Chapter 1
Theory of Passive Synthetic Aperture I maging

Ling Wang, Can Evren Yarman and Birsen Yazici

Abstract We present a unified theory for passive synthetic apertuagiing based
on inverse scattering, estimation-detection theory aratatucal analysis. Passive
synthetic aperture imaging uses sources of opportunitylfonination and moving
receivers to measure scattered field. We consider passhaag receivers that fly
along arbitrary, but known, flight trajectories and statiermbile sources of oppor-
tunity transmitting two types of waveforms: Single-frequag or ultra-narrowband
Continuous-Wave (CW) waveforms and wideband pulsed warefoOur theory
results in two new and novel synthetic aperture imaging ritbeks Doppler Syn-
thetic Aperture Hitchhike(DSAH) that uses single-frequency or ultra-narrowband
CW waveforms, andSynthetic Aperture Hitchhike(SAH) that uses wideband
pulsed waveforms. We use inverse scattering and estimdé#taction theory to de-
velop measurement models in the form of Fourier Integralr&pes (FIOs) for
DSAH and SAH. These models are based on windowed, scaledarsiated cor-
relations of the measurements from two different receweations. This processing
removes the transmitter-related terms from the phase aethédting FIOs that map
the radiance of the scene to correlated measurements. \eicredocal analysis to
develop approximate inversion formulas for these FIOs. iibhersion formulas in-
volve backprojection of the correlated measurements cartiaio manifolds where
the passive range and passive Doppler are constant for SAB8AH imaging, re-
spectively. We present resolution analysis and numericallations to demonstrate
our theoretical results. While we focus primarily on the gnas synthetic aperture
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radar, the theory we present is also applicable to otheravaged passive synthetic
aperture imaging problems such as those in acoustics amdhgsios.

1.1 Introduction

With the rapid growth of illumination sources of opportynguch as broadcasting
stations, mobile phone base stations, as well as relaliv@lgost and rapid deploy-
ment of receivers, there has been a growing interest iny@dstection and imaging
applications in recent years [1,2,5-7,9-14,17-20, 232,32, 36].

Most of the existing passive imaging methods are focusederdétection of
scatterers with stationary receivers [2,5-7,9-14, 1722029, 32, 36]. Recently, a
number of methods for passive synthetic aperture weredotred [1, 23, 38, 39].

In this chapter, we presented a unified theory of passivéhsyictaperture imag-
ing based on inverse scattering theory, estimation-detettteory and microlocal
analysis. Our theory facilitates resolution analysis aidtes backprojection-based
image reconstruction to statistical beamforming methadwell as to ambiguity
theory [21, 22, 31, 34, 35, 37]. It is applicable to passivaging with both co-
operative and non-cooperative sources of illumination nettee location of the
sources and transmitted waveforms are unknown. The theornbe also viewed
as a limiting case of the passive imaging and detection ndsttitat we developed
for sparsely distributed receivers [36]. It results in newd aovel passive synthetic
aperture imaging modalities [38, 39] with several advaesagyer the existing pas-
sive radar detection methods. (See [36, 38, 39]) for a coatiparreview of related
work.)

We consider multiple receivers moving along arbitrary, knbwn, trajecto-
ries over a non-flat topography and two types of illuminatsonirrces of opportu-
nity: Single-frequency or ultra-narrowband Continuouaw/(CW), and wideband
pulsed waveforms of opportunity. Due to the high Doppleohetson nature of the
single-frequency or ultra-narrowband CW waveforms, wertd the modality that
uses these waveforms as theppler Synthetic Aperture HitchhikéDSAH) [38].
Due to the high range resolution nature of the wideband gulseseforms, we re-
fer to the modality that uses wideband pulsed waveforms af®#nge Synthetic
Aperture Hitchhikeror simply theSynthetic Aperture HitchhikdSAH) [39].

For each pair of receivers, we correlate the windowed sigini@ined from one of
the receivers with thevindowed, scaled and translateédrsion of the received sig-
nal from another receiver. We express the relationship &etvthe scene radiance
and the correlated measurements in the form of Fourier lat&@perators (FIOs).
The correlation of received signals removes the transmitated terms from the
phase component of the resulting FIOs. As a result these E&@®be inverted ap-
proximately by using microlocal techniques without the Wiexige of the location
of the transmitters. The DSAH measurement model does npbrethe start-stop
approximation and is based on the fast-time Doppler, whgeSAH measurement
model relies on the start-stop approximation. In this cairttee SAH measurement
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model can be derived from the DSAH measurement model byhgetie fast-time
Doppler variable to unity.

The high frequency analysis of the DSAH and SAH FIOs shows ttie cor-
related measurements are the projections of the scenencadanto the passive
iso-Doppler and passive iso-range curves in DSAH and SAHjinta respectively.

We use microlocal techniques to develop filtered-backptimje type approxi-
mate inversions of DSAH and SAH FIOs. The reconstructed eagqgeserve the lo-
cation and orientation of the visible edges of the scenaradi. Additionally, the re-
construction formulas can be implemented efficiently ushegfast-backprojection
algorithms [8]. Our unified approach to passive imaging ifgdakilitates resolution
analysis that is consistent with the ambiguity theory [22 37].

While we focused primarily on passive synthetic apertudarathe theory of
DSAH and SAH imaging and the resulting methods and algostlane also ap-
plicable to other wave-based passive imaging problem#, as¢hose that arise in
geophysics or acoustics.

