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Abstract— "In this paper we consider passive airborne re-
ceivers that use backscattered signals from sources of opportunity
transmitting fixed-frequency waveforms. Due to its combined
passive synthetic aperture and the fixed-frequency nature of
the transmitted waveforms, we refer to the system under con-
sideration as Doppler Synthetic Aperture Hitchhiker (DSAH).
We present a novel image formation method for DSAH. Our
method first correlates the windowed signal obtained from one
receiver with the windowed, filtered, scaled and translated version
of the received signal from another receiver. This processing
removes the transmitter related variables from the phase of
the Fourier integral operator that maps the radiance of the
scene to the correlated signal. We next use the microlocal
analysis to reconstruct the scene radiance by the weighted-
backprojection of the correlated signal. This imaging algorithm
can put the visible edges of the scene radiance at the correct
location, and under appropriate conditions, with correct strength.
Additionally, it is an analytic reconstruction technique which can
be made computationally efficient. We show that the resolution
of the image is directly related to the length of the support of
the windowing function and the frequency of the transmitted
waveform. The image reconstruction method is applicable with
both cooperative and non-cooperative sources of opportunity
using one or more airborne receivers.

We present numerical simulations to demonstrate the perfor-
mance of the image reconstruction method and to verify the
theoretical results.

I. INTRODUCTION

In recent years, there has been a growing interest in passive
radar applications using sources of opportunity [1]-[3]. This
research effort is motivated by the growing availability of
transmitters of opportunity, such as radio, television and cell
phone stations, particularly in urban areas, as well as relatively
low cost and rapid deployment of passive receivers.

While many of the passive radar applications are focused
on the detection of airborne targets with ground based re-
ceivers recently, a number of methods for passive synthetic
aperture radar has been developed. In [4], we reported a
novel passive synthetic aperture imaging method that is based
on the spatio-temporal correlation of the received signal and
the filtered-backprojection technique. This method does not
require receivers with high directivity or a priori knowledge
about the transmitter locations and transmitted waveforms. The
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resolution analysis of the method shows that it is suitable for
high-range-resolution waveforms, such as wideband pulses.
However, most of the transmitters of opportunity, such as
radio and TV stations, transmit single frequency waveforms. In
this paper, we present a new passive synthetic aperture imag-
ing method using sources of opportunity transmitting fixed-
frequency waveforms. These waveforms are also referred to as
high-Doppler-resolution or continuous-wave (CW) waveforms.
Thus, we refer to the resulting method as the Doppler Synthetic
Aperture Hitchhiker (DSAH) imaging method.

Our passive imaging method has the following advantages:
(1) it does not require receivers with high directivity; (2) it
can be used in the presence of both cooperative and non-
cooperative sources of opportunity; (3) it can be used with
stationary and/or mobile sources of opportunity; (4) it can
be used with one or more airborne receivers; (5) it can be
used under non-ideal imaging scenarios such as arbitrary flight
trajectories and non-flat topography; (6) it has the desirable
property of preserving the visible edges of the scene radiance
in the reconstructed image. Additionally, it is an analytic image
formation method that can be made computationally efficient.

The organization of our paper is as follows: In Section
II, we first introduce the model of the received signal. Then
we develop he forward model for DSAH and analyze the
leading-order contributions to the windowed, filtered-scaled-
and-correlated measurements. In Section III, we develop a
weighted-backprojection type image formation method for
DSAH and analyze the underlying geometry and resolution of
DSAH image formation. In Section IV, we present numerical
simulations to verify the theoretical results and to demonstrate
the performance of the DSAH image formation method. Fi-
nally, in Section V we conclude our discussion.

II. DSAH MEASUREMENT MODEL
A. Model for the received signal

We use the following notational conventions throughout
the paper. The bold Roman, bold italic and Roman lower-
case letters are used to denote variables in R?, R2 and R,
respectively, i.e., z = (2z,2) € R? with z € R? and
z € R. The calligraphic letters (F, K etc.) are used to denote
operators.

