous equations Ax=0.
Any vector x in the null space of A isasolution.

Hence any column of V whose corresponding singular value
IS zero is a solution

Now consider Ax=b and b0,
A solution only existsif b liesin the range of A
If so, then the set of equations does have a solution.

In fact, it has infinitely many solutions because if X isa
solution and y isin the null space of A, thenx+yisalsoa
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Solving Ax=b#0 using SVD

If we want a particular solution, then we might want to pick
the solution x with the smallest length |x/?

Solution is
X :V[diag(al'l,az‘l,...,Jrjl)J(U 'b)

where, for each singular value g; such that 0.=0, g is
replaced by O
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L east Squar es Estimation

If b isnot in the range of A then there is no vector x such that
Ax=b. S0

X :V[diag(al'l,az‘l,...,Jrjl)J(U "b)

cannot be used to obtain an exact solution.

However, the vector returned will do the ‘closest possible
|ob’ in theleast squar es sense.

It will find the vector x which minimises R = HAx—bH
Riscaled theresdual of the solution
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