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ABSTRACT 

In this paper', we explore domain decomposition algorithms fbr 
the inverse DOT prohlem in ordcr to reduce the computational 
complexity and accelerate the convergence of the optical image 
reconstruction. We propose a combination of a two-level multi- 
grid algorithm with a modified multiplicative Schwsrz algorithm, 
where a conjugate gradient is  used as an accelerator to solve each 
sub-problem formulated on cdch o f  the partitioned sub-domains. 
For our experiments, simulated phantom configuration with two 
rectangular inclusions is  used as a tesrhcd to measure the compu- 
tational elficiency ofour algorithms. No a priori information about 
the configuration is  assumed except for the source and detector Io- 
cations. For the application of our modified Schwarz algorithm 
alone, we ohservr an increase in efticiency of ICE% as compared 
to the conjugate gradient solution obtained for the full domain. 
With the addition of thc coarse grid. this efficiency rises to 4W%. 
The coarse grid also serves to improve the overall appearance of 
the reconstructed image at the houndaries of the inclusions. 

1. INTRODUCTION 

Inverse diRuse optical tomography (DOT) problem involves es- 
timation o f  the optical properties o f  biological tissues, which are 
pertinem to tissue's physiological and biochemical state. The most 
prominent applications of DOTare in detecting tumors in the hreaqt, 
monitoring brain activity, and dctecling brain tumors and hemor- 
rhages. 

DOT poses a computationally challenging inverse problcm. 
Thereby, realization of real-time diffuse optical tomographic imag- 
ing requires compuvationdlly viable reconstruction algorithms that 
provide accurate quantitative results. In  this work, we address the 
computational complexity of the inverse problem by proposing a 
two-level domain decomposition procedure. Domain decomposi- 
tion methods convert the inverse problem into smaller-size proh- 
lems that are easier to handle. Herein we apply a moditied alter- 
nating Schwalz method with conjugate gradient (CG) algorithm 
as the iterative solver to accelerate the solution. We then extend 
the uni-level problem lormulation to a 2-level problem to include 
a coarse grid correction in an attempt to improve quantitative ac- 
curacy and further accelerate the convergence. 

The Schwarz algorithm begins hy partitioning the domain into 
two or more overlapping sub-domains. The problem is  then di-' 
vided into suhproblems on each o f  these sub-domains. Multiplica- 
tive Schwarz algorithm successively solves the localized problems 
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in each sub-domain, every time using the latest solution availahle 
to initialize the next sub-problem. Therefore, at every iteration 
one sub-problem, initialized with the solution from the last itera- 
tion, is  solved, whose solution is  then used 10 initialize the next 
sub-domain and so on. We follow the multiplicative Schwaz al- 
gorithm using a fixed number o f  CG iteration to approximate the 
solution for each sub-domain. For full explanation of Schwarz ul- 
gorithms see [I. 21. 

Single level Schwarz algorithms are not well suited for proh- 
lems exhibiting low frequency errors and suffer from low conver- 
gencc rate. Multi-grid methods, on the other hand, use a hierarchy 
of grids at different scales to accelerate the convergence of stan- 
dard iterative methods. The fundamental idea behind a l l  multi-grid 
methods is  to combine computations done on different grid scales 
in order to eliminate the error components of the tinest grid. wherc 
the original problem has heen formulated. This i s  achieved by ap- 
proximating the srnoorhed fine grid error on a coarser grid where 
i t  can be accurately represented. The approximated error on the 
coarse grid appcars to he more oscillatory. hence cdn he further 
eliminated by the ilerations on the coarse %id. The solutinn ob- 
tained for the error on the cwdrse grid is  then interpolated to the 
fine grid to correct the current tine grid solution estimate. There 
i s  no unique way of formulating an inversc problem in a multigrid 
framework. The formulation needs to he specific to the problem at 
hand, that is  it must be tuned to address the requirements asserted 
in the problem. Note that. carefully designed multi-grid solvers 
have the potential of solving inverse problems with N unknowns 
within O ( N )  work load [31, which makes them the most efficient 
solvers for many kinds o f  mathcmaticdl problems. 