We make the assumption that the earth’s surface is located
at a position given by z = (2z,1(2)) € R3, where z € R? and
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Fig. 1: An illustration of the DSAH imaging geometry.

1 : R? — R is a known function for the ground topography.
Furthermore, we assume that the scattering takes place in a
thin region near the surface.

Under these assumptions, for a fixed-frequency waveform at
frequency wy, given a pair of transmitter and receiver antennas
located at T and R respectively, we model the received signal
by [5]

R.T e~ iwo(t—(|R—z|+|z—T|)/co)
t ~
f(t. R, T) / (47)?|R — z||z — T

< Jur(wo,Z — T, T)Jre(wo,z — R, R)p(2) dz (1)

wo

where ¢ denotes time, ¢y denotes the speed of light in free-
space, p(z) is the reflectivity function, and J;, and .J,.. are the
transmitter and receiver antenna beam patterns, respectively.
"z = z/|z| denotes the unit vector in the direction of z € R3.
For the rest of the paper, unless otherwise stated, we use z =
2(2) = (2,9(2)).

We assume that there is a single, stationary transmitter of
opportunity illuminating the scene. Let T € R? denote the lo-
cation of the transmitter and let there be IV airborne receivers,

each traversing a smooth trajectory ~;(t), ¢ = 1,--- ,N as
shown in Figure 1. We define
si(t) = f(t,7i(t), T) 2

as the received signal by the ¢th receiver, s =1,,--- , N.

Note that our imaging method is applicable to both mobile
and stationary transmitter and also applicable to multiple
transmitters and multiple transmit frequencies.

B. Windowed, filtered-scaled-and-translated correlation of re-
ceived signals

For a given point of interest z; on the ground topography
and a fixed 7 € R, we define the windowed, filtered-scaled-
and-translated correlation of the received signals s; and s; by

si(t+7)s¥(ut+ 71
e r = [T

Cij Bij(z(hthlaTa ,LL)

o(t) [t dt, (3

for some 7,7/ € R and p € RY, 4,5 = 1,---, N, where
o(t) is a smooth compactly supported temporal windowing
function centered at ¢ = 0; and B;; is a filter to be determined
later; and * denotes the complex conjugation. To simplify our
notation, we drop the superscripts 2y from cfjp (7', 7, 1) for the
rest of our paper. Note that for a single receiver, we only have
Cij = C11-
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We make the incoherent-field approximation [6] by assum-
ing that p and J;, satisfy the following equalities:

Co(z,2') = Ry(z)d(z—2). 4)
Cyj,.(wo,2,2",T) = Rr(wy, 22 ,T)i(z—2"). (5

where C, and C, denote the correlation function of p and
Jir, respectively. Note that R, is the average power of the
electromagnetic radiation emitted by the scene at location z,
and Ry is the average power of the electromagnetic radiation
emitted by the transmitter at location T that is incident on
the target surface at z. In this regard, R, is referred to as
the scene radiance and Ry is referred to as the transmitter
irradiance [6].

Substituting s; and s; into ¢;;, under the assumption that p
and Jyare statistically independent, and using (4) and (5), we
express the expectation of ¢;; as follows:

Eleij (v, 7, 1)]
4
“o / o—iwo(t+7'—(1ys(t+7") ~2+|T—z]) feo)
(4m)*

6100 (ut+7— (|7 (ut-+7) =2 |+ T—2'[) /o)

RT(W(M z, Zlv T)AR” (W(), z, Zl7 t» Tl? T, ,U,)

Gij(z, Z/, t, T/, T, /J) Bij(z07 t, ’7',7 T, ,u)
XR,(2)0(z — 2')dz dz' ¢(t) |t| dt (6)

where Ag,; is the product of the receiver antenna beam
patterns,

ARi,j (wOa z, Z/, ta Tl? T, /L)
= Jre(wo,z —vi(t +7'),7i(t + 7))

—

X Tl (wo, 2" — ;i (ut + 1), (pt + 7)) 7

and Gj; is the product of the geometric spreading factors,
Giy(e.d t,7 7o) = |T — 2| T — 2| ®)
x|yt +7') — 2| |vj(ut + 7) — Z'|. 9)

Note that for non-cooperative sources of opportunity, T and
thus |T — z||T — Z’|, are unknown.

