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ABSTRACT. This paper presents a new method for the exponential Radon
transform inversion based on the harmonic analysis of the Euclidean motion
group of the plane. The proposed inversion method is based on the obser-
vation that the exponential Radon transform can be modified to obtain a
new transform, defined as the modified exponential Radon transform, that
can be expressed as a convolution on the Euclidean motion group. The con-
volution representation of the modified exponential Radon transform is block
diagonalized in the Euclidean motion group Fourier domain. Further analysis
of the block diagonal representation provides a class of relationships between
the spherical harmonic decompositions of the Fourier transforms of the func-
tion and its exponential Radon transform. These relationships and the block
diagonalization lead to three new reconstruction algorithms. The proposed
algorithms are implemented using the fast implementation of the Euclidean
motion group Fourier transform and their performances are demonstrated in
numerical simulations. Our study shows that convolution representation and
harmonic analysis over groups motivates novel solutions for the inversion of
the exponential Radon transform.

1. INTRODUCTION

For a uniform attenuation coefficient p € C, the exponential Radon transform of
a compactly supported real valued function f over R? is defined as
(1) T.J0.0) = [ f@)s(@-0—t)e"= da,

RQ
where ¢t € R, 8 = (cosf,sin6)7 is a unit vector on S' and 6+ = (—sin#, cos )T
with 6 € [0, 2m).

The exponential Radon transform constitutes a mathematical model for imaging
modalities such as x-ray tomography (1 = 0), single photon emission tomography
(SPECT) (1 € R) [, and optical polarization tomography of stress tensor field
(k€ iR) BI.

A number of different methods have been proposed for the inversion of the expo-
nential Radon transform. One of them is the filtered backprojection type inversion
method which was first introduced by Tretiak et al. in [B]. This method is based
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on the adjoint of the exponential Radon transform and a filter derived from a con-
volution property of the adjoint operator.

In [], Hawkins et al. used the filtered back projection method introduced in
Bl together with the spherical harmonic decomposition and expressed the circular
harmonic decomposition of the function f in terms of the circular harmonic decom-
position of its projections 7, f. In [B] and [6], Metz et al. and Kuchment et al.
introduced alternative filtered backprojection type inversion methods.

In [7, Bellini et al. developed an alternative inversion method by reducing
the inversion of the exponential Radon transform to finding the solution of an
ordinary differential equation. This approach leads to a relationship between the
circular harmonic decomposition of the Fourier transform of f and the circular
harmonic decomposition of the Fourier transform of 7, f. An alternative method
of inversion based on the circular harmonic decomposition of the Fourier transform
of f and 7,f was derived by Tretiak et al. [3] and Inouye et al. [§] using two
different approaches. In [B], Metz et. al. suggested a weighted linear summation
of positive and negative frequencies of the circular harmonic decomposition of the
Fourier transform of projections for reconstruction. It was shown that different
choices of weight functions provide reconstruction formulas proposed in [, Bl 8.

In this paper, we present an alternative inversion method for the exponential
Radon transform based on the harmonic analysis of the Euclidean motion group.
Our approach starts with the modification of the exponential Radon transform:

(2) ’Z;:f(ﬁ,rl,rg) =T, f(0,—r1)e!?, ¥ = (cosf, —sinf)", ri,ry €R.

We refer to the resulting transform ’]Z as the modified exponential Radon transform.
Next, we show that the modified exponential Radon transform can be expressed as
a convolution of a known kernel and the function f(—Ryx), ¢ € [0,27), over the
Euclidean motion group (M(2)) of the plane (Equation 24))), where R, is the
rotation matrix of ¢ degrees in the clockwise direction.

We next use the Euclidean motion group Fourier transform to block diagonalize
the modified exponential Radon transform and develop deconvolution type inversion
methods for 7;: f. We derived two new reconstruction methods based on the block
diagonal representation of the modified exponential Radon transform. Analysis of
the block diagonal representation shows that for every column of the matrix rep-
resentation of the M (2)-Fourier transform of 7] f, we obtain the circular harmonic
decomposition of the Fourier transform of f as a weighted linear combination of
the circular harmonic decomposition of the Fourier transform of 7, f. We derived
a third reconstruction method from this class of relationships for each column in-
dex of the matrix representation of ’Z;j f. However, the former two reconstruction
methods are not based on a single weighted relationship, but they combine all the
relationships provided by the matrix representations of the M (2)-Fourier transform.

