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Abstract

A time-reversal implementation of a transmit wavefquraconditioningscheme
for optimal clutter rejection in radar imaging is present&tlaveform precondi-
tioning involves determining a map on the space of transraiteforms, and then
applying this map to the waveforms before transmission. @ark applies to
antenna arrays with an arbitrary number of transmit- aneivecelements, and
makes no assumptions about the elements being co-locayealirBime-reversal
implementation we avoid the need to obtain an explicit méaigthe environment
in order to compute the preconditioning operator.



1. Introduction

In radar applications, the scene (everything in the radant)és composed of
three classes: objects of interest, objects which are niotefest, and (known) back-
ground. Objects of interest are referred totaggets while those objects which are
not of interest are referred to autter. In our current exposition, we seek to remove
scattering from clutter by modifying the waveforms that heéng transmitted into the
scene. This is an important task, as scattering from cle#earoverpower scattering
from targets, rendering the targets difficult to detect cagm.Waveform precondition-
ing has been introduced a series of papers by the authors as @ waydify transmit
waveforms for better performance in a clutter-rich envirant [1-4]. Waveform pre-
conditioning involves determining a filter on the space ahsmit waveforms. We
refer to this filter as greconditioning operatarit is applied to the transmit wave-
form prior to transmission. Our primary application is rad@aging. It should be
clear, however, that our physics-based approach, wheremeufate the problem in
terms of Green'’s functions and second-order random fieddgyplicable to pulse-echo
imaging in generale.g, ultrasound imaging, sonar imaging and microwave imaging.

There are currently two main waveform design approachdsdnddar literature:
ambiguity-based and variational-based. In the first apgrpa range-Doppler echo
model is used with matched-filter processing. The wavefaragdesigned and com-
bined in order to create an approximate Dirac delta ambyduitction [5-13]. In the
second approach, the scene is assumed to be static, anftbtberange-only echo
models are considered. Similar to the first approach, mdtdittering is used as a
foundation for joint design of waveforms and receive preags for target detection,
identification and classification [14—18]. For target détet the waveforms are de-
signed by maximizing the signal-to-noise or signal-teifgrence ratios [15-17]. A
mutual information criteria has also been used to desigmabtvaveforms for target
classification [15].

We derive clutter-rejecting waveforms for pulse-echo nieasents from a sparse
array of transmitting and receiving elements. The arraynelats can be distributed
spatially in an arbitrary fashion, and can be several huhdr@velengths apart. Such
an array is referred to asdistributed aperturg19]. Distributed apertures typically
view regions of interest that are not in the far-field of theagr This introduces range-
dependence in the scattering measurements which canngnbeed [20, 21]. By
using a physics-based measurement model we directly atnotianly for this range-
dependence but also for effects such as multi-path scagtamd interference. We
incorporatea priori statistical information about the scatterers. Furtheamae allow
for multiple transmitters and receivers to be activatedusianeously [22—-25], and
make no additional assumptions about being able to sepgheveveforms from each
transmitter by orthogonality [22, 26].

Our analysis leads to explicit expressions for the pred@mring operator involv-
ing the Green'’s function for the background medium, as weliecond-order statistics
for the target of interest and the clutter. It turns out, hegrethat the need for such
explicit information can be relaxed by application of thed-reversal principle. The



time-reversal principles based on an invariance to changing the sign of the tem-
poral variable in the wave equation [27,28]. It has been usedany applications
which involve wave propagatior,g, ultrasound imaging [28—-31], underwater acous-
tics [32, 33], radar imaging [34, 35], and microwave imadi8g]. Typically, the time-
reversal principle is applied successfully to cases wheréave a multiple-scattering
medium and where explicit modeling of the medium is diffialie to its complexity

or due to random perturbations [31,37-39]. Here, we showthewime-reversal prin-
ciple can be employed to obtain the preconditioning operaten explicit models for
the environment and/or the target and clutter distribigiare not available.