Now using the Taylor series expansion of |v;(t + 7') — 2
and |v;(pt+7) —2'| at t = 0, substituting the approximations
back into (6), and performing the z’ integration, we have

Eleii(1', 7, p)] = Fis[Rp] (1, 1)

i 4 A'L 7t7 ,7 )
— /e*wu(t,zﬁ SToHE) B“J((Z tT,T 2 R,(z)dz |t]| dt(10)
ij\20, U, T, T, M)

where

@ij(t,Z,T/,T7 l’[’) =

wolll — (9, (7) = 2) - 4;(7) /o) [Siy (7', 7, 2) — ] (1)
with
6 (ror) = Lo =D e

1= (3, (7) = ) - 4 (7) o
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and

R (wOv )AR (L(J(),Z7Z7t,7_/,7-,,u)

Ai‘ t ! =
](Z, , T 77-):u) G”(Z,Z,t77—l77—7ﬂ)
o COPE) oo —r—(1ys (")~ —loys (1) —al) o)

)t (13

with Ry (wo, 2) = Rr(wo, 2, 2, T). We refer to S;(7/,7,2)
as the Doppler-hitchhiker-scale-factor, and ¢;; and A;;/B;;
as the phase and amplitude terms of the linear operator F;;.

For cooperative sources/(i opportunity, Ej&do, z) in (13)
is replaced with Ji;(wo,z — T, T)J{ (wo,2’ — T, T).

Note that the filtered-scaled-and-translated correlation of the
received signal removes all transmitter related terms from the
phase of the operator F;;.

We assume that for some m 4,
ing inequality:

A;;/B;; satisfies the follow-

(Z, L, T/v T, ,U,)
sup |0y 9" PO o2 Aij t
(t,p,7,2)EU o B (Zo,t,T/,T, ,LL) | ‘

< Cp(1 4 2)ma—la/2 (14)

where U/ is any compact subset of RT x RT x R x R x
R2, and the constant C'4 depends on U, o, B, €1,2. This
assumption is needed in order to make various stationary phase
calculations hold. Under the assumption (14), (10) defines F
as a Fourier integral operator whose leading order contribu-
tions come from those points lying in the intersection of the
illuminated surface (z,%(z)) and points that have the same
Doppler-hitchhiker-scale-factor, i.e., {z € R?: S;;(7/,7,2z) =
1}. We denote the curves formed by this intersection by

Fij(T/7T7 ,LL) = {Z : Sij(TlvTvz - (sz(’z))) - :U‘}

When the speed of the receivers is much slower than the speed
of light ¢o, S;;j(7/,7,2z) = p defines a hitchhiker Doppler
[4] for a fixed frequency wp. In this regard, we refer to
F,;(t',7, 1) as the DSAH iso-Doppler contour. Fig.2 shows
the DSAH iso-Doppler contours for two receivers traversing
a circular trajectory over a flat topography.

15)

III. IMAGE FORMATION

We form an image of the scene radiance by the superposi-
tion of the weighted and backprojected data, E[c;; (7,7, 1)]

as follows:
=3 [ Kolle e ar
ij
where

Kij[Eleij)l(z,7") = / el =T TN QL (2,7 T, )
X Elci;j (7', 7, p)] dt dr dp. (16)

We refer to IC;; as the weighted-backprojection operator with
respect to the ith and jth receivers with weight @;; to be
determined below.

978-1-4244-5812-7/10/$26.00 ©2010 IEEE
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Fig. 2: Iso-Doppler contours F;;(7’,7, ) for the Doppler-
hitchhiker-scale-factor Sy2(7/6, —7/12,z). with u sampling
over [1 —1.5e—6,1+1.5e — 6]. Two receivers are traversing a
circular flight trajectory (dashed line) at the speed of 261 m/s
over a flat topography. The white and black triangles denote
the positions of the two receivers.

