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ABSTRACT

We consider a monostatic synthetic aperture radar system traversing an arbitrary trajectory on a non-flat
topography. We present a novel edge detection method applicable directly to SAR received signal. Our method
first filters the received data, and then backprojects. The filter is designed to detect the edges of the scene in
different directions at each pixel reconstructed. The method is computationally efficient and may be implemented
with the computational complexity of the fast-backprojection algorithms. We present numerical experiments to
demonstrate the performance of our method.
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1. INTRODUCTION

In many applications, synthetic aperture radar (SAR) images are subjected to automated pattern recognition
algorithms that require segmentation of the reconstructed images. Segmentation is an important image processing
task to recognize objects or edges in a SAR image, such as houses, vehicles etc. Segmentation can be addressed
by different methods such as clustering and boundary detection-type algorithms.

In this paper, we introduce a filtered-backprojection (FBP) type image segmentation method applied to SAR
received signal. The method detects edges directly from received signal and bypasses the image reconstruction
step. We first model the SAR received signal with an arbitrary flight trajectory as a Fourier Integral Operator
(FIO). We next present a FBP-type method to recover and enhance the visible edges of the scene to be imaged.
The FBP-type segmentation involves a backprojection step that is given by the L2-adjoint of the phase of the
FIO and a filtering step. We design the filter so that the resulting point spread function of the FBP operator is
a differential operator that reconstructs the derivative (or anti-derivative) of the image in desired directions for
each pixel reconstructed.

While we focus primarily on the segmentation of SAR images, the method is applicable to other type of
imaging applications where the projection data are modeled as FIOs, such as synthetic aperture sonar and
geophysical imaging.

This paper is organized as follows: In Section 2, the SAR forward model and generalized FBP method are
described. In Section 3, a brief discussion on image segmentation via edge detection is given. In Section 4, a
new filter that reconstructs the edge map of the scene is derived. In Section 5, numerical results are provided to
demonstrate the performance of this method. Finally, we conclude our discussion in Section 6.
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2. FORWARD MODELING AND GENERALIZED FILTERED-BACKPROJECTION

Unless otherwise stated, the bold Roman, bold italic, and Roman small letters will denote points in R3, R2 and
R, respectively, i.e. x = (x, x3) ∈ R3, with x ∈ R2, and x3 ∈ R.

Let γ(s) ∈ R3 denote the flight trajectory of the antenna, where s ∈ R is the slow-time variable, param-
eterizing the trajectory. We assume that the earth’s surface is located at the position x = (x1, x2,ψ(x1, x2)),
where ψ : R2 → R, is a known smooth function, and scattering takes place in a thin region near the surface.
Following monostatic version of1 and under the single scattering (Born) approximation, we model the received
signal d(s, t) as follows:

d(s, t) ≈ F [T ](s, t) =

∫
e−i2πω(t−R(s,x)/c0)A(x, ω, s)T (x) dω dx (1)

where x = (x1, x2), R(s,x) = 2|γ(s)−x| is the total travel distance, t denotes the fast-time, c0 denotes the speed
of light in vacuum, T (x) denotes the surface reflectivity, and A is a complex amplitude function that depends
on antenna beam pattern, the transmitted waveform, geometrical spreading factors, etc.2

We assume that for some mA, A satisfies the symbol estimate

sup
(s,x)∈K

|∂αω∂βs ∂ρ1x1
∂ρ2x2

A(x, ω, s)| ≤ C0 (1 + ω2)(mA−|α|)/2 (2)

where K is any compact subset of R×R2, and the constant C0 depends on K,α, β, ρ1, and ρ2. This assumption
is needed to make various stationary phase calculations hold; and it also makes the forward operator F a Fourier
Integral Operator (FIO).3–5

The reconstruction of the target reflectivity, T (x) requires inversion of F . Since F is an FIO, an approximate
inverse of F by another FIO, K can be formed such that

T (z) ≈ T̃ (z) = KF [T ](z) (3)

Let L = KF . The kernel L of L is the Point Spread Function (PSF) of the system which relates the target scene
T (x) to the reconstructed scene T̃ (z). For a perfect reconstruction, L must be a Dirac-delta function. Thus, we
choose K so that the kernel of L becomes as close to Dirac-delta function as possible.