All three reconstruction methods are numerically implemented using the fast im-
plementation of the M (2)-Fourier transform [9] and their performance is compared
with the filtered backprojection algorithm in [3].

Our approach shows that convolution formulation of the exponential Radon
transform based on its invariances and the use of harmonic analysis elucidate new
and novel solutions for the exponential Radon transform inversion. Furthermore
our approach has the following advantages: (i) convolution representation can be
extended to angle-dependent and half-scan exponential Radon transform (Appendix
[), as well as other integral transforms of emission and transmission tomography;
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(ii) while our present work is in deterministic setting, the proposed deconvolution
type inversion method provides an effective framework to incorporate a priori object
and noise information and can be formulated in either statistical or deterministic
setting [T0]; (iii) the sampling issues are naturally addressed by the numerical im-
plementation of the fast Fourier transform algorithms over the Euclidean motion
group [9].

The rest of the paper is organized as follows: In Section B, the Euclidean motion
group, its Fourier transform and properties are introduced. The convolution repre-
sentation of the modified exponential Radon transform, its block diagonalization,
and the reconstruction formulas are presented in Section Bl In Section Bl deriva-
tion of a class of relationships from the block diagonal representation is presented.
Section B describes the reconstruction algorithms based on the fast implementation
of the Fourier transform of the Euclidean motion group, discuss their numerical
performance and present numerical simulations. Section [l summarizes our results
and conclusion. The paper concludes with three appendices. The first one pro-
vides a review of the basic concepts from the group representation theory and a
review of the Fourier transform over groups. The second one provides the extension
of the concept of distribution and its Fourier transform to the Euclidean motion
group. The third one provides convolution representation of the angle dependent
exponential Radon transform and the half-scan problem.

2. HARMONIC ANALYSIS OF THE EUCLIDEAN MOTION GROUP

2.1. EUCLIDEAN MOTION GROUP. The rigid motions of R? are made up of trans-
lations and rotations. Translations form the group R? with group operation being
the vector addition. Any rotation of R? can be represented as an 2 x 2 unitary
matrix parameterized by 6 € [0,27), Ry, i.e.

. R [ cost —sinf ]

sinf  cosf
Rotations of R? form the group SO(2) with matrix product being the group oper-
ation.
The rigid motions of R? form the group called the Euclidean motion group of
the plane, denoted by M (2). The elements of the group are 3 x 3 matrices of the
form

(4) (Rg, ) = [ ORTH ’1" } , Ry € SO(2), r € R,

parameterized by a rotation component 6 and a translation component r. The group
operation of M (2) is the usual matrix multiplications and inverse of an element is
obtained by matrix inversion as (Rg,7)” ' = (R, ', —R,'r). This defines M(2) as
the semidirect product of the additive group of R? and SO(2).Therefore, M (2) has
a natural action on R? given by x — gx = Rgx + 7, for a g = (Rg,T) € M(2).

2.2. FOURIER TRANSFORM OVER THE EUCLIDEAN MOTION GROUP. We provide
a brief review of the Fourier transforms over groups and definitions of the basic
concepts in Appendix [Al For a detailed treatment of the topic, we refer the reader

to [ and [12].
The irreducible unitary representations, UM (g), of M(2) over L?(S') is given
by the following linear operators:

(5) (UN(g)F)(s) =e MmO R(RSYs), Fe L*(SY),
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where g = (Rp,r) € M(2), s is a point on the unit circle S*, ( - ) is the standard
inner product over R?, and \ is a nonnegative real number [T2].
Let f € L?(M(2)), then its Fourier transform over the Euclidean motion group

is defined as [T, [[2]
) FuaN0 =0 = [ st de

where g = (Rp,7), d(g) = drd(f) = 5=drdf is the normalized Haar measure on
M (2) with d(f) is the normalized Haar measure on SO(2) [I], and the inverse
Fourier transform is given by

M Fulp DO =10 =55 / Trace (FNU™ (g)) Ad.

For the rest of the paper, the Fourier transform over the Euclidean motion group
will be called M (2)-Fourier transform, for short.

The M (2)-Fourier coefficients are operator valued functions that can be expressed
in terms of matrices given an orthonormal basis over L?(S1).