Multigrid methods haw been applied for the DOT problem 
in the past, where the inverse problem is formulated on a hier- 
archy of regnlar rcctangular grids 141. Domain decomposition 
has also heen previously proplsed for Bayesian formulation of in- 
verse DOT problem [ 5 ] .  However, the nature of the decomposition 
was different i n  that work, where non-overlapping, and hence non- 
Schwarz type, "sliding window" decomposition was used. In our 
previous work, we have proposed Fast Adaptive Composite-grid 
(FAC) algorithms for Region-of-Interest DOT [6.71. which implic- 
itly pursued a domain decomposition with the aid of (I priori infor- 
mation about the medium o f  interest. Note that FAC can be viewed 
as a Schware-like domain decomposition method in terms of fully 
overlapping suh-domains, hence achieving fat convergence with 
low cost by the use of coarse grid with substantially fewer points 
in the overlap region 181. 

In  this work, we assume that no a priori information is  avail- 
able about the unknown image. We have used the location of 
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sourccs and detectors to determine the overlapping sub-regions. 
We formulate the invcrse problem on the fine grid as two smaller 
size inverse problems on overlapping sub-regions. CG accelerator 
is used to approximate the solution on one sub-region. This solu- 
tion is uscd to initialize the optimization in the other sub-region. 
The line grid iterations arc followed hy a coarse grid correction 
scheme, where the inverse problem aims to solve the residual eqlJd- 
tion formulated on the global coarse grid, which is of relatively 
smaller size. A numhcr of 2-grid cycles are run to further improve 
the accuracy of the reconstruction. 

2. PROBLEM FORMULATION 

2.1. Forward Madel 

The forward modcl for DOT is based on simplifying assumptions 
applied to radiative transport equation which results in a form of 
photon diffusion equation. In frequency domain, the diffusion 
equation is given by: 

(1) -DV' ( r )  - - (r) + pa(r) (T) = S 

where D is the diffusion cml'ficient, c is the speed of light and 
p,,(r) on the entire domain R c R' is the spatially varying ah- 
sorption cmfficient. S stands for the point source located at r = 
r S .  In  this work, we focus on the reconstruction of absorption 
coefficients p,& of the medium. hence we aSsume that the diffu- 
sion coefhcicnt D has a spatially uniform distribution. We have 
employed the perturbation approach 191 around a spatially invari- 
ant optical background with a first order Rytov approximation to 
solve the inverse problem. The cell-centered discretization on the 
grid R", yields a system of linear equations relating the differential 
absorption coefficicnts 6p,.(q) to the mcasuremmts: 

3w 

where y$ denote the rcal part of the measurement at i th source 
and j l h  detcctor at frequency f k ,  CV$i is the weight for the l "h 
pixel for i j  source-detector pair. and 6po(r1) is the differential ah- 
sorption coeflicicnl for l th  pixel. We can denote this modcl system 
succinctly as: 

where W h  is the weight matrix and y E RA", 3: E RN, W h  E 
R M X N  N .  IS the numher of grid points on Qh and M is the total 
number of measurements. 

2.2. Inverse Pmhlem 

We formulate the discrete inverse prohlem to yield a minimum 
least squares solution for the differential absorption coefficients 
xh on ah. 

25s = ,ugmin*(zh)  = argminlly - ~ ~ z ~ \ \ ~  

y = Whzh (3) 

. 

(4) 
r 1" z 1. 

where 1 1  . 1 1  denotes the Euclidcan norm. 

2.2.1. Uni-Level Domain Decomposition Alporirhm 

Fig. 1. Decomposition of Q 

In this work, we decompose the domain Q into two overlap- 
ping sub-domains RI  and RZ such that Cl = ill U Rz and fl, is 
the overlapping region, that is Ro = R I  n Rz (Figure 1). We dis- 
card those source-detector pairings that would produce a coupling 
between the two sub-domains outside the overlapping region. In 
other words we remove any mcasuremcnt that is due to a source in 
R I \ %  and to a detector in %\Cl1 or vice versa. As a result. the 
measurement vector t E RA' for $1 5 A'i hecomes 

Yn,\n? 