The organization of the Chapter is as follows: In Section W&derive and ana-
lyze the leading order contributors of the measurement isddeDSAH and SAH.
In Section 1.3, we develop filtered-backprojection typedm&rmation methods
for DSAH and SAH, respectively. In Section 1.4, we analyze tasolution of
DSAH and SAH imaging. In Section 1.5, we present numericaluations to
demonstrate the performance of the DSAH and SAH imaging aasth=inally, in
Section 1.6 we conclude our discussion.

1.2 Measurement Model

We use the following notational conventions throughoupaper. The bold Roman,
bold italic and Roman lower-case letters are used to derastables inR3, R? and
R, respectively, i.ez = (z,2) € R3, with z € R? andz € R. The calligraphic letters
(&#,.# etc.) are used to denote operators.

Given a pair of transmitter and receiver antennas locat@dsatdR. respectively,
we model the received signal by [25]

golt—(R-zl+lz—T)/co)
ft.RT) %/ @ZR o= @ P

—_—

X Jr(w,z—T,T)Je(w,z—R,R)V(z)dwdz, (1.1)

or in time-domain by

—(R—z[+[z—T|)/co)

(4m2|R —z||z— T

% Ji(z—T,T)Je(z— R,R)V(z)dz, (1.2)

FLR,T) ~ / p(t
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Fig. 1.1 Anillustration of the
imaging geometry.

wheret denotes timegy denotes the speed of light in free spaééz) is the reflec-
tivity function, p denotes the Fourier transform the transmitted wavefqit), J,
andJc are the transmitter and receiver antenna beam patterededfms, respec-
tively.

We denote the earth’s surface by= (z,(z)) € R3, wherez € R? and ¢ :
R? — R is a known function for the ground topography. Furthermare assume
that the scattering takes place in a thin region near thaseiriThus, the reflectivity
function is in the form

V(z) = p(2)3(z— (2)). (1.3)

Our passive imaging theory is applicable to both mobile @atiamary sources
of opportunity. However, for the rest of our discussion, wssuane that there is a
single, stationary transmitter of opportunity illumirregithe scene. This allows us to
simplify the analysis and distill the important aspects ti@a readily be generalized
using the ideas similar to the ones presented in our work [39]

Let T € R® denote the location of the transmitter of opportunity artcthere
be N airborne receivers, each traversing a smooth trajeqtdt$), i = 1,--- ,N as
shown in Figure 1.1. Then, we denote the received signakatttireceiver starting
at timet’ = shy

at+s = ft+sy(t+s),T)

:/ plt+s—(y(t+s) —z|+|z—T])/c)
: (4m)?2|y(t+s) —z|[z— T

xd(z—T,T)de(z— Vi(t+9),¥i(t+9)p(z)dz.  (1.4)

Note that the time variabl€ represents the absolute time, whileepresents the
relative time within the time interval staring tit=s.

For a finite and relatively short interval, we use the Tayleries expansion
around = 0,

Yi(t+9s) =Vi(s) + ¥i(St+-- (1.5)
to approximate
Vit +9) 2l ~ |yi(s) — 2l + Yi(9) — 2 Ji(9)t. (1.6)

Substituting the approximation (1.6) into (1.4), we have
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Blai(s.2)t +5— (%(9) — 2| + |z — T])/co)
9~ | (@[, (S) —al =T

XJ[r(z—T T)Jrc(z—y,(t+s) Yi(t+9)p(z)dz, a.7)

where the time dilation

ai(s,z
i( %

is the Doppler-scale-factor induced by the movement oftthesceiver.
We define thevindowed, scaled-and-translated correlatiohthe received sig-
nalse ande;j by

(s h) = [alt+)ej(ut+s et (1.9)

for somes,s € Randuy € R, i,j=1,---,N, whereg(t) is a smooth compactly
supported temporal windowing function centeret -at0.

In the following subsections, we develop mappings thatedlze expected value
of the correlated measuremets denoted byE[cjj], to the scene to be imaged.
We assume that the sources of opportunity are non-cooperathere the location
of the transmitter’, and transmitter antenna beam pattern related figrare un-
known.

We use a stochastic model for the transmitter antenna betemnpeelated term,
Jr, and the scene reflectivitp, and assump andJ; are statistically independent,
to expres€[cij] as

Ela)(s.s1) ~ [ Blai(s2)t+5 — (%($)~2] + 12— T)) /e

x P (uaj(s,z)t+s—(|yj(s) — 2| + |2’ — T|)/co)
CP(ZazI)CJtr (Z,ZI,T)AR” (Z,Z/,t,sl,s,l.l)

!/
@1%Gr (27,55, 1) dzdz'¢(t)dt. (1.10)

C, andC;, denote the correlation functions pfandJy, respectively, i.e.,

Cp(zazl) = E[p(z)p*(z/)]v (1.11)
Coy (zazlaT) = E[‘]Ir(z/_\TaT)JIT(ﬁvT)] (1.12)

Ag; denotes the product of the receiver antenna beam patterns,

AR, (2,2 4,9, 1) = Je(z— Vi({+9), Vi (t+9))
x Jo(2 = Y (Ut +9),¥; (Ut +9)), (1.13)

andG;; is the product of the geometric spreading factors,



6 Ling Wang, Can Evren Yarman and Birsen Yazici
Gij(z.7,8,5) =|T —z||T —2||y(s) —z||y;(s) - Z/|. (1.14)

Note that for non-cooperative sources of opporturiityand thugT — z|| T — z/|,
are unknown. For the case of cooperative sources of opptyrtuhere these quan-
tities along with the transmitted antenna beam pattern ssamed to be known,
(1.12) can be modified to include the known quantities.