The circular harmonics {S;,} form an orthonormal basis for L(S') [I3]. Then

the matrix elements uﬁm( ) of UM (g) are given by [1Z]
(&)  ulh(9) = (Sm, UM (9)Sn) = / Sm(w)e™ 78, (Ry w)d(w).
St

If the complex exponentials {e”¥}, n € Z are chosen as an orthonormal basis for
L?(S"), the matrix elements for the unitary representation UM (g) of M(2) become

) ) 1 . , . .
u(k%(g) _ (elmw7 U()\) (g)emw) _ %/ e—lmwe—l(rl)\cosw-i-rg)\ sin 1{1)6171(111—0)d¢7
Ym,n € 7Z.

Alternatively, u%,)z (g9) can be expressed as

(10) ulp(g) = i meT IOl (M),

where r = r(cos ¢, sin ¢) and J,,(r) is the n'® order Bessel function,
The matrix elements of U™ (g) satisfy the following properties:

(11) u(g™h) = SMg),
(12) uln (9192) ZU (91)u) (g2)-

Furthermore, the matrix elements uS{),)z (9) of U*(g) form a complete orthonormal

system in L?(M(2)).
Given the matrix elements of the unitary representations, the M (2)-Fourier and
inverse M (2)-Fourier transforms can be expressed as follows [T1]:

(13) Frt(Don () = Frun () = /M@) F(@)uhg™ ().

1) Fily @) = 10) = s [ 3 Fam Wi @20
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Using ([[3) and @), the M (2)-Fourier matrix elements can be expressed as

271'
fmn( ) 2 ([/ K[ 1 (r1A cos Y+raAsin w)drldr2:| 1m0d9:| e—im )einwdw.
7T
(15)

Equation ([H) shows that given {e"¥},cz as the orthonormal basis for L?(S1),
computing the M (2)-Fourier transform of f is equivalent to computing four con-
secutive standard Fourier transforms. First two Fourier transforms are due to the
integration over R%2. The last two Fourier transforms are due to the integrations
over 0 € [0,27) and ¢ € [0, 27).

For the rest of the paper, the orthonormal basis {S,,} of L?(S!) is assumed to
be the complex exponential {e™?¢}.

Here, the properties of the M (2)-Fourier transform that are relevant to rest of
our discussion are presented:

1. Adjoint property: Let f € L?(M(2)), then
(16) P = fhin = Fam(),

where f*(g) = f(g7").
2. Convolution property: Let fi, fo € L?*(M(2)), and let g = (Rg,7) and h =
(Rg, ). Convolution over M(2) is defined by

(17) (Froaney £200) = [ Al g)d(n),
M(2)
Then
(18) Fu) (1 xm@) f2)(A) = Fare) (f2)(N) - Farz) (F1) (N,
or equivalently,

(19) Far@)(f1 #a1(2) F2)mn Zfzmq ) Fran(N).

3. M (2)-Fourier transform of SO(2) invariant functions: Let f(g) = f(r) €
L?(R?). Let f(e) denote the standard Fourier transform of f, i.e.

(20) Fey=[ fmeimean
R2
The circular harmonic decomposition f,,(\) of f(e) is defined by

(21) R = [ Fow)Suw) dw).
where € = A\w is the polar representation. Then

(22) FrnN) = Som fn (=), A>0, mneZ

where dg,, is the Kronecker delta function, 1 if m = 0, else 0. Hence, the
M (2)-Fourier transform over R? is equivalent to performing a standard Fourier
transform followed by spherical harmonic decomposition. Similarly, the in-
verse M (2)-Fourier transform f of f € L2(R?), is obtained by reversing the
order and the operations performed in the M (2)-Fourier transform.
Conversely, any function f € L?(R?) can be treated as a SO(2) invariant
function over M (2), by f(g9) = f(Rg,r) = f(r). This extension is not only
well-defined, but also treats f as an L?(M(2)) function, since SO(2) is a
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compact subgroup of M (2) and the measure on R? is invariant under the
action of M(2).
4. Band-limitedness Let fyn(\) be the M(2)-Fourier transform of a function
f € L*(M(2)). Then f is said to be band-limited if there exist mq,ng € Z",
and Ao > 0 such that f,,,(\) = 0 for |m| > mq, |n| > ng and A > Xo.
e If f is band-limited so is f*.
e If f1 and fs are two band-limited functions, then fi %72y f2 is also band-
limited.
In Appendix [B] we provide the extension of the M (2)-Fourier transform to
the space of all rapidly decreasing functions S(M(2)) and tempered distributions
S'(M(2)) defined on M (2).