Y%\RI 

Regrouping the measurements in two vcclors yl and y2 yields 
YI = (yn,\n2/ !/n,,IT and YZ = (un,,I ~ n ~ \ n , ) ~ .  Similarlythe 
differential absorption coetlicicnts on the suh-domains are grouped 
as 2:' and xk, such that x: is a finite dimensional approximation 
of differential absorption coefficients on R: and xi on R,". As a 
result we can formulate two sub-domain problems as follows 

*; ,Ls = a rgmin  IlyI - ~:x: l l '  

i,h,,s = arg inin 11yZ - CV;~:II' 

G = ( Yno ) ( 5 )  

a:' 

z$ 
(6) 

Instead of estimating xh using the formulation given in equation 4, 
we propose a procedure that follows minimization of the two ob- 
jective functionals formulated on the two sub-domains, with re- 
duced number of measurements. This results in significant reduc- 
tion in the size of the inverse problem and consequently the com- 
putational complexity of the overall inverse DOT problem. 

A conjugate gradient (CG) algorithm is utilized to accelerate 
the solution on each sub-grid. The solution update obtained after a 
sweep of CG iterations on one domain is restricted to the overlap- 
ping region on the grid 0; by the discrete operator Z : Q: -+ @. 
The restricted estimates are then used to update the xi estimates 
on Q;, which is followed by iterations on R t  to yield a solution on 
entire discrete domain Cl:. A U number of cycles is applied until a 
desired level of convergence is achieved. 

This approach takes advantage of the reduced size of inverse 
problem formulation by decomposing the domain and the associ- 
ated measurements. Initialization in one sub-prohlem solution by 
the current estimates in the other one and use of CG algorithm are 
other important factors facilitating the acceleration of the solution. 

2.22. Integrating Coarse Grid Correction 

Single level Schwarz alzorithms are not well suited for problems 
exhibiting low frequency errors. CG iterations tend to smooth 
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the error in  the solution. Even though CG algorithm accelerates 
the convergence to the solution xi' on Qh,  i t  i s  unable to further 
eliminate the error with smooth content. This necessitates the use 
of a coarse grid correction scheme, which enables dimination of 
smooth error by restricting i t  onto a coarser grid and correcting the 
fine grid solution by interpolating the error i n  the coarse grid. 

After the end of  CC cycles on the sub-problems, the current 
estimates d,' and zt  arc concatenated to yield the nverall solution 
estimate zh  on n". The error between the actual sdution z* and 
the current solution estimate ih i s  givcn by eh = +* - eh. As- 
suming that the error eh on Qh is smoothed well enough by CG 
itcralions, we can write a coarse grid approximation for this error, 
such that 

eh = ,:hp 
where i s  the interpolation operator. We have selected Ikh ; 

R"' - BN as 4(Ii")' where IEh : PN - EtNy/' i s  the full 
weighting operator in  ?D [IO]. As a result. the objective functional 
givcn in equation 4 can be re-written as 

]Ig - l?ihZhJIZ /ly - ~"(5' + e")]l' 

((y - W h ( i h  + l:hcy)il~ 
Ily - $Vh$" - CI'";he2h)lJ' 

= llr - C V z h e y z  (7) 

= 

= 

which is  the coarse grid objective functional defined on the coarse 
grid CIZh with grid size o f  2h. T = 1/ - W h i h  i s  called the resid- 
ual, eZh  i s  the coarse grid error, and W Z h  = CVhIth i s  the coarse 
grid operator. CG iterations on the coarse grid error eZh. which 
is  initially assigned to zero. eliminate the high-frequency compo- 
neiits o f  eZh which appeared to be smooth on a". This resuits from 
ths fact that low frequency components appear more oscillatory on 
coarse grids as compared to fine grids. 

The error estimate e2" on QZh can then be interpnlated to the 
fine grid to correct the fine grid solution estimate zh  

zfL c Z h  + I:he2h (8) 
A predefined numbcr o f  2-grid cycles are run to further improvc 
the solution accuracy. A pseudo-code of  the overall ?-level domain 
decomposition algorithm i s  given below. 

Algorithm I Two-Grid Domain Decompasition Alzorithm 

I: w:, ~,h,gL.yz t p a r t i t i m ( b V h , y )  
?: W" + res t r ic t (Mih)  { ~ e o n l y n e e d  togenerateaZh once] 
3: zh + inzlialize(ah) 
4 repeat 
5: z: -CC(Wl,y,,zl) (Smoothingonf l t }  
6 z: + C C ( W ~ ? ~ Z , Z ~ )  {Smoothingon Qt} 
7: T t y - Whzh {Calculate residual.] 
8: elh - CG(WZh, r, ezh) [Solve for coarse grid error} 
9: eh t interpolate(2h) 

1 0  2 + a h + e h  
I I :  until convergence 

3. EXPERIMENTAL RESULTS 

We performed test cases against a simple simulatd phantom con- 
figuration consisting of two rectangular inclusions as seen in  Fig. 