It was shown in1 that a FBP-type operator K can be designed to reconstruct an image of the scene

T̃ (z) = K[d](z) :=

∫
ei2πω(t−R(s,z)/c0)Q(z, ω, s)d(s, t) dω dsdt. (4)

Thus, the PSF of the imaging operator K is

L(z,x) =

∫
ei2πωφ(x,z,s)Q(z, s, ω)A(x, s, ω) dω ds (5)

where filter Q is chosen such that L(z,x) = δ(z − x) and φ is given by φ(x, z, s) = R(s,x) − R(s, z). In this
paper, we design a new filter Q̄ to form the edge map of SAR images. The edge map image can be viewed as an
approximation to the magnitude of the gradient of the image, i.e. |∇T (z)|.

3. SEGMENTATION VIA EDGE DETECTION

Segmentation is an important image processing task to extract and locate objects (lines, curves, points etc.)
from a given image. These objects are distinctive features of the image and they make it easier to describe,
characterize and give meaning to the image.

A basic image segmentation process requires assigning a label to every pixel in an image. Pixels with the
same label have similar characteristics. There are many ways to perform image segmentation such as level set
methods, graph portioning methods, clustering methods, region growing methods and edge detection. In this



paper, we segment the SAR image via edge detection by applying a differential filter directly to the SAR data
at the backprojection step.

Edges can vaguely be defined as points at which the transition in pixel value associated with that point is
significantly stronger than the background at that point. It is well known from vector calculus that the gradient
vector of a scalar field is a vector field and this vector field points in the direction of the greatest rate of change
of the scalar field. Moreover, magnitude of the vector field corresponds to the greatest rate of change. Thus,
edge detection is closely related to the gradient of the image.

A simple method to perform edge detection is by applying an operator such as Prewitt, Sobel and then
thresholding the image.6 In7 Canny proposed an edge detection method that contains several steps: First, image
is smoothed with a Gaussian to get rid of the noise and then its gradient is calculated. Depending on the
magnitude of the gradient and the angle of the gradient, pixels are labeled, image is thresholded and finally the
edge map is formed.

For segmentation of SAR images, the methods described above can be applied after forming the SAR image.
In this paper, we introduce a FBP-type image segmentation method applied directly to SAR received signal. The
method involves derivation of an edge enhancing (or smoothing) filter and the backprojection operator. The new
method reconstructs an approximation to the magnitude of the gradient of the scene, |∇T |. With this new filter,
PSF of the system can be viewed as an approximation to the derivative (or anti-derivative) of the Dirac-delta
function

L(z,x) ≈
∑
i

αiδ
(pi)(z − x) (6)

where αi > 0 and pi ∈ R. Here, pi stands for the pthi derivative and αi controls the strength of the edges in the
final image.

4. DIRECT SEGMENTATION OF THE SAR DATA

In this section we derive a new filter to enhance (or smooth) the edges in the image. This filter is applied prior
to the bacprojection step directly to SAR data.

4.1 Derivation of an Edge Detection Filter

In this subsection, we derive a new filter Q̄ so that the PSF of the imaging system behaves like the derivative of
the Dirac-delta function. Thus, what we reconstruct from SAR data will be approximately the edge map of the
scene. The filter that results in an approximate Dirac-delta function PSF is given as

Q(z, ω, s) = χΩz (ξ(ω, s))
A(z, ξ(ω, s))

|A(z, ξ(ω, s))|2
1

η(ξ(ω, s), z)
(7)

where η(ξ(ω, s), z) is the Jacobian that comes from change of variables

(ω, s)→ ξ =
ω

c0
∇z R(s, z). (8)

With this choice of filter, the PSF of the imaging system is given by

L(z,x) =

∫
ei2π(x−z)·ξχΩz

(ξ) dξ. (9)

Here χΩz is a smooth cut-off function equal to one in the interior of Ωz = {ξ(ω, s, z) |ATR(z, s, ω) 6= 0} and zero
in the exterior of Ωz, data collection manifold.