From a communications point of view, the radar transmit algvhich illuminates
the target may be considered as a means for establishiegnanunications channel
between the target and the observén this language, the effect of a complex envi-
ronment is considered as part of this communications cHafie goal is to design
a filter which, when applied to the transmit signal, shapeséteived signal in a de-
sired manner. Thus, there are obvious similarities betvikerndeas presented here
for pulse-echo, and the existing literature precoding[40—-42]. However, since our
primarily aim is to reconstruct the spatial distributiontbé target, the spatial aspects
of the wave propagation are pronounced in our work.

2. Preliminary notation and modeling
2.1. Distributed aperture

We consider an antenna array consistingroransmitting elements, anad re-
ceiving elements. The placement of these elements can tsectarbitrarily; the
location of each element may be assigned independently efeathe other elements
are located. For simplicity, we assume each element to ledil@van isotropic point
antenna; the radiation patterns from each element do ndbiesmy directivity. The
latter assumption is not needed, but is made in order to keegrtalysis more transpar-
ent. An important feature of the system under consideraditimt we have a reference
clock which is common to all of the elements. This commonneziee clock facilitates
coherent data processind\n illustration of the distributed nature of an antennahwit
two transmitting elements and ten receiving elements isvaho Fig. 1.

In order to exploit the spatial diversity inherent in theema, it is desirable to
allow for transmitting different waveforms from each elamelet s;(¢) denote the
waveform which emanates from thig* element. The transmit waveforms are arranged
in atransmit vectors(t)

s(t) == [s1(t),...,sm(@®)]". 1)

Similarly, if the measured scattering at tii& receive element is denoted ly; (t),
then the scattering which is collected by the distributegana may be arranged in a
measurement vecten(t)

m(t) = [mi(t),...,ma(t)]". 2)
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Figure 1. Distributed array with two transmitting elemeitsrcles labeledI'x; and
Txs), and ten receiving elements (small squares labeled fram to Rx;0). The
elements are placed at equidistant points along an arc véithus10\, wherel is the
wavelength corresponding to the center frequency of thestratters. The target is
indicated as a square with sides of 4,3vhile the region of interest I8\ x 5\ around
the target.

2.2. Scattering model

The ability to distinguish scattering objects depends ow huch their electro-
magnetic properties deviate from a known background. Wetgethis deviation by
the reflectivity functionl’(x). At an abstract level, we denote By(V') the operator
which maps the transmit vecte(t) to the measurement vectot(¢)

m(t) = H(V)s(t). 3)

H(V) is called a scattering operator. An explicit relationshgivbeenV andH (V)
can be derived in terms of ti@&reen'’s functiory(x, y, t) for the background medium.
The Green’s function is the response measured at positivam an impulsej(t) at
positiony. The geometric layout of the antenna elements naturallysm@a important
role here. Let therefore thg® transmit element be located at positiep, and the
i*h receive element be located at position In the current analysis we use a linear
scattering model often known as thistorted-wave Born approximatida3]. If we
define a(m x n) matrix G(y, t) with matrix elements

Gij(y,t): :/g(fci,y,f’)afg(y,zj,t—T')dT’, (4)
then

H(V)s(t) = /G(y,t —7)V(y)dy s(r)dr. (5)



Integration in Eq. (5) is understood to be element-wise. &derivation of Eq. 5, we
refer to the Appendix of [44].

2.3. Target and clutter

The above formalism allows us to utilize a physics-basedetiod the background
which in principle can have an arbitrary level of detail. dtriot reasonable, however,
to expect that our background model will account for all detaf the scene except for
the target. As outlined in the introduction, this suggelstd the reflectivity function
should be divided into two parts

V(z) =T(x) + C(x). (6)

HereT'(x) representdarget and C(x) representglutter. Our definition of clutter
includes contributions due to a compromise between modelitirdand tractability:
deviations between the background and our model for thedraakd. Our real inter-
est lies in recoverind@’, while suppressing’.