3. The resolution o f  our test image was 20 pixels by 40 pixels and 
the numbcr of sources and detectors used was 17 and 33 mspec- 
tively resulting in a 561 by 800 weight matrix CV". We compared 
four test cases: (I) least squares solution using conjugate gradient 
on Qh for the full inverse problem. (2) l a s t  squares solutioti us- 
ing conjugate gradient on ah with the reduced source and detector 
conligurations, (3) uni-level domain decomposition on thc reduced 
source and detector configuration. and (4) two-level domain de- 
composition with moditied multiplicative smoother on the reduced 
source and detector configurations. By  discarding those measure- 
ments that couple source un one suh-domain and the detector on 
the other, we effectively reducc the dimension of  the weight matrix 

A l l  algorithms were implemented in MATLAB. Thc results 
wcre compared using the same conjugate gradient and decompo- 
sition cildcs. Figure 2 shows a plot o f  square error between the 
actual and estimated image VRSUS floating point operations (flop) 
required for reconstruction. The square error was calculated by 
Iahng the pixel by pixel dilfcrencc between the true image (see 
Figure 3) and the reconstructed image then faking the sum of the 
squares of those differences. As shown in  Figure 2, there i s  up to 
an average of  100% increase in efficiency using the uni-level do- 
main decomposition algorithm compared with care (I). With the 
addition o f  cwarse grid correction, there is  approximately 400% 
increase in efliciency. We observed that the error curve tends to 
settle faster for single level methods. This is  to be expected since 
the motivation for coarse grid correctinn is to compensate for the 
smoother's inability to properly handle globalized (i.e. low fre- 
quency) errors. 

W h .  

Fig. 2. Square Error vs. No. of Flops 

Fig. 3. Simulated Phantom Configuration 

Figures 4.5.6, and 7 shows the reconstructed images for each 
method after 12W iterations. As can be inferred from Figures 5 
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Fig. 4. Direct Method: 1200 Iterations 

0 *,, *. ~I o. ~~ *% 

Fig. 6. One Grid D.D.: 1200 Iterations 

I m," *, .,, *,! .. *., *. 

Fig. 5. Direct Method w/ Reduced S-D Pairs: 1200 Iterations Fig. 7. Two Grid D.D.: 1200 Iterations 

and 6, the uni-level domain decomposition method and the direct 
CG on thc reduced source-detector configurations had nearly equal 
error after I200 iterations, but the computatioiial time was cut by 
half for the domain decomposition case. The effect of coarse grid 
correction on the domain decomposition algorithm is clear from 
Figure I. By incorporating coarse grid correction. the algorithm 
is ahle to handle the smooth errors around the boundaries of the 
inclusions. In effect, wc end up with a much shaqxr  picture and 
better results around thcne boundaries. 

4. CONCLUSION 

In this paper, we investigated the effectiveness, i n  terms of com- 
putiational efficiency, of applying Schwarz type domain decom- 
position method in the solution of linearized DOT inverse prob- 
lem. We modified the classic Schwarz algorithm where CG was 
used to accelerate the convergence to the least squares Solution 
for each suh-problcm in the place of the usual Gauss-Siedel itera- 
tions. In our two grid domain decomposition algorithm. CG was 
applied to each sub-domain for several iterations (to get a good 
smoothing effect). The residual from the entire domain was then 
restricted to the coarse grid to find the coarse grid error which was 
then interpolated hack lo the line grid for error correction. The 
addition of the domain decomposition reduced the computational 
burden while addition of the coarse grid allowed for correction 
of global (low frequency) errors. In terms of computational effi- 
ciency as compared with CG solution for the full problem. uiii- 
level domain decomposition method showed 100% increase while 
two-level method saw nearly 400%. As a result of these prelim- 
inary findings, we feel that domain decomposition coupled with 
multi-grid methods is a viable option for decreasing the computa- 
tion complrxity ofthe DOT inverse problem even when there is no 
parallelization of the prohlem. As such, the algorithm proposed is 
well-suited for real-time DOT image reconstruction. 
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