3. EXPONENTIAL RADON TRANSFORM INVERSION USING M (2)-FOURIER
TRANSFORM

3.1. EXPONENTIAL RADON TRANSFORM AS A CONVOLUTION OVER M (2). Let
u € C. The exponential Radon transform of a compactly supported real valued
function f over R? is given by

- ZJOI_”*:A;ﬂwww-ﬂ+rnwwwﬂm

Multiplying the exponential Radon transform of f with e*"2, ro € R, the resulting
integral can be expressed as a convolution operation over M (2):

9+ ro
T.f(g) = " T, f(9, —11) = 5 F(@)S(@ -9 + 1)l =0 2 iy
- f(x)6(Rox - €1 + 11 )" Row-ez2+ura 1.,
R2

= f(cc)é((Rgcc + 'r) . 61)6‘“ (ReerT)-ezdw
R2

2
- L F@)5((Rom + 1) - ex)e Fom ez ds g
2 0 R2
— [ s
M(2)

(24) = (A *M(?) f*)(g)v g = (Rea ’l") € M(2)7
where f*(g) = f(g—'). A will be called the convolution filter which is given by
(25) Ah)=0(x-e1)e”®?, h=(Ry,x) € M(2).

Note that the exponential Radon transform 7, f can be viewed as a restriction
of the convolution A %72y f*

(A sy F)9),, g = Tuf (9, —r1)e" ™2, _,
(26) = %f(,ﬂu _Tl)a g = (R97r)7
where 7 = (r1,79)7 and 9 = RoTes.
We extended the convolution representation to the angle dependent exponential

Radon transform in Appendix The corresponding convolution formula is given
by

(27) T.f(9) = (A*are) £5)(9), 9= (Re,m) € M(2),
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where f5(h) = f(2)d(¢), and A(h) = §(x - eq)et ") @€z b = (R, x) € M(2).

In Appendix we show that the half-scan problem can be expressed as a de-
convolution over M (2) by using the angle-dependent exponential Radon transform.

The inversion approach introduced in the following sections can potentially ad-
dress the inversion of the angle-dependent exponential Radon transform. However,
this is beyond the scope of the current paper. For the rest of our discussion, we will
focus on the inversion of the exponential Radon transform with uniform attenua-
tion.

3.2. EXPONENTIAL RADON TRANSFORM INVERSION. Treating the projections ﬂ f
and the filter A as tempered distributions, the modified exponential Radon trans-
form can be expressed as a multiplication in the M (2)-Fourier transform domain
(Appendix [Bl). Using the convolution property of the M (2)-Fourier transform, (22I)
becomes

(28) T = FIVAN), A= 0
or in matrix elements

(29) TF e = X JamMAan(V), mn e .

Equation ([Z3) provides a block diagonal representation of the modified exponential
Radon transform in the M (2)-Fourier domain, where each block is indexed by A >
0. We will show that various treatments of ) leads to different reconstruction
algorithms.

Treating [Z9) as an operator multiplication, the M (2)-Fourier coefficients of f
can be expressed as

-1 _—

(30) foy =AM o,

Note that A is a rank one operator, hence, it is compact. Therefore, its inverse
exists, but not bounded [T4]. In order to obtain a stable but approximate inverse
e . ~1

Ay, has to be regularized [I5]. Thus, we replace [AT(/\)} with its regularized linear

least square approximation:
N N N N -1 _—+
(31) FO) = A0 [ATVAQ) + 01| T ),
where o is a small positive number and I is the identity operator. The regularized

inverse given in (BI) is a special case of the Wiener filter developed in [I0]. The
regularization parameter o can be interpreted as the ratio of the noise variance

. - —1
to the image variance. Note that [AT(/\)A()\) + O’I:| in BI) is the zeroth order

. . . . . ~1
Tikhonov regularized inverse of AT(A)A()), and A()) {AT (MA(N) +0oI|  converges
to the Moore-Penrose generalized inverse of AT(\) as o — 0 [I5, 6.

Formula @) gives rise to Algorithm 3, described in Section

Alternatively, since A is SO(2) invariant, all the rows of the matrix representation

A, except 0P row, is equal to zero. Thus the only contribution to the summation
&9 is from ¢ = 0. As long as Ao, (A) # 0, ) can be simplified to

—

(32) T.f, (N = fom (M) Aon(N),

’
I
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providing an alternative formula for the computation of M (2)-Fourier coefficients

of f:

) TF (A
(33) fom(N) = <%>, m € Z.

