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ABSTRACT

In this paper, we analyze the error resulting from the discretization of the forward and inverse problems in simul-
taneously reconstructed optical absorption and scattering images. Our analysis indicates the mutual dependence
of the forward and inverse problems, the number of sources and detectors, their configuration and the location
of optical heterogeneities with respect to sources and detectors affect the extent of the error in the reconstructed
optical images resulting from discretization. One important implication of the error analysis is that poor dis-
cretization of one optical coefficient results in error in the other, resulting in inter-parameter “cross-talk” due
entirely to discretization.
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1. INTRODUCTION

Imaging in Diffuse Optical Tomography (DOT) is comprised of two interdependent stages which seek solutions
to the forward and inverse problems. The forward problem is associated with describing the Near Infrared (NIR)
light propagation, while the objective of the inverse problem is to estimate the unknown optical parameters
from boundary measurements.! In this work, we model the forward problem by the diffusion equation in the
frequency domain and the associated adjoint problem. For the inverse problem, we consider the simultaneous
estimation of the optical diffusion and absorption coefficients.

A number of factors affect the accuracy of the DOT imaging: model accuracy (dependent on the light
propagation model and/or linearization of the inverse problem), measurement noise, discretization, numerical
algorithm efficiency, and inverse problem formulation. In this work, we focus on the effect of discretization on
the accuracy of simultaneously reconstructed optical absorption and diffusion coefficients. In this respect, we
extend our work in.>»3 First, we show the effect of forward problem discretization. Next, we show the effect
of discretization of the inverse problem whose formulation uses the numerical solutions of the forward problem.
Finally, we use the error analysis to devise novel adaptive mesh generation algorithms that reduce the error in
the reconstructed optical images due to discretization for a given number of unknowns (i.e. for a given number
of nodes in the adaptive meshes).

There has been extensive research on the estimation of discretization error in the solutions of partial dif-
ferential equations (PDEs).#% A somewhat different approach is followed in”® where error in quantities of
interest is related to the discretization of the second order elliptic partial differential equation. In the area of
parameter estimation problems governed by PDEs, relatively little has been published. See for example® for an
a posteriori error estimate for the Lagrangian in the inverse scattering problem for the time-dependent acoustic
wave equation and' for a similar approach, and'! for a posteriori error estimates for distributed elliptic optimal
control problems. In the area of DOT, it was numerically shown that the approximation errors resulting from
the discretization of the forward problem can lead to significant errors in the reconstructed optical images.'?
However, an analysis regarding the error in the reconstructed optical images resulting from discretization has
not been reported so far.

In this work, we model the forward problem by the frequency-domain diffusion equation. For the inverse
problem, we focus on the simultaneous estimation of the absorption and diffusion coefficients. We consider
the linear integral equation resulting from the iterative linearization of the inverse problem based on Born
approximation and use zeroth order Tikhonov regularization to address the ill-posedness of the resulting integral
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equation. We use finite elements with first order Lagrange basis functions to discretize the forward and inverse
problems and analyze the effect of the discretization on the reconstructed optical absorption and diffusion images.
Then, we analyze the error in the simultaneously reconstructed optical absorption and diffusion coefficients
resulting from the discretization of the forward and inverse problems.

In our analysis, we first consider the effect of the forward problem discretization when there is no discretization
of the inverse problem, and provide a bound for the resulting error in the reconstructed optical images. Next,
we analyze the effect of the discretization of the inverse problem whose formulation is based on the numerical
(finite element) solutions of the forward problem and we obtain another bound for the resulting error in the
reconstructed optical images. Our analysis shows that the error in the reconstructed optical images due to
discretization depends on the configuration of the source and detectors, the positions of the sources and detectors
with respect to locations of absorptive and diffusive heterogeneities, and on the regularization parameter(s). In
addition, we notice that the error in the reconstruction of one optical parameter depends on how well the other
optical parameter is discretized. As a result of this last implication, the error analysis provides an insight into
the so-called “inter-parameter crosstalk”'® that originates entirely from discretization.