In our development we assume thatx) and C(x) are realizations of second-
order random fields with known first- and second-order dtesis It should be clear
that the background may be defined in such a way that the fidgtrgtatistics of the
reflectivity functions are zero. Thus, without loss of gealigy, we will assume that
the processes have zero-mean and known auto-correlatictidns

Rr(y1,y2) = E[T(yl )W} (7)
Ro(y1,y2) = E[C(y1)Clya)|. (®)

Furthermore, we will assume that the fieldlsandC are statistically independent:
Ry (y1,y2) = Rr(y1,Y2) + Rc(y1,Y2)- 9)

In this work we choose to reject clutter in the minimum-meaprare-error (MMSE)
sense: under mild assumptions about the transmit wavefanchshe reflectivity func-
tions we can show that/ (V) is a Hilbert-Schmidt (HS) operator [45, Ch. 6.2]. Our
goal is therefore to determine a linear operat@mhich minimizesA (1)

AW) = |[H(T + CYW — H(T)| s (10)

We achieve clutter rejection by employing the transmit viaxm Ws(t) instead of
s(t). Our approach is illustrated in Fig. 2.

3. The preconditioning oper ator

In this section we will derive an explicit expression fiaf which minimizes the
error A(W) as defined in Eq. (10). In order for the analysis to hold, we enade-
tain assumptions about the transmit waveforms and thesstagjtenvironment. These
assumptions are mild enough to be satisfied for any pracmalication.



A
fffffffffffffffffff s H(T)
b ; ‘
s(t) —>| W > H(T +C) | — > m(t)
)
T(x)+ C(x) —> H

Figure 2. Block diagram for the waveform preconditioninghvthe operatodV. Solid
arrows indicate the signal path from waveform, through preditioning operator and
then transmitted into an environment with system respafh@ + C). Dashed lines
indicate the “ideal” signal path which is emulated by applgithe preconditioning
operator.

First of all, we consider transmit waveforms which have énéngth, and which
have sufficient decay as a function of frequency. Let the taig-ourier transform
of s(t) be denoted by(w). Sufficient decay is guaranteed if we employ the following
weighted inner product on the space of transmit waveform [4

(81,85) = / (1+ w[*+*) 85 ()3, (w)dw (11)

for somep > 0. HereH denotes conjugate transpose of the vector quantities.n8eco
it is convenient to assume that no echoes emerge from ouasgidficiently large
region,i.e, that the reflectivity function has compact support. Finalle assume that
the environment does not focus the propagating energy antwlatrarily small set;
no trapped rays exist.

Under the aforementioned assumptions about the wavefomchs@attering envi-
ronment, we can show thai(1") is a HS operator.

Let {ex(t)} be a basis for the space of transmit vectors. The HS norf(&f)
can be computed as

HV)I s =3 / X (Y H(V ) H(V )ex (1)t (12)
k



Herex denotes the adjoint, arid denotes the conjugate transpose of a vector.
We now determine the operat¥ which satisfies Eq. (10). If we require that
AW + W) = AW) = O(/[6Wlis) (13)
for all perturbation®V, we find that the optimum is
W = [H(T + C)*H(T + C)| " H(T)*H(T). (14)
Defineg as the integral operator with (matrix) kerr@(y, t, ) where the elements of

G are givenin Eq.4

GF(y.t) = / Gly.t — ) f(r)dr. (15)

Define Ry, andR¢, as integral operators with (scalar) kernéls and R from
Eqgns. 7 and 8, respectively

Rrf(y1) 5:/RT(y1,y2)f(y2)dy2 (16)

Ref(y) = /Rc(yh y2) f(y2)dys. 17)
The operatodV may be expressed as
W = (G*[Rr + RelG) ™ G RrG. (18)

wheregG* is the adjoint 0oG.

The operatoV may be applied to any transmit vector to yield a new transmit
vector; W is a bounded linear operator on the space of transmit vectors

4. Time-reversal preconditioning

Although Eq. 14 gives an explicit expression for the preétoning operator,
computing the operator is difficult, as it requires a lot dbiimation about the second-
order statistics of target and clutter, as well as a moddhfeibackground medium. In
this section, we will outline an approach which allows usstimatehe precondition-
ing operator from scattering measurements directly.