Next, we make the incoherent-field approximation [3] by assg thatp andJ;
satisfy the following equalities:

Co(2,2') = Ryp(2)d(z — 2'), (1.15)
Cy (2,2, T) = Rr(2)d(z — 2/). (1.16)

R, is the average power of the electromagnetic radiation edhitly the scene at
locationz, andRy is the average power of the electromagnetic radiation ethitt
by the transmitter at locatio® that is incident on the target surfacezatin this
regardR, is referred to as thecene radiancandRy is referred to as the transmitter
irradiance [3].

Substituting (1.15) and (1.16) into (1.10), we obtain

Elcij](s,s,u) = /ﬁ(ai(s',Z)tJrS'—(|Yi(5')—Z|+|Z—T|)/Co)
x P (paj(s,z)t+s—(ly;(s) —z[+ |z — T|)/co)

Ro(2)Rr (2)AR; (2, 2,1,5,s, 1)
(47T)4Gij(z,z,s,s',[.1)

dz @(t)dt (1.17)

for somes, s € R, y € R™ andi,j =1,--- ,N. We refer to (1.17) as the correlated
measurements.

Our objective is to determine the scene radiaRgegiven E[cjj|(s,s, i) for a
range ofs, sandu. In the following two subsections, we study two special sasfe
the measurement model to derive the measurement modeltef@SAH and SAH.

1.2.1 Model for Doppler Synthetic Aperture Hitchhiker Imaging

In DSAH, narrowband or ultra-narrowband CW waveforms ofappnity are used
for imaging. Thus, _
p(t) = eUp(t), (1.18)

whereay denotes the carrier frequency ap(d) s the complex envelope @ which
is a slow varying function of as compared to'&!.
Substituting (1.18) into (1.17), we exprdsgij] as
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4 .
Elcij (<, 1)] = (:’o @0 (ai (8 2)t+8 —(|¥; () ~2|+ T2} /o)

« e 1@ (Haj(s2)t+s—(|yj() 2|+ T~2])/c0)
Rr(2)Ap(2,2,1,9,S, 1)AR, (2, 2,1,9,5 1)
X
Gij(z,2,5,s 1)
x Ro(z)dz @(t) dt, (1.19)

whereAg is the product of the complex envelope of the transmittedefievn,

= P(ai(s,z)t+s — (¥(s) — 2|+ |T —z|)/co)
<P (naj(s,z)t+s—(|yj(s) —z|+ T - Z])/co). (1.20)
After rearranging the terms in (1.19), we have
Elc (s, s.1)] ~ 77 MR (S 5. 1)
_/ 7|¢|DSAth,SI,SI1 AiDSAH(z,t,S’,S,u)Rp(z)dzdt, (1.21)

where
PSR, 2,9 s, 1) = woaj(sz)t [u—Sj(S,s.2)] (1.22)
with o
i(S,2)  1-(yi(s)—2)-¥(s)/co
Si(d.52) = A2 _17((S) 72) K(S)/e (1.23)
‘ ai(sz) 1 (y,(s)—2)-¥;(s)/co
and

(Ab RT( )Aﬁ(zvzatvslasau)ARij (z,z,t,s’,s,u)(p(t)
(4”)4Gij (z,2,t,8,s,1)

(S =5~ (1% (S) 2l I¥j(9)-z) /<o) (1.24)

AP (21,9 s 1) =

We refer toS (S, s,z) as theDoppler-hitchhiker-scale-factor

For cooperative sources of opportunity, where the trarsmniibcations and an-
tenna beam patterns are assumed to be known, weXredgterministically and
replaceRy (z) with Jtr(z/—_T,T)Jt*r(z/—-T, T).

We refer to.77SH defined in (1.21) as the DSAH @oppler-hitchhikerFIO;
and¢?5A", ADSAH as the phase and amplitude terms of the operajg ™.

Note that the scaled-and-translated correlation of theived signal removes all
transmitter related terms from the phase of the oper&pr~*.
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High Frequency Analysis of the DSAH FIO and Passive iso-Doppler Contours

We assume that for sonmeRSAH, ADSAH satisfy the inequality

a,
SURL 1/ .2) cUpsns | O O 05 082 9051 02 ADSAH (2t & s, 1)

< CRSA(1412)(mR™ /2 (1,25

whereUpsan is any compact subset Bfx R x R x R x R? and the constai@SAH
depends olUpsan, Ot i, B1,2 @andey ». In practice, (1.25) is satisfied for transmitters
and receivers are sufficiently far away from the illuminategion.

Under the assumption (1.25), (1.21) defing$>"" as an FIO whose leading-
order contributions come from those points lying in the liséetion of the illumi-
nated surfac€z, (z)) and points that have the same Doppler-hitchhiker-scale-
factor, i.e.,{z € R3: §j(7',1,z) = u}. We denote the curves formed by this inter-
section by

FPSAN(E s 1) = {2z:Sj(8,52 = (2,0(2)) = U} (1.26)

When the speed of the receivers is much slower than the sgdigthtocy, S; can
be approximated as follows:

Si(d.sm) =1+ (¥i(s) —2) v,(s)//Co\—(Mw)—z) ¥i(s)/co
1-(y;(s) —2)-¥;(9)/co
~ 1+ [(y;(8) — 2)- () — (W(S) —2)- (8)]/co. (1.27)
Substituting (1.27) into
Sj (S’,S,Z) =H, (1.28)

multiplying both sides of (1.28) by, and rearranging the terms, we have

S W® =2 & - WS- 2 o] = - W, (129

where the left hand side of (1.29) is the hitchhiker Doppkdfirted in [39] for a fixed
frequency. In this regard, we refer EPSA"(s,s, 1) as the passive iso-Doppler or
DSAH iso-Dopplercontour. Figure 1.2 shows the DSAH iso-Doppler contours for
two receivers traversing a circular trajectory over a flaoigraphy.