Our analysis presents two important error estimates that can be employed to design new adaptive mesh
generation algorithms. Furthermore, the analysis provides a means to identify and analyze the error in the
simultaneously reconstructed optical images resulting from the linearization of the Lippmann-Schwinger type
equations'* using Born approximation, which will be an extension to our recent work.'® Furthermore, the
error analysis introduced in this paper is not limited to DOT, and can easily be extended for use in similar
two-parameter inverse problems.

Table 1. Definition of function spaces and norms.

Notation Explanation

f The complex conjugate of the function f

c(Q) Space of continuous complex-valued functions on QU 02
L=(0) 15°(9) = {f] ess supg [£(x)] < 0 }

17(0) L7(9) = {f] (J |f()Pdx) /7 < o0 }, p € [1, )
Dz f 2t weak derivative of f

HP () HY(Q) = {f] (X1, ID2FIR)Y2 < 00 }, p € [1,00)
WL(©) WL(Q) = {f € Li,.(9)] maxysj< | D]l < o0}
1o The L?*(Q) norm of f

£l The HP(Q2) norm of f

1 f 1 oo The L*°(2) norm of f

1 £ 1lo,m The L? norm of f over the m?" finite element ,,

1 flp.m The H? norm of f over the m!” finite element €,

1 fllso.m The L> norm of f over the m!” finite element €2,

2. FORWARD AND INVERSE PROBLEMS

In this section, we describe the model for NIR light propagation and define the forward and inverse DOT
problems. Table 1 provides the definition of function spaces and norms used throughout the paper. We note
that we use calligraphic letters to denote the operators, e.g. A,, Z, K etc. The subscripts or superscripts a and
b will be used respectively to denote the relevance to absorption and diffusion coefficients, which will be defined
where they appear. The superscript * denotes the adjoint and “tilde” will be used to denote a function or an
operator is an approximation to its accurate counterpart. Vector quantities are in bold characters, such as x.

2.1. Forward Problem

We use the following boundary value problem to model the NIR light propagation in a bounded domain  C R3
with Lipschitz boundary 9Q?! 16:

5DV + (o) + 2 ) ) = @) x €, 0
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g;(x) + 2aD(X)%%(X) =0 x €099, (2)
where g;(x) is the photon density at x € QU 9Q with frequency w, Q; is the j' point source located at
xJ), j = 1,---,N,, where N, is the number of sources. D(x) is the diffusion coefficient and pu,(x) is the
absorption coefficient at x, i = v/—1, w is the modulation frequency of the source, ¢ is the speed of the light,
a = (14 R)/(1 — R) where R is a parameter governing the internal reflection at the boundary 0, and 0 - /On
denotes the directional derivative along the unit normal vector on the boundary. Note that we assume the
diffusion coeflicient is independent of the absorption coefficient and is isotropic. For the general anisotropic
material, see.”

The adjoint problem! associated with (1)-(2) is given by the following boundary value problem:

¥ DTG ) + (o)~ 22 ) i =0 x e, ®
. 997 .
gi (%) +2aD(x) 5= (x) = Qi (x) x €99, (4)
where )7 is the adjoint source located at the it" detector x4, i=1,---, Ng, where N, is the number of detectors.

We note that we approximate the point source @; in (1) and the adjoint source QF in (4) by Gaussian functions
with sufficiently low variance, whose centers are located at xJ and x, respectively. Note also that for any source
Q; € HY(Q), our error analysis is valid. In this work, we consider the finite-element approximations of the
solutions of the forward problem. Hence, before we discretize the forward problem (see section 3.1), we consider
the variational formulations of (1)-(2) and (3)-(4).2 We note that a unique solution exists for each of these
variational problems. Furthermore, the following holds!'® 1°:

e In addition to above conditions, noting Q;, QF € C(Q); the solutions g;, g satisfy?°
9i-9i € Wi (). (5)

2.2. Inverse Problem

In this work, the objective of the inverse problem is to determine the unknown optical absorption and diffusion
coefficients of a bounded optical domain. To address the nonlinear nature of the inverse DOT problem, we
consider an iterative algorithm based on repetitive linearization of the inverse problem using first order Born
approximation.! As a result, at each linearization step, the following linear integral equation relates the differ-
ential optical measurements to unknown small perturbations a and 3 on the absorption coefficient p, and the
diffusion coefficient D, respectively, assuming § = 0 on x € 0{2:

