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 Erwin Schrödinger (1887–1961) 
 Established quantum mechanical wave equation 

 
6 
 

The Schrödinger equation 
 

6.1 The time-dependent Schrödinger equation 
The Schrödinger equation is the key equation of quantum mechanics 
(Schrödinger 1925, 1926a, 1926b). This second order, partial differential 
equation determines the spatial shape and the temporal evolvement of a 
wave function in a given potential and for given boundary conditions. The one-
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dimensional Schrödinger equation is used when the particle of interest is 
confined to one spatial dimension, for example the x axis. Here, we restrict 
our considerations to such one-dimensional cases. Due to the one-
dimensional nature of many semiconductor heterostructures, the one-
dimensional Schrödinger equation is sufficient for most applications. To derive 
the one-dimensional Schrödinger equation, we start with the total-energy 
equation, i. e. the sum of kinetic and potential energy 
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Substitution of the dynamical variables by their quantum mechanical 
operators which act on the wave function Ψ(x, t) yields the one-dimensional 
time-dependent Schrödinger equation 
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The left side of this equation can be rewritten by using the Hamilton or total-
energy operator  
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Using the notation of the Hamilton operator, the time-dependent Schrödinger 
equation can be written as 
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Since the Schrödinger equation is a partial differential equation, the product 
method can be used to separate the equation into a spatial and a temporal 
part 

 )(f)(),( txtx ψ=Ψ  (6.5) 

where ψ(x) depends only on x and f(t) depends only on t. Insertion of Eq. (6.5) 
into the Schrödinger equation yields 
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The left side of this equation depends on x only, while the right side depends 
only on t. Because x and t are completely independent variables, the equation 
can be true, only if both sides are constant. 
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Tentatively this constant is designated as const. = E where the meaning of E 
will become evident below. Integration of Eq. (6.7) yields 

 h/ie)(f Ett −=  . (6.8) 

Insertion of this result into Eq. (6.5) yields the time-dependent wave function 
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If E is real, then the wave function has an amplitude ψ(x) and a phase 
exp(−iEt / ħ). The amplitude and phase representation is convenient for many 
applications. To find the physical meaning of the real quantity E, we calculate 
the expectation value of the total energy using the wave function obtained 
from the product method. 
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Because the wave function is normalized, that is 〈ψ(x)⎪ψ(x)〉 = 1, the constant 
designated as E is the expectation value of the total energy.  
 

6.2 The time-independent Schrödinger equation 
The time-independent Schrödinger equation is obtained by inserting the wave 
function obtained from the product method, Eq. (6.9) into the time-dependent 
Schrödinger equation (see Eq. 6.2). One obtains 
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which is the time-independent Schrödinger equation. Using the 
hamiltonian operator, one obtains 
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Since H is an operator and E is a real number, the Schrödinger equation has 
the form of an eigenvalue equation. The eigenfunctions ψn(x) and the 
eigenvalues En are found by solving the Schrödinger equation. 

The eigenvalues of the Schrödinger equation, En, are discrete, that is only 
certain energy values are allowed, all other energies are disallowed or 
forbidden. The energy eigenvalues are also called eigenenergies or 
eigenstate energies. The lowest eigenstate energy is the ground state 
energy. All higher energies are called of excited state energies.  

The solution of the Schrödinger equation and the eigenstate energies and 
wave functions of a physical system are of great importance, because the 
knowledge of ψn(x) and En implies the knowledge of all relevant physical 
parameters. It is the purpose of the next sections to get familiar with the 
properties of the Schrödinger equation and its solutions. 
 

6.3 The superposition principle 
Mathematically speaking the Schrödinger equation is a linear, second order, 
partial differential equation. Any linear differential equation allows for the 
superposition of its solutions. That is, if Ψn and Ψm are solutions of the 
Schrödinger equation, then any linear combination of Ψn and Ψm are solutions 
as well. That is, a new solution of Schrödinger’s equation is given by 
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where, A and B are real constants. For practical physical problems, the 
Schrödinger equation has always more than one solution. Thus, the 
superposition principle can be applied to all physical problems in order to 
obtain a new solution. The new solution Ψ(x, t) must be normalized as well, 
that is 〈 Ψ | Ψ 〉 = 1. 
 

6.4 The orthogonality of eigenfunctions 
If two eigenfunctions ψn = ψn(x) and ψm = ψm(x) are solutions of the 
Schrödinger equation and the two eigenfunctions belong to different energies 
En and Em (so that En ≠ Em), then the eigenfunctions are orthogonal: 

 0=ψψ mn . (6.14) 

This equation can be proven by starting with the Schrödinger equation for 
ψn(x) and the complex conjugate equation for ψm, that is 
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and 
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Multiplication of Eq. (6.15) with ψm* and of Eq. (6.16) with ψn and subtraction 
of the two resulting equations yields 
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Using the identity 
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and integrating over x yields 
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The integral on the left side of the equation simplifies to 
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This expression is zero due to the normalization condition which requires that 
ψ (x → ± ∞) = 0. Hence, we obtain the following condition for the eigenvalues 
and eigenfunctions 
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Because En ≠ Em, this equation can be true, only if 
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which concludes the proof that ψm and ψn are orthogonal. Together with the 
normalization condition, one obtains 

 ⎩
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This result can be also written as 

 mnnm δ=ψψ  (6.24) 

where δmn is the Kronecker delta which is defined as 
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6.5 The complete set of eigenfunctions 

Consider a practical physical problem given by the potential energy U(x, y, z). 
Assume further that at least one solution of the Schrödinger equation exists 
for the potential energy U(x, y, z). Generally, the number of solutions is large 
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but finite. The solutions of the Schrödinger equation are designated a set of 
solutions. Such a set of solutions is a complete set of solutions, if it contains 
all possible solutions. If, in addition, each solution of the set is normalized and 
if the solutions are orthogonal, then the solutions are called an orthogonal, 
normal, complete set or, abbreviated, a orthonormal complete set of 
solutions. Such an orthonormal complete set of solutions provides any 
solution of a physical problem by superposition (linear combination) of the 
individual solutions. 
 
 
Exercise: Solutions of the Schrödinger equation in a constant potential. 
Assume that the potential U(x) is a constant. What are the mathematical 
functions that are possible solutions of the one-dimensional Schrödinger 
equation in such a potential? 
Solution: For U(x) = constant, the Schrödinger equation has the form 
(d2 / dx2) ψ(x) ∝ ± ψ(x). This equation has either an exponential or a sinusoidal 
solution. An example is shown in Fig. 6.1.  



© E. F. Schubert 48 

 
 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