1.2.2 Model for Synthetic Aperture Hitchhiker Imaging

In SAH, wideband pulsed waveforms of opportunity are usedniaging.

Assuming that the velocitsz, of the receivers are much less than the speed
of light, we use the “start-stop” approximation, where teeaiver is assumed to
be stationary within a certain window of time, and approxienthe Doppler-scale
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Fig. 1.2 DSAH Iso-
Doppler contours
Fi2(8,s, 1) for the Doppler-
hitchhiker-scale-factor
S12(22.06745—11.033752).

Two receivers are traversing 2
a circular flight trajectory
(dashed line) at the speed 20

of 261my/s over a flat to-

pography.y; (8) = yc(8) _
and y,(§) = yc(5— 11/4), 3
respectively, where white >
and black triangles denote s
the positions of the two

receivers ats = 11/6, re- 0
spectively. (See (1.23) and

(1.70) for explicit formulae of -5
S12(22.06745-11.033752) -5
andyc(9), respectively.)

factor
ai(s,z) = 1. (1.30)

Then the received signal at thid receiver starting at timg = s is approximated
by

B (W) 2]+ [z T])/co)
a(t+9) = [ S e

xJ(z— T T) Je(z— y(8). ¥i(&)p(z)dz.  (1.31)

Similarly, under the start-stop approximation, the Dopyligchhiker-scale-factor
becomes

Si(d,sz) ~ (1—ai(s,z)) (1+aj(sz)) ~ 1. (1.32)
Consequently,by (1.28), it is sufficient to consi@#c;; | for u = 1.
In this regard, taking into account the high range resofutib the wideband

waveforms, we incorporate the fast-time delay in the fodvaodel of SAH and
define

dij(s,s 1) =cij(s,5—1,1) = /q(t+s’)e’j‘(t+s— T)g(t)dt. (1.33)

We refer to (1.33) as thgpatio-temporal correlationf g ande;.
Using (1.31), we approximate the expectatiomlgfs’,s, 7) as

Eldij(s;s,1)] :/Iﬁ(t+5'—(IVi(g)—ZIJrIZ—TI)/Co)
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X Pr(t+s—1—(|y;(s) —2z[+ |z - T|)/co)

Ro(z)Rr (z)ARij (2,2,9,9)
@%G;(z,28,9 o-P0d

_ /e|m+§ (1%(8) 2| +]2~T]) /o)

o @0t T—(y;(9) 2] +z—T]) /o)

y W?|P(w)[?Ro(2)Rr (2)Ag, (2,2,5,9)
(47T)4Gij (z,z,S,S’)

dz dwe(t) dt (1.34)

where
'&Rij (Z,Z/,SJ,S):AR” (Z,Z/,O,SJ,S,].) (135)
andAg; andGjj are as in (1.13) and (1.14). We write
E[dij (8,5 1)) ~ Z; " Ro](58,7)
—/ o T O2SI0 A, s §)Ry(2)dzdl,  (1.36)

where
¢ (,2,9,5,1) = w[rij(§,5,2) /co+5— 5 — 1], (1.37)
with
rij(s,5.2) = |yi(s) — 2| = |y;(s) — 2| (1.38)
and

w | p(w)|2 RT(Z)ARU (z’ z,SI,S) ¢(t)
(47T)4Gij (2,2,9,5)

We refer torij (S, s,z) as thehitchhiker or passive range

We remark that under the start-stop approximafifi*™~ 1 and¢>"is given
by the exponential term iA?SAH (see (1.24)), whersis replaced witfs— 7 in SAH
to incorporate the fast-time delay information.

Similar to DSAH, for cooperative sources of opportunity, tneatJ;, determin-
istically and replac&r (z) with Jy(z — T, T)J:(z — T,T).

We refer to.7>A" defined in (1.36) as the SAH sange hitchhikeror simply
hitchhiker FIO; and;)lSAH A" as the phase and amplitude terms of the operator
FM,

Note that the spatio-temporal correlation of the receivgada removes all trans-
mitter related terms from the phase of the operﬁf‘ﬁﬁH

SAH(2 0,9,5) =

j (1.39)
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Fig. 1.3 SAH Iso-range
contours Hy(s,s,C)

for the hitchhiker range
r12(22.06745—-11.03375z).
Two receivers are traversing
a circular flight trajectory
(dashed line) at the speed
of 261 mys over a flat to-
pography.y; () = yc(8)
andy,(8) = yc(5—1/4),
respectively, where white
and black triangles denote
the positions of the two
receivers ats = /6, re-
spectively. (See (1.38) and
(1.70) for explicit formulae of
r12(22.0674s—11.0337sz)
andyc(9), respectively.)

High Frequency Analysis of the SAH FIO and Passive iso-Range Contours
AH ASAH cafti i it
We assume that for sor’rmﬁ , Ajj"" satisfy the inequalities

sup  |9%afaP05 02 AT (2, w9, )| < CRAH(14 @) (MR lewD/2.

(w.8,5,z)eUsan

(1.40)

whereUsan is any compact subset & x R x R x R?; the constan€3*" depends

on Usan, 0w, B2, €12. These assumptions are needed to make various stationary
phase calculations hold. In practice, (1.40) is satisfiedrémsmitters and receivers
sufficiently far away from the illuminated region.