Ly = = [ (5000 x)a(x) + Va7e - Vg;(x)5(x) ] dx (6)
Q

/Q [H(x)a(x) + H, (x)8(x)] dx

(14 Bb][g])”

s

= (Kavo); (7)

where 0 = [a f]T € L*(Q) x L*(Q), Kap = [Aa Bp] : L*(Q) x L*(Q) — CNo*Ne | HP (x) = —g; (x)g;(x) is the
(i,j)th kernel of the matrix valued operator A, : L*(Q) — CN**N+ at x, and H};(x) = —Vg; (x) - Vg;(x) is
(i,7)th kernel of the matrix-valued operator B, : L%(Q) — CNeXN= at x. g; is the weak solution of (1)-(2) and
g7 (x) is weak solution of (3)-(4), and I';; is the (i, j)th entry in the vector I' € CNe*Ns which represents the
differential measurement at the i* detector due to the j** source.»? Thus,

= K,o0. (8)
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Note that approximating @7 in (4) by a Gaussian function centered at x’ implies that I'; ; corresponds to
the scattered optical field evaluated at x), after filtering it by that Gaussian function.? Thus, the Gaussian
approximation of the adjoint source models the finite size of the detectors. Similarly, approximating Q; in (1)
by a Gaussian function models the finite beam of the point source. We note the boundedness of the operators
A, and B, are bounded, which leads to the boundedness of Kup. Furthermore, the operators A, and B are
compact.2t  Thus, for the given solution space L?(Q2) for both a and 3, (8) is ill-posed. To address the

ill-posedness of (6), we regularize (8) with a zeroth order Tikhonov regularization.

2.3. Regularization of the inverse problem

Let A% : CNaxNe — L[2(Q) and B; : CNexNe — [2(Q) be the adjoint of the operators A, and B, defined
respectively by

Nd,Ns Nd’Ns

(A:0)(x) = Y H5(x)0i;:= ) —gi(x)g;(x)0i, )
4,9 4,7
Nd,Ns Nd;Ns

(B:O)(x) = Y HI(x)0i;:= Y —Vgi(x)-Vg;(x)0i, (10)

for all © € CN¢*N where H{"* and H}% are the (i, j)th kernels of A} and By, respectively. Then we define
= [ A B ] )

Let A := AZA,:L*(Q) — L3(Q), B := BiBp:L*(Q) — L*(Q), Ap := AB:L*(Q) — L*(Q), and By :=
B Aq:L?(2) — L%(Q). Then,

(A0)(x) = /mA(X,X)G( )dx, where k4 (x,X%) := Z HZ(x)H{'; (%)
Q
Nd’Ns
(BO)(x) = /mB(X,X)H( )dx, where kp(x,%) := Z H (%)
Q
Nd’Ns
(Apb)(x) = /Qf{AB(X,)’()9()’()d>’(7 where Kap(x,%) == Z Hla;‘(x)HZb](x)
.7
Ng,Ns
(Baf)(x) = /Qf{BA(X,)’()9()’()d>’(7 where Kpa(x,X) == Z Hf”;(x)Hf](x)
.7

for all § € L?(Q). Note that kpa(x,%) = kap(x,%).

Let
L A Ap | Ya | AZF
K = [BA B }’and’y'_{’yb]'_[B;F}’ (11)

where K : L?(Q) x L*(Q) — L?(Q) x L*(Q). Then, using a zeroth order Tikhonov regularization, the following
equation defines the inverse problem at each linearization step:

v = (K+L)o*:=To", (12)
where T = (K + £) : L?(2) x L3(Q) — L2(Q) x L%(Q), o = [o* BT are approximations to a and 3,
rebpectlvely7 and £ : L2(Q) x L3(Q2) — L?(Q) x L*(Q) is given by
NI 0
[ 0] .

where A, Ay > 0 and Z is the identity operator. We finally note that a bound for 7 can be given by
1Tl 2@ x £2@)—r2(@)x £2(@) < 1Kabl|72 (0w 2() i + max(Xa, Ap).
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2.4. Existence and boundedness of the inverse operator