Note that the left hand side of [B3]), me()\), is independent of n, while the right hand
side of ([B3)) depends on n. This means that for each n € Z, [B3)) provides a method
to compute the M (2)-Fourier transform of f from the M (2)-Fourier transforms of its
modified projections 'Z;j f. For a fixed n = ng, formula B3) gives rise to Algorithm
1, described in Section B Further analysis of formula B3) in Section H shows that
it leads to a new class of relationships between the circular harmonic decomposition
of the Fourier transform of the function f and its projections.

Alternatively, [B3) can be treated as an over determined linear system of equa-
tions, for a given set of n values {ni,na,...} C Z:

T ) Aon, (V)
(34) 7, fmnz(M = fom(A) | Aona ()

Then, the computation of the linear least square solution of f()m()\) gives rise to
Algorithm 2 of Section B

Ene{"Uvnlw-} IZ;‘/ mn()\)Aon()\)
2onenomin) Aon(N)Agn (V)
The reconstruction formulae BI), [B3)) and @H) are summarized in Table [1

(35) fom(N) =

Formula Equation # Method #

2 )
Jom(X) = (7,\0;’;@) > E3 1

A D 7()\)1\071.()‘)
. A _ ne{ng,ny,...} /"
fom(N) S ety Aon () Aon (V)

@ 2

FO) =AW [AT(A)A(A) + a.r} - 7 ) ED 3

TABLE 1. Computing the M (2)-Fourier coefficients of f

After f is computed by either of the formulae @), B3) or @) , f can be
reconstructed using the inverse M (2)-Fourier transform:

(36) flz) = f;wl( / Z fom (Mg (R)AdA.
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4. ANALYSIS OF FORMULA (B3))

In this section, we will show that analysis of [B3) leads to a class of relation-
ships between the circular harmonic decompositions of the Fourier transform of the
function and its projections. These relationships are obtained by substituting the
M (2)-Fourier transform of the convolution filter A and the modified projections 7, f

into (B3).

4.1. COMPUTATION OF THE M (2)-FOURIER COEFFICIENTS OF A(g). Let A(g) =
d(r - eq)et™ 2. Then M (2)-Fourier transform of A is given by

Ry (V) = / 5(r1)e T / S, (8)eX 5 (R, T8)d(s)d(g)
M(2) 51
— 50m/ / e“”euw”drgsn(s)d(s)
s1Jr
2 )
(37) = dom d(Asinp —ip)e'™Pdyp
0

where §(.) is the delta function over C (see page 160, Equation (6) and page 169
Equation (8) of [I7]) defined as (6(s + h),d(s)) = ¢(h), for all s,h € C. Since

(f(z) =>, mé(ac — ), T, being the roots of f (see page 184, Equations

(I-1V) of [I7]). Hence, for any p € C, A,y (A) can be computed as follows:

A 1 in 0
(38) Amn(A) = dom ;e ¢

where ¢ is in the support of ¢ (—iu/\ + sin ) given by

(39) o = arcsin(ip/N) = —iln(—p/N £ /1 4+ p2/X22).
Thus,
(40) cos g = /1 + p?/X\2.

Substituting B9) and E0) in BF), we obtain

(1) Apun(3) = oA~V (C)" (VI TN+ )"+ (Vi £ - )"

4.2. COMPUTATION OF THE M (2)-FOURIER COEFFICIENTS OF 7/ f(g). We will use
the notations 7, f(@,r) and 7, f(6,r) interchangeably.

Let 7,,f(6,0) denote the 1-dimensional standard Fourier transform of 7, f(6,r),
ie.

(42) T.f(0,0) = / 7.1, r)e " dr.
R
Let ’Z/'Zf denote the circular harmonic decomposition of ’Z/:ij(ﬁ, o), ie.

(43) Tufn(0) = [ Tl (@,0)Sm(w) dw)
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Since 7, f(9,7) = T, f(—0,7), the M(2)-Fourier coefficients of 7] f(g) are

T, = [

ST ) [ Su()e S, (B Ts)d(s)dlo)
M(2)

S1

1 2 L 1 2 . .
- — / elWtAsmerzgry — [ T, f(—0, Acosp)e™?dhe " dp
2w 0 R 2w
2m

0
(44) = O(—ip + Asin 90)71;}77”()\ cos cp)ei("*m)%"dsp,
0
Then () can be written as follows:
T/ ¥ 1 T 7 i(ln—m
(45) lzlfmn()\) = X @Zﬂfﬁm()\ cos (po)e ( )%’07
0

where g is in the support of 0 (—ig/A + sin ). Substituting @) and E) in EH),
we obtain

ﬁf A) =ﬁ [ﬁff_m(\//\? + p?) (—u + /A2 + ;ﬂ)%m

i
(40 T (V) (- V).