Under the assumption (1.40), (1.36) defin$"" as an FIO whose leading-
order contribution comes from those points lying at therggetion of the illumi-
nated surface and the hyperboléidc R3: rjj (s, s,2) = co(T +5 — ) }. We denote
the curves formed by this intersection by

Hij(S,s,1) = {z:T1ij(8,5,2) =Co(T+5 —9)} (1.41)

and refer toH;j (S, s, 7) as the passive iso-range 8AH iso-rangeontour. For flat
topographyy(z) = 0, the SAH iso-range contours are given by hyperbolas on the
planezz = 0. We present the iso-range contours for circular receiigtftrajecto-

ries over a flat topography in Figure 1.3.

Comparing the DSAH and SAH presented in subsection 1.2.1sabdection
1.2.2, we see that the DSAH imaging does not rely on the stag-approximation
and is based on the fast-time Doppler. In other words, the B8Aaging method
takes into account range variations or Doppler induced dulee movement of the
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receivers during the reception of a CW waveform. SAH imagargthe other hand,
relies on the start-stop approximation and ignores theeaamgiation due to the
movement of the receivers, hence the fast-time Dopplemduhe reception of a
wideband pulse. Thus, the SAH measurement model can beedérom the DSAH
measurement model by setting the Doppler-scale-factanity and decoupling the
time into fast- and slow-time variables.

1.3 Image Formation

Our objective is to form an image of the scene radiaRgez) usingE[cij (S, s, 4)]
orE[dij(s,s 1)],i,j=1,...,N based on the correlated measurement models (1.21)
for DSAH or (1.36) for SAH, respectively.

Since both#P5A" and 74" are FIOs, we form an image of the scene radi-
ance by other suitably designed Fourier integral operditids, which we refer to
as thefiltered-backprojectiomperators. For DSAH, we backproje€fcij (s, s, 4)]
onto passive iso-Doppler contours defined By(s’,s,u). For SAH, we back-
project E[dij (S, s,T)] onto passive iso-range contours definedHyy(s',s, 1) for
i,j=1,...,N. We form an image of the scene radiance by the superposifion o
the filtered and backprojected data.

1.3.1 DSAH Filtered-Backprojection Operator
For DSAH image formation, we inveE[cij (s, s, )| as follows:

RS(z) =y / AP (2.9)ds, (1.42)
T

where we define

HPSME[G))(2,9) = / O RS SHQDSAH ;1 o 9 E |G (8,5, 1) dtd s,
(1.43)

We refer to.#;PSAH as the DSAH filtered-backprojection operator with respect t
theith andjth receivers with filteQP>A" to be determined below.
We assume that for sonmeR5AH, QPSAH satisfies the inequality

sup (g™ 9 aP20502QRSAM (2 1,9 ) gcgsAH(lthZ)("’BSAH*\mD/Z,
(t,9,8.2)eKpsan

(1.44)
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whereKpsan is any compact subsets & x R x R x R?, and the constar@3SAH

depends oipsan, Ot, B1.2, £1.2. The assumption in (1.44) maksngSAH an FIO.
Substituting (1.21) into (1.43) and the result back int@d?), we obtain

ﬁBSAH( ) _ Z%DSAHyDSAH[Rp](z)
B / ¢IDSAth5/&“ ¢DSAH(I/ ) QDSAH(Z t) J S)

<A 1.9 s W)Ry (=) dt dtdsdédpdz’.  (1.45)

We use the stationary phase theorem to approximat# thed ut integrations
[4,15, 16, 24] and obtain
R(z) ~ ¥ / o GtlL— (¥ (5)-2)¥; (9)/col S (8.5.2) - (¢ 8.2)]
T
xQPSAM(z,t,9 ) ARSAN (2 1,95 (5,5, 2))Ro () dt dsdédz’.
(1.46)

We linearizeS (s,s, z’) aroundz’ = z and approximate

Sj(7,1,2")=Sj(7,1,2) = (& —2)- 0.5 (7', 1,2). (1.47)
Let

ZPSAN(Y s 2) = wo[L— (¥;(S) —2) - ¥;(5)/Col 0= S (8,5, 2)

%Dw<z>-lm(g—l)|m<d> |SJ(<§>SZ)|V <>] (1.48)

where

DY(z) = {1 Oat,u(z)/(?zl] (1.49)

010y(z)/0z
andy; | (), y; . (s) are the projections of;(s') andy;(s) onto the planes whose
normal vectors ar(eyl(/)\— z) and(yj(/)\ ), respectively.

We show an illustration of the vect&p>*"(s',s, z) in Figure (1.4) for two re-
ceivers flying over a flat topography.
Substituting (1.47) and (1.48) into (1.46), we obtain

ﬁBSAH(z) ~ Z/eflt(z =) 205 5 2) QDSAH(z (49
]

< ADSAR(2, 1,9, 9)R, (2 dtds ' ds . (1.50)

Note that under the assumptions (1.44) and (1.25), (1. B0)sthat 7 PSARZDSAR
is a pseudodifferential operator [33]. This means that #Hukprojection operator re-
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Fig. 1.4 An illustration of 7. (s)
the vector=p%A(g s z) in /X

the data collection manifold 7,(s)
QRS for the flat topography, A

W(z) =0.Z3"(s s 2) is :’Z\\

the projectlon of the differ-
ence of the scaled vectors
V.. (s) andy; (s) onto
the tangent plane of the
ground topography a. (See
(1.48) for an explicit form of
=DM s 2)).

Siy(s',s.2)

EDSI(S 15,2) = o DW(2)- 14 0) = 5 G

z

1
[7,(s) —=|

constructs the visible edges of the scene radiance at thecttwcation and correct
orientation.