We rewrite R, as
=Y KiiFi[R)(=
ij

where L(z,z') is the point spread function (PSF) of the
imaging operator given by

) = /L(z,z’)Rp(z’)dz’ (17)

L(z,2') = Z/Lij(Z,Z/7T/)dT (18)
ij
and
Lij(z,2',7") = /ei[‘/’w‘(tvzvf’m“)—v’w‘“'7’757#)1
A; t
xQij(z, 7', M)M |t| dt’ dt drdp.  (19)

Bij(z,t, 7,7, 1)

Using the stationary phase theorem [7] to approximate the ¢
and y integrations, we obtain

Lij(z, Z’, ’7',) ~
/ e iwot[1= (%5 (1) =2)4; (7)/col[Si; (7' ,7,2") = Sij (7' 7,2)]

Aij (2t T)
XQij(z, 7, 7) = — |t dt dT .
z]( )Bij(z,t,T',T)‘ |
Applying the method of stationary phase to the ¢ and 7
integrals, we see that the main contribution to L;;(z,2’,7’)
comes from those critical points of its phase that satisfy the

conditions:

Sii(r',1,2") = S (7' 7, 2), (20)
and
0> (r,2)/[1 — (v, (7) — 7) - 4;(7) /o] =
> (1,2)/[1 — (v (7) — 2') - 4;(7) /<o) 1)
951



Fig. 3: Iso-Doppler-rate contours Fj(7,C) for the DSAH
Doppler-rate f1(—m/12,z). Two receivers are traversing a
circular flight trajectory (dashed line) at the speed of 261 m/s
over a flat topography. The white and black triangles denote
the positions of the two receivers .

where
B 1
|y () — 2|

X [¥5,L(T,2) - A (7)) + (v (7) — 2) - F;(7). (22)

ar (1,2)

Note that 4, | (7,2) is the projection of the receiver veloc-
ity /_’)/L(T) onto the plane whose normal direction is along

JZ (7,2) is the total relative radial acceleration
of the jth receiver in the direction of ~;(7) — z.
We define

v;(17) —z and a

—

fi(r,2) = o (r,2)/[1 — (v;(1) — 2) - %;(7) /o]~ (23)

and refer to f;(7,z) as the DSAH Doppler-rate of the jth
receiver. We refer to the locus of points that is formed by
the intersection of the surface topography and {z € R? :
fj(r,z) = C}, for some constant C, as the DSAH iso-
Doppler-rate contour, and denote it by Fj(1,C) = {z :
fj(r,z) = C}. Figure 3 shows the DSAH iso-Doppler-
rate contours with fixed 7 for a circular flight trajectory
and flat topography. The critical points z of the phase of
Lij(z,2',7") are those points lying on the intersection of
the DSAH iso-Doppler curves F;;(7',7, 1) and DSAH iso-
Doppler-rate curves Fj (7, C). We assume that the only critical
point within the region of interest is z = 2’.

To determine the weight and the filter, we linearize
Sii (7', 7,2") around z’ = z to write

Lij(zvz/aT/) = _/e_itaij(#mz).(z/_z) Qij(z,T/,T)
Aij(z: 6,7, 7)

t|dtd
Bij(z,t,T/,T)| | T

(24)

Zii(r', 7, 2) = woll — (3,(7) = 2) - 4;(7) /0] V2 Siy (7', 7 2).

978-1-4244-5812-7/10/$26.00 ©2010 IEEE

In (24) for each 7/ and z, we make the following change of
variables:

(t,T)Hgij:tEij(T/,T7z) (25)
and we choose the weight and the filter as follows:
a(t,7)|,_ B, 1, 2)
. / — ) 1 (%] PR
Q” (Z’ T ’T) Ht" 861']' ] det |: 87—51'_7' (7'/, T, Z) 26)
and
(=TT
Bug(asty 77y ) = Xl ) 27)

Aij(zv ta 7_/; T, ,U,)

where xq, ,  is a smooth cut-off function equal to one in
the interior of €);; .+ . and zero in the exterior of {1,/ ..
We refer to €5/, as the partial data collection manifold
at (7/,z) obtained by the ith and jth receivers for a fixed
7" and refer to the union Uij,r$j - = as the data collection
manifold at z and denote it by 2.. This set determines many
of the properties of the image.