Consider the inverse problem formulation (12). Owing to the regularization term, the inverse operator 7 ! :
L2(Q2) x L?(Q) — L*(Q) x L*(Q) exists and by Lax-Milgram lemma'® it is bounded by

1

1Tl r2(0)x L2(@)—L2(0) x L2(0) < ()

In particular, the operator 7 ~! can be viewed as a 2 x 2 matrix of operators Tl]’l CL2(Q) — L3(Q), 4,5 = 1,2,
ie.:

T71 T71
-1 ._ 11 12
T ( ' T, ) 14

We remark that the boundedness of 7! is a result of the boundedness of the operators ’];j_l:
1755 22 -2 @) < Xij (15)

for some scalar value x;; > 0, for 7,5 =1, 2.

3. DISCRETIZATION OF THE FORWARD AND INVERSE PROBLEMS
In this section, we first consider the variational formulations of (1)-(2) and (3)-(4), and discuss the finite-element

discretization of the forward problem. Next, we describe the discretization of the inverse problem (12).

3.1. Forward Problem Discretization

In this section, we consider the finite element discretization of the forward problem defined by the variational
formulations of (1)-(2) and (3)-(4), and use their solutions to approximate the kernels k4, kg, kap, and Kpa.
As a result, we obtain finite dimensional approximations to IC and v in (11) respectively.

Let Ly be the first order Lagrange basis functions, and Y; C H'(Q2) be the finite-dimensional subspace

spanned by Ly, k =1,...,N;, where IV; is the dimension of the finite-dimensional subspace for the jth source,
j = 1,...,Ns. Similarly, we define Y;* C H'(f) as the finite-dimensional subspace spanned by Ly, for k =
1,..., N}, where N} is the dimension of the finite-dimensional subspace for the ith detector, ¢ = 1,..., Ng. In

this representation, /N; and IV, denote that for each source and detector, the dimension of the finite-dimensional
subspace can be different. Replacing ¢ and g; with their finite-dimensional counterparts ®;(x) = Zgil prLi(x),
Gj(x) = ZkNél ¢ Ly (x); and replacing ¢ and gf with ®¥(x) = Ziv;j qrLi(x), Gf(x) = Ziv;j d L (x) yields the
matrix equations:

Scj = q;, and 8"d; = q, (16)

for ¢j = [e1, ¢, -, ch]T and d; = [d1,da, -+ ,dn,]T. Here S and S* are the finite element matrices and q; and
q; are the load vectors resulting from the finite element discretization of ??) and (?7?.

The H'(Q2) boundedness of the solutions g; and g implies that the discretization error e; and e} in the
finite element solutions G and G is bounded. Let {€2,,;} denote the set of linear elements used to discretize

Qform=1,..., Ni; such that UZJA Qpj=Qforalj=1,... NL?. Similarly, let {£2,,;} denote the set of linear

elements used to discretize Q for n = 1,..., N}’; such that UgA Qi = Q for alli = 1,... Ng. Assuming the
solutions g; and g} for all j =1,---, Ny i = 1,---, Ny also satisfy g;, g7 € H*(Q), a bound for e; and €} on each
finite element can be found by using the discretization error estimates??:

A

leillomi < Cllgillzamihim;, (17)
lefllomi < Cllgill2.nihis, (18)
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where C is a positive constant, || - [|o.mj (|| llo,ni) and || - [|2,mj (|| - [|2,ni) are respectively the L? and H' norms
on Qi (), and Ry (ha) is the diameter of the smallest ball containing the finite element €,,; (€2,;) in the
solution G; (GY). Similarly,

IVesllomsi < Cllgjllz,mihmgs (19)
IVeillomi < Cllg;ll2,nihni- (20)

3.2. Approximation of 7 and v with finite element solutions G; and G}

Following the discretization of the forward problem and the solution of the resulting discrete forward problem,
we can rewrite the inverse problem formulation (12) by replacing g; and g¢; with G; and G} in 7 and 7.
Consequently, we get the following inverse problem formulation, which is an approximation to the regularized
inverse problem formulation in (12):