1.3.2 SAH Filtered-Backprojection Operator

For SAH imaging, we form an image of the scene radiance aswsl|

RSAH(» Z/%SAH [dj])(=.§) <, (1.51)

where we define

HME)(2.8) = Y [0S0z 0.8 d(e. s 1) drdwdsds
! (1.52)

We refer to.7; A" as the SAH filtered-backprojection operator with respec¢héo
ith andjth receivers with filteQ2"" to be determined below.
Similarly, we assume that for someg*", Q2" satisfies the inequality

(w.8,5,z)eKsan

(1.53)

whereKsap is any compact subsets & x R x R x R?, and the constarE3*"
depends oisap, 0w, B1.2, €1.2. The assumption in (1.53) maksstAH an FIO.

Substituting (1.36) into (1.52), and using the stationamage theorem as in
DSAH imaging, we approximate



1 Theory of Passive Synthetic Aperture Imaging 15

Fig. 1.5 An illustration of 7,(s)
the vector=5"(s,s, z) in e
the data collection manifold 4 ;
QS for the flat topogra- —0 1) BN
phy, ¢(z) =0. 2548 s 2)

is the projection of the dif-
ference of the unit vectors
yi(s)—z and yi(s) — =z

onto the tangent plane of
the ground topography at
(See (1.56) for an explicit
form of 75’5 2)).

Z%SAHQSAH p](z)

/eworIJ (,82')-rij (s 5,2)] /COQSAH(z7w,s’,S)
* AT ,9,5)Ry(2') dwds dédz’ . (1.54)

We linearizerij (s, s,z') aroundz’ = z and make the following approximations:

rj(s,s2') —rij(s,s,2) = (2 —2) Z7™M(d,s,2), (1.55)
where - -
=S, s.2) =DY(2) - (yj(s) —z— Vi(S) — 2) (1.56)

andDy(z) is given in (1.49).
For flat topography, we present an iIIustrationEﬁAH(s’,s,z) in Figure (1.5).
Substituting (1.55) into (1.54), we obtain

RSAH z/ w(z'~2)-Z5M(d s.2) /0 QSAH(z’w’SJ’S)
x A2 .8, 9)Ry (') dwds dddz'. (1.57)
Under the assumptions (1.53) and (1.40), (1.57) shows.#af".7>"" is a
pseudodifferential operator [33]. This means that the peajlection operator recon-

structs the visible edges of the scene radiance at the ¢ttwoation and orientation
in SAH imaging.

1.3.3 Determination of the Filter

QA" and Q" can be determined with respect to various criteria [40]alige
they are chosen such that the leading-order contributibtieed?oint Spread Func-
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tions (PSFs) of#PSA" and %S~ are Dirac-delta functions. This choice of the

filters ensures that#;?SAH and . 3" reconstruct the visible edges of the scene
radiance not only at the correct location and orientatian,abso with the correct
strength [25, 26, 30, 40].

In DSAH imaging, for eacls’ andz, we make the following change of variables:

(t,5) — &P =t ZPSAM(d 5 2) (1.58)

in (1.50) and obtain

2/ —z).EDSA DSAH DSAH
ROSAH(; NZ/QDSAH i(2~2)-& QDSAH( ((EDSAH) o 5(EDSA))
ij,g,z
a(t,s)
DSAH
i

DSAH( (E DSAH)7 (E DSAH))

X ( )dEDSAH /dg7

(1.59)

where|d(t, s)/dEDSAH| is the determinant of the Jacobian that comes from the
change of varlables givenin (1.58).
The domain of integration in (1.59) is given as follows:

QP = (&7 =t 20 s 2) AT (=1, 9.9) 20,
(t,,9) € (R,R,R)}.(1.60)
We refer toQP3/ " as the DSAHpartial data collection manifolat (', z) obtained

by theith andjth receivers for a fixed and refer to the uniomij’gQi'jDz/‘*: as the

DSAH data collection manifoldat z and denote it by2DPSAH, This set determines
many of the properties of the reconstructed DSAH image.

To approximate the PSF with the Dirac-delta function, weasethe the filter as
follows:

ADSAR (21,55, 1) X DSAH (z,t,s’ s)
|AIDSAH(Z,t,5, s, IJ)|2 |a(t S)/aEDSAH|

QM2 1,9, 5) = (1.61)

where)(DsgH is a smooth cut-off function that is equal to one in the imteof
ij.g,z

QEE,A: and zero in the exterior dDI?SgA;
Similarly, in SAH Imaging, for eacls’ andz, we make the following change of
variables:

(@,9) — ESA = g:ﬁ*\“(d,s,z) (1.62)

in (1.57) and obtain

R ~3 [ €% 75z (&, o ETH)

ij.g,z
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o(w.9s)|
SAH
]

x ADSAH(2 (EAY), 9, 8( ﬁ’*”))‘ Ro(z')dE; " d='dd

(1.63)

5é°§:H is the determinant of the Jacobian that comes from the chahge

variables in (1.62).
In (1.63), the domain of integration is given as follows:

where

QA = (&= o D 25 5 2) | Az, 0,9, 9) £0,

(w,9,9) € (R,R,R)}. (1.64)

We refer toQS/y", as the SAHpartial data collection manifoldat (s, z) obtained
by theith andjth receivers for a fixed' and refer to the unioty; S/Q” ¢z 8S the
SAH data collection manifoldt z and denote it by2 34", Again, this set determines
many of the properties of the reconstructed SAH image.