Note that we choose the filter to compensate for the terms
involving antenna beam patterns and geometric spreading
functions and the weight to perform proper interpolation in
the phase space going from (¢, 7) to &;; coordinates. These
choices make the leading order term of L;;(z,2’,7’) in (24)
to be the Dirac-delta function.

Substituting (25), (26) and (27) into (17), we obtain

R,(z) = Zlcij [Fi; [ R, (=)

i

(28) shows that the image Rp is a band-limited version of 2,
whose band-width is determined by the data collection man-
ifold ., which describes the resolution of the reconstructed
image Rp at z. The larger the data collection manifold, the
better the resolution of the image is.

Microlocal analysis of (28) tell us that an edge at point z is
visible if the direction n, normal to the edge is contained in
Q. [8]. Consequently, an edge at point z with n, normal
to edge is visible if there exists ¢,j,7’,7 such that &; is
parallel to n.. Furthermore, the band-width contribution of
&; = tE;;(7',7,2) to a visible edge at z is given by
L4|Zi;(7',7,2)| where Ly denotes the length of the support
of ¢(t). Thus, longer the support of ¢(¢), larger the magnitude
of &;; becomes, giving rise to sharper reconstructed edges per-
pendicular to &5, 4,j = 1,..., N. Additionally, higher the wy,
the frequency of the transmitted signal, larger the magnitude
of &;; becomes, contributing to higher image resolution.

(28) shows that irrespective of the choice of the weight and
filter, the backprojection operator recovers the visible edges
of the scene radiance at the right location for a given ith and
jth receivers and a fixed 7/. With the choice of the weight
and filter given in (26) and (27), respectively, the resulting
image formation algorithm recovers the visible edges of the
scene radiance not only at the right location and orientation,
but also at the right strength.

e—i&ij (2 —2) R,(Z')dz"d¢&;jdr’'.  (28)

ij, 7!,z
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IV. NUMERICAL SIMULATIONS

We conducted numerical simulations to demonstrate the per-
formance of our imaging method using a multiple-point-target
model. We considered a scene of size [0, 22] x [0, 22] km? with
flat topography. The scene was discretized by 128 x 128 pixels,
where [0,0,0] km and [22,22,0] km correspond to the pixels
(1,1) and (128, 128), respectively.

In all the numerical experiments, we used two airborne
receivers and a single, stationary transmitter operating either
cooperatively or non-cooperatively. We assumed that both the
receiver and transmitter antennas were isotropic. We assumed
that the transmitter was located at yo = (0,0, 6.5) km and the
receivers were traversing the circular trajectory given by

vo(s) = (11 + 11cos(s), 11 + 11sin(s),6.5) km.  (29)

Let 1 (s) and 7 (s) denote the trajectories of the two receivers.
We set 71(s) = v¢(s) and y2(s) = y1(s — §). Note that the
variable s in ¢ is equal to %t where V' is the speed of the
receiver, and R is the radius of the circular trajectory. We
set the speed of the two receivers to 261 m/s. We chose the
sampling rate of 7 to be 1.9335Hz so as to uniformly sample
the circular trajectory with 512 points.

For all the numerical experiments, we used (1) to generate
the data and chose the windowing function ¢ in (3) to be
a Hanning function. We performed image reconstruction for
each 7/ and coherently superimposed the reconstructed images
obtained over a range of 7.

In accordance with the incoherent field approximation, we
used the following multiple-point-target model for the scene
reflectivity

L
p(z) =Y 9id(z — z) (30)
=1
where ¢;, | = 1,---,L are independent Gaussian random
variables with mean y; and variance o7. The corresponding
scene radiance is given by

Ry(2) = Elp(2)p*(2)] = (i} + ot)o(z — z).
l

€29

In our simulations, we considered a deterministic reflectivity
and set 0 = 1. We used L = 9 and approximated the
Dirac-delta functions in (31) by square target reflectors of size
344 x 344 m?, each having a unit reflectivity, i.e., iy =1, [ =
1,---,9. The Figs.4(a) and 4(b) show the scene with targets,
receiver trajectories and the transmitter antenna location.