’]Nda)\:;% (21)
where
= e, | A A Ao O
T = IC+£,.—{BA B]+[O Ab} (22)
o [ W] AT
5 o= [%]_[B;P]. (23)

A as a result of

are the approximations to 7" and 7, respectively, and & is an approximation to the solution o
~.1T o~ o~

the forward problem discretization: 6* = [CNEA 5>‘] . In (22), the kernels of the integral operators A, B, Ap, and

B, are given respectively by

Ng,Ns Ng,Ng
Ra(x,%) = > HE(x)HE (%), Ep(x,%):= Y HS(x)H! (%),
4,J 4,J

Nd,Ns Nd’Ns
Fap(x,%) = >  HU(x)H (%), Fpa(x,%)= Y HY5(x)H (%),
i,j ,J

where H?;(x) = —G}(x)G;(x) and H?;(x) = —VG;(x) - VG;(x). Note that H* = H?, and H* = H?,. The
operator 7!, can be interpreted similar to T lasa?2 by 2 matrix of operators ’j'ij_l, each of which is bounded
by Xi; for some scalar value x;; > 0, for 4,j = 1,2:

In the following section, we describe the discretization of the inverse problem (21) which uses the finite
element approximations G; and G} of g; and g; in its formulation.
3.3. Discretization of the inverse problem

For the discretization of the inverse problem (21), we use projection by the Galerkin method. Below, we give
the details of the Galerkin method.

Let X% Xb C L2(Q) denote the finite-dimensional subspaces spanned by first order Lagrange polynomials
{L1,...,Lna} and {Ly,..., Ly}, associated with vertices located at x§ p = 1,---, N® and b r=1,--- NP,
respectively, where N® and N? are the dimensions of X® and X®. Note that X and X? are not necessarily
identical.

Let {4}, t = 1,---,N% denote a set of linear finite elements such that Uivl Q: = Q and {Q,} be a set of

b ~
linear finite elements used for u = 1,---, N} such that U2 Q, = Q. Then, we express G = lan Bp]" on
these finite elements as

Nn, Nb
an(x) =Y arLi(x), and B),(x) = > biLi(x). (24)
k=1 =1
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Next consider the test function ¢ = [¢, (5]T € X¢ x X given by

N¢ N?
Ca(x) =) i Li(x), and Go(x) = Y Li(x).
k=1 =1

Then, the Galerkin method approximates the solution of (21) by an element &, ,,, = [\ |7 € X x X?, which

satisfies 3

(T €) = (3:0) (25)
for all ¢ € (X x X?). We note that by Lax-Milgram theorem, a unique solution o7, ,,, € (X x X?) exists for (25)
owing to the regularization which results in the positive-definiteness of the operator 7.16:2! Equivalently, (25)
can be interpreted as follows:

Pas TR = Pas, (26)
where P, ,, is the matrix of orthogonal projection operators
Po O

Pap = ( 0 P, ) (27)

where P, : L?(2) — X and Py, : L*(Q) — X" are the orthogonal projection operators.?’  We note that the
following condition holds for (P, ;,7) : X x X — X x X? (see proof of theorem 13.27 in?!):

- 1
—1
|(PapT) ™ Papllr2()x2@)—xaxxb < minOu ) (28)

3.4. Summary: The inverse problem and its approximations

In this work, we consider the regularized inverse problem in (12) as the baseline for the error analysis. In this
respect, we first consider the effect of discretization of the forward problem on the optical imaging accuracy, thus
consider the inverse problem (21), i.e.

T5* =7,

Next, to show the effect of inverse problem discretization, we project the above equation on the finite-dimensional
subspaces X¢ x X°, and consider the resulting inverse problem formulation: (25)

Pa,bfﬁﬁ,m = PapY-
Thus, we have three different inverse problem formulations:
1. The exact inverse problem formulation (12),
2. the inverse problem formulation (21) with the degenerate kernels, and
3. the full discrete inverse problem (25), which is the projection of (21) onto the finite dimensional subspaces

(X x XP) € (L*(2) x L?(£2)) using Galerkin method.