Here we modify the PSF so that when the resulting filter is applied directly to the SAR received data
it reconstructs the edge map of the scene, T (z). Recall that the relation between actual scene, T (x) and
reconstructed scene T (z) is given by

T̃ (z) = L[T ](z) =

∫
L(z,x)T (x)dx, (10)

=

∫ ∫
Ωz

ei2π(x−z)·ξχΩz
(ξ)T (x) dξ dx, (11)

=

∫
Ωz

e−i2πz·ξχΩz
(ξ)T̂ (ξ) dξ (12)

where T̂ (ξ) stands for the Fourier transform of T (x).

To segment the SAR image we wish to reconstruct approximately |∇T (z)|. If we apply the gradient operator
to both sides

∇zT̃ (z) =

∫
Ωz

∇ze−i2πz·ξχΩz
(ξ)T̂ (ξ) dξ, (13)

=

∫
Ωz

(−i2πξ)e−i2πz·ξχΩz
(ξ)T̂ (ξ) dξ. (14)

We define the limited aperture directional derivative of T in the direction of the unit vector µ̂ as follows:

µ̂ · ∇zT (z) = (−i2π)

∫
Ωz

e−i2πz·ξ µ̂ · ξ χΩz (ξ)T̂ (ξ) dξ. (15)

Next, we define the following operator:

∆p
µ̂T (z) :=

∫
Ωz

e−i2πz·ξ|µ̂ · ξ|pχΩz (ξ)T̂ (ξ) dξ, p ∈ R. (16)

The operator ∆p
µ̂ can be interpreted as the pth directional derivative for p > 0, and pth integral for p < 0.

Note that with this operator, magnitude of the gradient can be represented as

|∇zT (z)|2 = ∆2
ê1
T (z) + ∆2

ê2
T (z) (17)

where êi, i = 1, 2 is the ith column of the 2× 2 identity matrix.

With the modified PSF, filter Q̄ becomes

Q̄(ξ) = αp|µ̂p · ξ|pQ(ξ) + αq|µ̂q · ξ|qQ(ξ) (18)

where p > 0 and q < 0, αp, αq ≥ 0 and µ̂p, µ̂q are two possibly orthogonal unit directions. The directional
derivative of the image is enhanced along µ̂p while it is smoothed in the direction of µ̂q. Note that if p = q = 0,

then Q̄(ξ) = Q(ξ); and if µ̂q = µ̂⊥p , then the derivative of the image is enhanced in the direction of µ̂p while it
is smoothed in the direction perpendicular to µ̂p.

More generally, we define

Q̄(ξ) =
∑
i

αi|µ̂pi · ξ|
piQ(ξ) (19)

where αi > 0 and pi ∈ R so that we can enhance (or smooth) edges in different directions.



4.2 Point Spread Function of the Edge Enhanced Reconstruction

With new filter given in (19), the PSF of the edge enhancing (smoothing) reconstruction operator becomes

L(z,x) ≈
∑
i

αpi

∫
e2πiξ·(z−x)|µ̂i · ξ|pi dξ. (20)

Moreover, with this choice of PSF, the location and orientation of the edges are preserved.

- If m = arg max
{i}

pi, and pm > 0, the strength of the edges is increased (enhanced) by an order of pm in the

direction of µm.

- If n = arg min
{i}

pi and pn < 0, the strength of the edges is decreased (smoothed) by an order of pn in the

direction of µn.

Thus, with this choice of filter we can control the directions along which we want to enhance (or suppress) the
edges.

5. NUMERICAL EXPERIMENTS

In our numerical simulations, we considered two scenes. In the first scene, there is a square target of size 4.9km
and a rectangular target of size 4.9km by 9.8km located in a scene of size [0, 22]× [0, 22] km2 with their centers
located at (−4.1,−0.7)km and (4.5,−4.1)km. In the second scene, we have a square target of size 12.9km by
12.9km with its center located at (2.2,−0.4)km, and there is a 1 pixel-wide(86m) wire-like line that makes a 26◦

angle with the horizontal axis inside the square.