First, from Eg. (5) we see th&{(T + C) = H(T') + H(C). We use this fact to
write

H(T) =H(T +C) —H(C). (19)

Inserting Eq. (19) into Eq.(14) we arrive at
W =1~ [H(T + C)"H(T + C)| " H(C) H(C) (20)
=1-[G"(Rr +Re)G)'G*RcG. (21)



The last equality follows from Eq.18. The significant diffece between Eq. (14)
and (20) is that in Eq. (20) we have replackd?)*H(T") by H(C)*H(C). This

is important, asH(T") corresponds to scattering from a target without the presenc
of clutter, and is infeasible to measure. On the other haf@,) corresponds to
scattering from clutter. This can be observed at times wheretis no target present.

Consider now the case where there is no target present, aad ¥ be a partic-
ular clutter realization. By definition, the measured ssr@tg we obtain ian(t) =
H(cr)s(t). Furthermore, if we interchange the roles of transmitted eceivers, and
transmitm, (—t), this corresponds to employing the transpose of the magniréd G
in Eq. (5),i.e. , the measured response at the original transmitters will b

qr(t) = /GT(y, t — 1) (y)dy my(—7)dr. (22)

If we now insert Eqns.5 into Eq. 22, and express the wholegtlinthe temporal
frequency domain, we get

a(w) = [ 6 y.w)enly)dy ) (23)
= /GT(y,w)ck(y)dy/G’(:B,w)ck(w)dmé(w) (24)
- [ Gy wamae)Cle wiadys(). (25)

Let us now average this experiment over multiple realizetiof the clutter to form

1 N
p(t) := N ZQk(_t)- (26)

k=1

Then
R — . A
p) = 13 [ Fpwaia@ie syt @)
k=1

~ [ v E[atin@)] o siys) (28)
~ [ &My el )Gl ) dedys ) (29)

This is a frequency-domain expression ffR-Gs(t). Therefore,p(t) will be an
approximation folG*RcGs(t).



Under the assumption that there is no target present in thieesthe following
algorithm will allow us to obtairG*R G applied to a transmit vecte:

1. Transmit waveforns(¢) and obtain measurement,(t).
2. Interchange the role of transmitters and receivers
3. Transmit waveformm,(—t) and obtain measuremedy(t).

4. Repeat multiple times to obtain the estimate
1 N
p(t) = + ; ar(—t) ~ G*RcGs(t)s(t)

The same procedure will allow us to determiél’+C')*H (s(¢) from data containing
scattering from both target and clutter. We can thus esénfa required information
for computingV as defined in Eq. 21.

We can also get té{(C)*H(C)s(t) by applying a zero-phase filter with frequency
responsd /(1 + |w|>**). The advantage of seekiftg(C)*H(C)s(t) is that repeated
iteration will allow us to obtain eigenvalues and eigentiors of this operator (we
have a self-adjoint, compact operator on the space of traamgeforms).

5. Numerical simulation

In order to demonstrate the clutter-suppression obtainidd eur waveform pre-
conditioning operator, we have performed a set of numesgallations. In these
simulations we want to recover the targefrom scattering measurements made with
two transmitters and ten receivers. The transmitters aceivers were placed equally
spaced on an arc around the target. This simulation setlpsgated in Fig. 1.

From the two transmitters we transmitted short chirp signétansmitter 1 emitted
a linear up-chirp, while Transmitter 2 emitted a linear deglmrp. All dimensions of
the experiment were normalized according to a unit lengaifesc

As a target we chose a square with sides\ x 1.5\. From this target model
we constructed a target spectrum as if the target were azadialn of a stationary
random field. A high-frequency version of the stationarchtastic target model was
then constructed and used to simulate different realimatad the surrounding clutter.
This construction is explained further in Yazetial.[46]. The compact support of the
clutter was imposed by applying a spatial mask. For our pgepee used a region of
5X x 5\ around the target. Finally, the radius of the arc on whictethienna elements
were placed was set to 40

The preconditioning operator was constructed accordirigotq14) from 50 esti-
mated eigenvalues and eigenvectorskqC)*H(C) andH(T + C)*H(T + C) by
a Monte-Carlo approach. The spatial discretization fohesmattering simulation was
15 samples per wavelength



Figure 3. Target with clutter (left) and reconstruction afget from clutter-free scat-
tering (right)