A. Cooperative Transmitters -

For the case of a cooperative transmitter, the reconstructed
image is shown in Fig.5. The two images corresponding
to the fixed 7’ values are shown in Fig.6(a) and Fig.6(b).
As expected, due to a smaller data collection manifold, the
resolution of these images is poorer than that of the image
obtained by superposition of all the images reconstructed for
a range of 7/ values, 7/ € [0,248.258]s, as shown in Fig.5.
We observe that some of the targets do not appear as sharp as
the ones in Fig.5.

978-1-4244-5812-7/10/$26.00 ©2010 IEEE
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Fig. 4: (a) 3-D and (b) 2-D views of the scene with multi-
ple point targets, illuminated by a single transmitter located
at yo = (0,0,6.5)km and the circular receiver trajectory
vo(s) = (11 + 11cos(s), 11 + 11sin(s),6.5) km, as shown
by the red solid line. At a certain time instant, two receivers
are located at the positions shown in the figure.

20 40 60 80 100 120

Fig. 5: The reconstructed image for multiple point targets
with 16 7" values uniformly spaced in [0, 248.258]s using a
single cooperative transmitter located at yy and two receivers
traversing the circular flight trajectories ~;(s) and ~2(s) as
shown in Fig.4.

B. Non-cooperative Transmitters -

Fig.7 shows the reconstructed image for multiple point
targets using a non-cooperative transmitter. Since the location
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Fig. 6: The images reconstructed for multiple point targets
using the vectors in the partial data collection manifolds
(@) Q127723310115 (corresponding to s = w/4), and (b)
Q12,7/=165.5054s (corresponding to s = 1.257), with a sin-
gle cooperative transmitter located at y, and two receivers
traversing circular flight trajectories 1 (s) and 2 (s) as shown
in Fig.4.

of the transmitter was assumed to be unknown, the received
signal was not compensated for the transmitter related geomet-
ric spreading factors. As a result, the scatterers closer to the
transmitter appears brighter in the reconstructed image than
those that are further away from the transmitter.

V. CONCLUSION

In this paper, we developed a novel image formation
method for passive SAR that uses transmitters of opportu-
nity with fixed-frequency waveforms and receivers travers-
ing arbitrary flight trajectories. The method is based on the
windowed, filtered-scaled-and-translated correlation of the re-
ceived signals at different (or the same) receiver and weighted-
backprojection of the resulting correlated signal. Such prepro-
cessing of the received signal removes the transmitter related
terms from the phase of the resulting forward model allowing
us to perform backprojection without having the knowledge
of transmitter locations.

The analysis of the point spread function of the imaging op-
erator shows that the weighted-backprojection algorithm puts

978-1-4244-5812-7/10/$26.00 ©2010 IEEE
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20 40 60 80 100 120

Fig. 7: The reconstructed image for multiple point targets with
16 7/ values uniformly sampled in [0, 248.258]s using a single
non-cooperative transmitter located at y, and two receivers
traversing the circular flight trajectories ~;(s) and ~2(s) as
shown in Fig.4.

[N

the visible edges of the scene radiance at the correct location,
and under appropriate conditions, with correct strength. The
numerical simulations demonstrate the performance of the
reconstruction algorithm.

We described our imaging algorithm for a single, stationary
transmitter. However, the method can be easily extended to
multiple mobile or stationary transmitters by simply integrat-
ing the received signal model over all transmitter locations
similar to our work in [4]. The method can be extended to
include the case where the received data is contaminated with
additive noise following the framework introduced in our prior
work [9].

Although we presented our approach specifically for passive
synthetic aperture radar, our method is also applicable to other
passive imaging problems, such as passive geophysical or
acoustic imaging.
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