Similarly, to approximate the PSF with the Dirac-delta fioie, we choose the
the filter as follows:

A (z,w,9,9) ngzA':, (2,0,8,59)

|AISAH(Z w,9,9)[2 10(, S)/aESAH|

QM(z,w,9,9) = , (1.65)

where)(SAH is a smooth cut-off function that is equal to one in the irteof

QSAH and zero in the exterior d’rZS/,}Hz

Irrespectwe of the choice of the filters, the filtered-bacigction operators
¢ PSAH and. 7 SAH reconstruct the visible edges of the scene radiance at theoto
Iocation and correct orientation. With the choice of theefdtgiven in (1.61) and
(1.65), the resulting image formation method can recowewtbible edges not only
at the correct location and orientation, but also with theexd strengths.

1.4 Resolution analysis

Substituting (1.61) and (1.65) into (1.59) and (1.63), extpely, we obtain

DSAH

ROSAH(, z/ (2/—z2)-&]
DSAH
'Qljs’z

Ro(2')dz'd&;>""dg,  (1.66)
B~ S fom ¢ MR () d dESMAS. (L67)
[ ijd.z

(1.66) and (1.67) show that the DSAH and SAH imad@&&A" and R5AH are
bandlimited versions dR, whose bandwidth are determined by the data collection
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manifoldsQPSA" and QSAH, respectively. The data collection manifolds determine
the resolution of the reconstructed images.athe larger the data collection mani-
fold, the better the resolution of the reconstructed image i

Microlocal analysis of (1.66) and (1.67) tell us that an edggointz is visible in
DSAH or SAH image if the directiom . normal to the edge is contained @PSAH
or Q3AH respectively [25, 26, 30, 40]. Consequently, an edge attpoivith n,
normal to edge is visible if there existy, s, s such thatEDSAH or {SAH i

T ij Isparallel
ton.,.
DSAH andESAH

The bandwidth contribution of j; i

T to a visible edge at is given by

wo ). 1 . _Sj(sl,s,z)..
Co L(P DLIJ( ) [|K(g) —Z| yIJ_(SI) |yJ (S) —Z| yJ,J_(S)‘| ‘ ) (168)
2low)- )9~ 2-¥s) -2 (1.69)

whereL,, denotes the length of the supportg(t) andB,, denotes the bandwidth
of the transmitted waveform.

(1.68) shows that for DSAH imaging, the longer the suppogi(6f becomes, the

larger the magnitude (ﬁ-D-SAH is, giving rise to sharper reconstructed edges perpen-

ij
dicular to ESSAH, i,j =1,...,N. Additionally, the higher the carrier frequency of

the transmitted signaly becomes, larger the magnitude&ﬁSAH is, contributing
to higher image resolution.

(1.69) shows that for SAH imaging, as the bandwidth of thaednaitted signal
becomes larger, the magnitude&f[AH gets larger, which results in higher image
resolution. The sharpness of the reconstructed edgeisliaétly proportional to
the bandwidth of the transmitted signal.

Furthermore, we note thatin DSAH imaging, the resolutigpegtels on the range
via the termgy;(s’) — z| and|y;(s) — z| and the velocities of the receivers via the
termsy, | andy; | . As the scatterers are further away from the receivers, @r th
velocities of the receivers decrease, the resolution getserdue to the decrease in

the magnitude ofD-SAH. In SAH imaging, the resolution also depends on the angle

ij
between the unit vectong (s) —z andy;(s) — z. The larger the angle is, the larger

the magnitude ofﬁ‘AH becomes, resulting in better resolution.

Additionally, the increase in the number®$amples and the time windows (in-
dicated bys) used for imaging also leads to a larger data collection fokwhin
DSAH or SAH imaging, which improves the resolution.

We summarize the parameters that affect the resolutioneof@bonstructed im-
age in DSAH and SAH imaging in Table 1.1 and Table 1.2, re$psgt
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Table 1.1 Parameters that affect the DSAH image resolution

Parameter Increase Resolution

Carrier frequencyuy

Length of the windows
Distancely;(s) — z|, |y;(s) — z|
Antenna velocityy; or y;
Number ofs samples

Number of time windowsy)

—— — — — —
— = = — —>

1: Increase (Higher) |: Decrease (Lower)

Table 1.2 Parameters that affect the SAH image resolution

Parameter Increase Resolution

Bandwidth of the transmitted waveforrB;, 1
Angle betweery;(s) — z andy;(s) — = 1
Number ofs samples T
Number of time windowsg) 1

— — — —

1: Increase (Higher) |: Decrease (Lower)

1.5 Numerical Simulations

We considered a scene of sig22] x [0,22] km? with flat topography. The scene
was discretized into 128 128 pixels, wherd0,0,0km and[22,22 0] km corre-
spond to the pixel$l, 1) and(128 128), respectively.

In all the numerical experiments, we used two airborne wecsiand a single, sta-
tionary transmitter operating either cooperatively orfoooperatively. We assumed
that both the receiver and transmitter antennas were [@otrd/e assumed that the
transmitter was located g = (0,0,6.5) km and the receivers were traversing the
circular trajectory given by

ye(8) = (11+11cogs),11+ 11sin§),6.5) km. (1.70)

Let y1(5) andy,(5) denote the trajectories of the two receivers. Wes@) = y=(5)
andy,(8) = y1(5— §). Note that the variablsif y is equal to\ét, whereV is the
speed of the receiver, aitlis the radius of the circular trajectory. We set the speed
of the two receivers to 261 /8. We chose the sampling ratesib be 19335Hz so
as to uniformly sample the circular trajectory with 512 gsin

In accordance with the incoherent field approximation, weduthe following
multiple-point-target model for the scene reflectivity,

p(z)="> 9d(z—=), (1.71)

M-
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Fig. 1.6 Discretized scene reflectivity used in the numerical siths of (2) DSAH imaging and
(b) SAH imaging 0, 0,0 km and[22, 22, 0] km are located at the lower left and upper right corners,
respectively.