We discretize the scene with 256× 256 pixels, where (−11,−11, 0) km, (0, 0, 0) km and (11, 11, 0) km corre-
sponds to the pixels (1, 1), (128, 128) and (256, 256), respectively.

We take ATR(x, ω, s) = 1, which corresponds to an isotropic antenna radiating a delta-like impulse and
compensation of geometric spreading factors in the data. Then, using the definition of Dirac-delta function and
its homogeneity property, we have

d(s, t) ≈ c0
∫
δ (c0t− 2|x− γ(s)|)T (x) dx. (21)

We used a discrete version of (21) to generate our simulation data. In these experiments, we considered a circular
flight trajectory γ(s) = (22 cos s, 22 sin s, 6.5) km uniformly sampled for s ∈ [0, 2π] at 512 points. (See Figure 1)

Figures 2,3,4,5,6 show reconstructed (part a) and thresholded (part b) images with different values for p, α
and µ. p denotes the order of derivative (or anti-derivative) operation, α controls the strength of the edges in
the final image and µ is the direction along which we want to enhance (or smooth) edges.

To threshold the final reconstructed image an iterative thresholding method given in Algorithm 1 is used .

Algorithm 1 An iterative thresholding method for reconstructed images6

Choose an initial threshold, T0 for image I(x, y)
Tnew ← T0 and Tprev ← 0
while |Tnew − Tprev| > ε do

Tprev ← Tnew
I1 = {I(x, y) : I(x, y) > Tnew}
I2 = {I(x, y) : I(x, y) ≤ Tnew}
m1 ← mean of pixel values of I1(x, y) and m2 ←mean of pixel values of I2(x, y)
Tnew ← m1+m2

2
end while



In Figures 2 and 3, edges are enhanced in all directions. In Figure 4, edges along y-direction are enhanced
with µ = (0, 1). In Figure 5, edges along x-direction are enhanced with µ = (1, 0). Finally in Figure 6, edges
along x and y-directions are enhanced with µ1 = (0, 1) and µ2 = (1, 0). Note that, in Figures 4, 5, 6 wire is not
reconstructed since its direction is not along µ’s used in the examples.

The numerical simulations show that the edges are enhanced (or smoothed) in desired directions and the
edges are reconstructed directly from SAR data successfully.
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(a) Scene 1
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(b) Scene 2

Figure 1. Simulation setups

Reconstructed Image : p = 1   α = 0.2  
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(a) Reconstructed image

Thresholding with intensity = 0.57
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(b) Thresholded image

Figure 2. Enhancement of edges in all directions for scene 1.



Reconstructed Image : p = 1   α = 0.8  
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(a) Reconstructed image

Thresholding with intensity = 0.55
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(b) Thresholded image

Figure 3. Enhancement of edges in all directions for scene 2.

Reconstructed Image : p = 2   α = 0.8  
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(a) Reconstructed image

Thresholding with intensity = 0.68
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(b) Thresholded image

Figure 4. Enhancement of edges in x-direction for scene 2 with µ = (1, 0).

Reconstructed Image : p = 1   α = 0.8  
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(a) Reconstructed image

Thresholding with intensity = 0.7
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(b) Thresholded image

Figure 5. Enhancement of edges in y-direction for scene 2 with µ = (0, 1).



Reconstructed Image : p = 1   α = 0.8  
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(a) Reconstructed image

Thresholding with intensity = 0.6
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(b) Thresholded image

Figure 6. Enhancement of edges in x and y-directions for scene 2 with µ1 = (1, 0) and µ2 = (0, 1).

6. CONCLUSION

We presented a novel edge detection method applicable directly to SAR received signal. Our method first filters
the received data, and then backprojects. The filter detects the edges of the scene in different directions at each
pixel reconstructed. The method is computationally efficient and may be implemented with the computational
complexity of the fast-backprojection algorithms. In our future work, we will discuss edge enhancement and
detection in the presence of measurement noise.
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