The signal-to-clutter ratio (SCR) in our simulations wastee—6 dB, when de-
fined according to

SCR = 10log (H(—?rJ) (30)

The performance of the preconditioning was evaluated bwiisg the square er-
ror in the reconstructed image when compared to the truectifily function. The
mean-square-error (MSE) was estimated by averaging oveluti@r realizations. We
computed the MSE according to

MSE(W) = 101og (f E[|[H"H(T + O)W)(z) — T(a;)|2]dm> @

JE[T (x)]?]dx

We employed the imaging method proposed in [44] to form thages. This method
is well suited to work with waveform preconditioning, as st ¢apable of handing
scattering from multiple sources simultaneously, and sebaon the same figure of
merit as our current preconditioning work; it forms the opdl image in a MSE sense.
The images were reconstructed on a grid with 10 samples pezlergth.

Figure 3 shows the target embedded in clutter, as well asansticted image
based on scattering without clutter. The MSE is in this caas 8v5dB.

Figure 4 show reconstruction results for scattering witlitelr. Preconditioning of
the transmit waveform improves image quality from 8.9 dB 18@B when measured
using the MSE defined in Eq. (31).

Figure 5 shows the spectrum of one of the transmit wavefoahwiere employed
in this experiment.



Figure 4. Reconstruction results for a single realizatidrchutter. Left: image from
scattering with original chirp waveform. Right: image fr@oattering with precondi-
tioned chirp waveform

—original
----- preconditioned

Figure 5. Spectrum magnitude (right) for the original wayef, and for the precon-
ditioned waveform.



6. Discussion and concluding remarks

In this work we have separated the reflectivity function itwo distinct classes:
targetandclutter. The clutter essentially produces unwanted scatteringhwimi turn
degrades the final result of the reconstructed image. Ifes@ad) from clutter can be
removed from the measurement, the end result will be imptov@ur precondition-
ing operator can be applied to any set of transmit vectorsderoto optimally reject
scattering from clutter in the MMSE sense.

Our analysis is based on assungegriori knowledge about the scene in the form
of the Green’s function, and about the target and clutterildigion in the form of
first and second-order statistics. We used the Green’sibimtd map second-order
statistics of the clutter and target to the space of trangetitors and thereby construct
the preconditioning operator. Finally, we point out how tinee-reversal principle can
be applied to alleviate the need for explicit knowledge albloet Green’s function and
the target/clutter distributions.

We address the problem of optimally modifying the transnaveform when the
transmit power is limited. Obviously, after preconditingithe resulting waveform
may not have the same strength. However, this is triviallgaded by proper normal-
ization of the preconditioned waveform. As a result, thasrait vector will contain
the same amount of power, but will minimize scattering frdatter. Hence, for a fixed
total transmit power, the SCR may be improved in the final imagternatively, for a
given signal-to-noise ratio in the final image the total siait power can be reduced.
This is of interest in applications where it is desirable &zf the transmit power as
low as possibleg.g, to reduce transmitter vulnerability/detectability.

When we perform clutter rejection we identify a transmittg¥ subspace where
the signal-to-clutter (SCR) ratio is high. The fact that sigmals which are employed
at each transmitter are transmitted simultaneously, aatttiey are not orthogonal
imply that there is a great deal of ambiguity in the data wihpect to the correct
time-of-flight for a given echo. We therefore have limitedlipto determine the
correct source-receiver pair for a given echo. As we are fognthe images using a
our limited-angle tomographic approach, we do not rely anabhility to resolve the
source-receiver ambiguity [44].

The underlying propagation model which we have used forwsk is derived
from a scalar wave equation. This is a commonly-used modehémy radar applica-
tions where polarization effects may be ignored. In ordegdbexplicit expressions
in terms of Green’s functions, a linearized scattering nhades used, namely the
distorted-wave Born approximation (DWB). Note, howevéattthe operator norm
which we used to determined the preconditioning operatbmake sense also with-
out the DWB. The time-reversal principle also holds in othelse-echo applications.
Our work therefore has applications also in other areas agalitrasound, sonar and
microwave imaging.
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