Fig. 1.7 3-D view of the
scene with multiple point
targets, illuminated by a
single transmitter located at
yo = (0,0,6.5)km and the
circular receiver trajectory
(8 = (11+11cogs),11+
11sin(§),6.5)km, as shown
by the red solid line. At

a certain time instant, two
receivers are located at the
positions shown in the figure. Y (km) o

" Receiver, . ®

I

- Receiver

2

whereg,, | =1,--- L are independent Gaussian random variables with rpeand
varianceo??. The corresponding scene radiance is given by

Ro(z) =E[p(2)p"(2)] = Z(H|2+0|2)5(Z—Z|)~ (1.72)

In our simulations, we considered a deterministic reflégtiand seto? = 1. We
usedL = 9 and approximated the Dirac-delta functions in (1.72) hyesq target re-
flectors of size 344 344 n?, each having a unit reflectivity, i.qq = 1,1 =1,--- 9.

Figure 1.6(a) and Figure 1.6(b) show the scene with targedd in the simula-
tions of the DSAH imaging and SAH imaging, respectively.Ufg 1.7 shows the
receiver trajectories and the transmitter antenna locatsed for DSAH and SAH
simulations.

We performed image reconstruction for eachnd coherently superimposed the
reconstructed images obtained over a range. of
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1.5.1 Numerical Simulationsfor DSAH imaging

We used (1.9) to generate the data and chose the windowietjidarp in (1.9) to
be a Hanning function.

The transmitted waveform was assumed to be a single fregu@htwaveform
with 800MHz carrier frequency. The length of the windowinmétion was set to
Ly, =0.0853s.

For the case of a cooperative transmitter, the reconsttustage is shown in
Figure 1.8(a). It can be seen that the targets are well réreaad using the DSAH
image formation method.

1
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(@ (b)

Fig. 1.8 The reconstructed DSAH images obtained by superposingnthgéas obtained using
multiple s’ values and two receivers traversing the circular flightettgriesy; (5) and y»(5) as
shown in Figure 1.7 and a single (a) cooperative transméied (b) noncooperative transmitter
located atyo.

Figure 1.8(b) shows the reconstructed image using a nopecative transmitter.
Since the location of the transmitter was assumed to be umkrtbe received signal
was not compensated for the transmitter related geomeireading factors. As
a result, the targets closer to the transmitter appearsterign the reconstructed
image than those that are further away from the transmitter.

1.5.2 Numerical Simulationsfor SAH imaging

We used (1.33) to generate the data for performing SAH ingagimulations and
chose the windowing functiop in (1.33) to be a Hanning function as in DSAH
imaging simulations.

A transmitted pulse at center frequency OHz with bandwidteéto 0873MHz
was used in the simulations.

The reconstructed images corresponding to the coopemtiy@on-cooperative
transmitter cases are shown in Figure 1.9(a) and Figuré)l.B¢spectively. We
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see that the targets are reconstructed successfully indasths and in the non-
cooperative case, the strength of the targets closer tadhsnitter are higher as
expected.

x10°
120 1 120 =
09
100 os 100
0.7
10
0 0
06
05
60 60
0.4
s
0 03 0
02
20| 01 20|
° o
20 a0 50 &0 100 120 20 a0 50 B0 100 120

Fig. 1.9 The reconstructed SAH images obtained by superposing thgasobtained using mul-
tiple ' values and two receivers traversing the circular flighetariesy; (5) andy:(5) as shown

in Figure 1.7 and a single (a) cooperative transmitter, B)dgncooperative transmitter located at
Yo-

1.6 Conclusion

We presented a unified theory of passive synthetic aperhaging based on inverse
scattering theory, estimation-detection theory and niooa analysis. Our theory
involves development of passive measurement models basgt@rse scattering
and estimation-detection theory and analytic inversiothimes based on microlocal
analysis. The measurement models involve windowed, seadddranslated corre-
lation of the received signals at different receiver lomasi. This correlation process
results in measurement models in the form of FIOs. Taking &icount the nature
of the waveforms of opportunity, we developed two diffener@asurement models:
DSAH FIO and SAH FIO.

DSAH FIO-based model projects the scene radiance ontoveaissi-Doppler
contours, and SAH FIO-based model projects the scene i@@@mo passive iso-
range contours. The correlation process removes the tidesnelated terms from
the phase of the resulting FIO-based DSAH and SAH measurtamatels, allow-
ing us to perform backprojection without the knowledge eftifansmitter locations.

We used microlocal techniques to backproject the cormkigmals onto the pas-
sive iso-Doppler contours in DSAH imaging and onto passeerange contours in
SAH imaging. The filtered-backprojection reconstructioethods for DSAH and
SAH have the desirable property of preserving the visiblgesdf the scene radi-
ance at the correct location and orientation, and at theecbstrength with appro-
priate choice of filters.
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Our analysis shows that the resolution of the reconstrug@tiH images is de-
termined primarily by the temporal duration and frequenfajie transmitted wave-
forms, and the resolution of the reconstructed SAH imagédstisrmined primarily
by the bandwidth of the transmitted waveforms. These result consistent with
the ambiguity theory of the CW or ultra-narrowband wavefsand the wideband
waveforms.

While we focused primarily on the passive synthetic apertadar, the theory of
DSAH and SAH imaging introduced in this Chapter and the tesyimethods and
algorithms are also applicable to other wave-based passaging problems, such
as those that arise in geophysics or acoustics.
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