4. DISCRETIZATION-BASED ERROR ANALYSIS

As a result of operator approximation and discretization of the inverse problem, the reconstructed images &
[@) BT are approximations to the actual images 0* = [a* 3*]. Projecting the inverse problem onto finite-
dimensional sub-spaces X¢ and X? and the discretization error in the solutions of the forward problem result
in error in the reconstructed images. Therefore, the accuracy of the reconstructed image is challenged by the
discretization schemes followed in the numerical solutions of the forward and inverse problems.

A:
n

The error in the solution &, ,, of (25) with respect to the actual solution ¢* of (12) has two contributors:

T S b
We write 7;, ,, =0

b 17" is the error resulting from projection of the inverse problem

— a
— €n,m, where e, , = [e2 e
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with the operator approximation and denote 6* = 0* — &, where é = [¢% &°]T is the error due to forward problem

discretization. As a result, we arrive at the following conclusion:

62)7,1 =6 —epm=0"—epm—é. (29)
Therefore, we can write an upper bound for the error o* — ;) as follows:
o =6l = lo* =6 +6* - 5Q,m|| = [le+ enmll < [l€]l + llenml- (30)

4.1. Effect of forward problem discretization

The following theorem presents a bound for the L%(Q2) norm of the error between the solution * of (21) and
the solution o of (12).

Theorem 1:

Let {Q,;} denote the set of linear elements used to discretize Q for m =1,..., Ni; such that Uﬁi Qmy = €,
and h;,; be the diameter of the smallest ball that contains the element €2,,; in the solution G, for all j =
,-.. Ns. Similarly, let {Q,;} denote the set of linear elements used to discretize 2 for n =1,..., NX’; such that

Ugf Qi = Q, and hy; be the diameter of the smallest ball that contains the element €2,,; in the solution G}, for
all i = 1,...Ng. Assume further that the solutions g; and g; admit smoothness such that g;, g € H?(Q2) and
A is boundeds. Let

Ng
_ . . lalo + 1180
a(iym) = Y lgioMomsllgillm;  b(j,m) = 7Z||gz||oomg||gjnzm],
=1
Ny Ng
. \ . ledlo + 1180
cGom) = D NIV gy N9sll2ms Al m) = T EEE S V] oeumillgs ll2mns,
=1 =1
and
N.
.. : \ .. ledlo + 1180
a*(in) = Y llgieMomillgilzmi  b*(in) = 7Z||gj||om||gz||2m7
j=1
ok ledlo + |15]
. A . 0 0
(in) = Y NIV g i g5 o d7(im) = 7Z||ngnw||gzn2m
j=1

Given the a priori discretization error estimates (17)-(18) and a generic constant C > 0, a bound for the error
between the solution a* and the solution &* of (12) due to the approximations 7 and 7 is given by:

o — & o < 20 max [|g; g5l

i Z Xi1 + X2)a(d,m) + X12b(j, m)] b + [(R11 + Xa2)e(G, m) + X12d(G, m)] b

j=1m=1

Ny NX

+ Z Z [(X11 + x12)a” (i, n) + x120™ (3, n)] hii + [(X11 + x12)c" (4, n) + x12d* (4, n)] hni)

i=1n=1

and a bound for the error between the solution §* and the solution 3* of (12) due to the approximations 7" and
v is given

18> — B0 < 2C max g7 g; 1
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J
Ns Na

XY D [(Rer + Re2)a(,m) + Xezb(j, m)] hij + [(Xz1 + X22)e(d, m) + Xa2d(j, m)] hun

j=1m=1

i=1n=1

Ng NA'
+ 30> [(Re1 + Xe2)a™ (6,m) + Ro2b™ (4,n)] hins + (21 + Xe2)c* (i,n) + Xa2d” (4, n)] hm‘)

Theorem 1 shows that the error in the reconstructed absorption image &* depends on the diffusive heterogene-
ity and the solutions of the forward problem. Similarly, the error in the reconstructed diffusion image 4 depends
on the absorptive heterogeneity and the solutions of the forward problem. With these observations, theorem 1
suggests the use of meshes designed individually for the solutions G, j =1,---, Ny, and G}, ¢ =1,---, Ng. Note
also that the position of the detectors with respect to the sources is another factor that affects the error bound
in theorem 1.

Note that the conventional interpolation error estimates given in (17)-(18) and (19)-(20) depend on only
the smoothness and support of g; and ¢g;.' On the other hand, the error estimates in Theorem 1 show that
the accuracy of the reconstructed images aA and BA depend on the location of the absorptive and diffusive
heterogeneities with respect to the sources and detectors, as well as on the bounds (17)-(18) and (19)-(20).

The parameters Xi; i,j = 1,2 affect the bounds on ||o* — @*||o and [|8* — 3*||o. Note that the parameters
Xijs ©,7 = 1,2 depend on the regularization parameters A,, Ay and on the kernels of the operator 7. We also
note that the kernels of 7" can be scaled to make x;; almost identical for all ¢,j = 1, 2.23 Otherwise, the effect
of forward problem discretization may be greater on one of the reconstructed optical coeflicients as compared

to the other one. Finally we note that increasing the number of sources and detectors increases the bounds on
la* =@ lo and [|8* = 5*lo.

4.2. Effect of inverse problem discretization

In this section, we show the effect of inverse problem discretization on the optical imaging accuracy. In the
analysis, we consider the inverse problem formulation and derive a bound for the L?(Q) norm of the error e™™
between the solution of (21) and the solution of (26).

Theorem 2:

Let {Q;} denote the set of linear elements used to discretize 2 for ¢t = 1,..., N%; such that Uivﬁ Q; = Q, and hy,

be the diameter of the smallest ball that contains the element €2 in the solution. Similarly, let {€2,} denote the
b

set of linear elements used to discretize €2 for u = 1,..., NZ; such that UiVA Q. = Q, and hy be the diameter

of the smallest ball that contains the element €,. Assume that the solutions &* and 3* are sufficiently smooth
such that

g e HY(Q).

Then,
NA Ny
16 ~aallo < OO+ damr) D 163 saha + Chomaz D 15 1 awhas
t=1 u=1
+C(m11 + mi2) HZR}X 1GIG[l
N2 Ny N, N§* Ng,N,
(22 2 1GiGillosalldlhtahia + 3 32 IVGT - VGiloaull 3 b
t=1 4,5 u=l4j
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and

N N2
18 = Bhllo < C(L+ Xomaz) D 1M vl + Chamzr Y 16 1,0aPra
u=1 u=1

+C (21 + ma2) max GGl

N2 Ng,N, NS Ng,N,
< S0 S GG losal@ i+ S ST IVGE VG lo.ullF 1w
t=1 4,5 u=1 i,j

The theorem shows that the accuracy of the reconstructed image &) depends on the discretization scheme
followed to discretize $* as well as the discretization scheme followed to discretize &* itself. Similarly, the
theorem shows that the accuracy of the reconstructed image 3\, depends on the discretization scheme followed
to discretize & as well as the discretization scheme followed to discretize 5~>‘ itself.

Theorem 2 shows the spatial dependence of the inverse problem discretization on the forward problem solution.
The position of the detectors with respect to the sources is another factor that determines the extent of the error
bound in theorem 2.

The parameters m;; i,j = 1,2 affect the bounds on ||a* — @)|lo and ||* — B |lo. Note that, similar to Xi;,
the parameters 75, 7,7 = 1,2 depend on the regularization parameters Aq, A, and on the kernels of the operator
7. Similar to the kernels of 7, the kernels of 7 can be scaled to make 7;; almost equal.?%24

5. CONCLUSION

In this work, we presented an error analysis to show the relationship between the error in the simultaneously
reconstructed optical absorption and diffusion coefficient images and the discretization of the forward and inverse
problems.

We summarized the results of the error analysis in two theorems which provide an insight into the effect of
forward and inverse problem discretizations on the accuracy of diffuse optical imaging. These theorems show
that the error in the reconstructed optical images due to the discretization of each problem is bounded by roughly
the multiplication of the discretization error in the corresponding solution and the solution of the other problem.
One important implication of the error bounds is the dependence of the error in the reconstruction of one optical
parameter (say the absorption coefficient) on the discretization of the other optical parameter (say the diffusion
coefficient).
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