4.3. A CrLASS OF RELATIONSHIPS BASED ON Formura (B3]). Substituting the
M (2)-Fourier coefficients of A and 7, f ([B8) and #T), respectively) into (E3), and
using the SO(2) invariance property of the M (2)-Fourier transform, the circular
harmonic decomposition of the Fourier transform of f can be expressed as

X (<t m)"””
(D)™ (VE2 + 2+ )+ (Vi? + X = )

(47) +T.f (=N +12) o (_M_ vﬂbz)n%
o P VR (VR

for any integer n. Note that since for any real valued function f, fm(—)\) = f_m()\)
for A > 0, D) is valid for any A € R.

In [5], it was argued that the circular harmonic decomposition of the Fourier
transform of f can be expressed as a linear combination of 7/f  (1/A? + u?) and
T7f (=A% + 12) and the following formula is proposed (formula (35) in [3]):

’
KT —m,

(48) fr(N) = Wy WS (Vi +02) + (1= w0) (= 1) 5, (N F T f (V2 + A7),

f—m()‘) :ﬁ—m( % A2+ M2)

where v, (\) = and w is a weighting function. It was shown that various

S N

H2HAT+p
choices of w lead to inversion methods described in [, Bl B]. It was also argued that
the frequency dependent weighting function w may lead to optimal reconstruction.

, - )"
Setting pn = . ()" T
to (ES):

(49)

FeO) = oV T f (V2 +2%) + (1= o) (= 1) (N F T fo (—V 2 + 22).
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Remarks.

1. The weighted summation formula [E3) is due to the M (2)-invariance of the
exponential Radon transform. -

2. For each n € Z, @) provides a relationship between f_m and 7, f ., m € Z.
Here, n is the column index and m is the row index of the matrix represen-
tation of the M (2)-Fourier transform of 7 f. Therefore the indices k = —m
and n in [{J) are independent unlike formula (42) in [5].

3. When there is no noise, the optimal weights proposed in formula (40) of [
can be obtained by choosing n = 2k in ([EJ).

4. While Algorithm 1 is based on a single index ng in formula #d), Algorithm
2, and 3 inherently combine all n € Z relationships in [@d). Numerical simu-
lations show that the later approaches provide better performance.

5. M (2)-Fourier transform allows simultaneous computation of all the relation-
ships (n,k € Z) in ([@3).

In the next section, we will present the reconstruction algorithms based on the

formulas B1), B3) and BH).

5. RECONSTRUCTION ALGORITHMS AND NUMERICAL SIMULATIONS

5.1. RECONSTRUCTION ALGORITHMS. The proposed exponential Radon transform
inversion algorithms are based on either the formula ), B3) or BH), and can be
implemented in four steps as shown in the following diagram:

oM T2

A
(50) f T.f ——T.f
. 4 2]{7‘@1(2)
Farez Aot
~ on 4, 7
me 3 IZ;L/fmn

The first step involves modification of the projections that extend the projections
from R x S to M(2). The second step involves computation of the M (2)-Fourier
transform of the modified projections. The third step involves computation of
the M (2)-Fourier transform of f from its modified projections given the filter A.
Finally, the fourth step involves computation of the function f using the inverse
M (2)-Fourier transform.

Let f(x) = 0 for x| > a and hence 7, f(6,71) = 0 for |ri| > a. The four step
reconstruction algorithms can be implemented as follows:

Step 1. Extend 7, f(0,—71) to 7,f(g) by multiplying with e*" for ry € [~a,a],
where 0 < a < oc0.

Step 2. Compute 7,;f ~(A), the M(2)-Fourier transform of 7 f for m,n = 0, +1,
oK and)\:%, k=0,...,K for some \g > 0.
Step 3. Compute fo(A) by either of the following ways:

Algorithm 1. For fixed n = ng, and for each X, compute fo.(A) for each m by

O
AOno ()\) + o

(51) fom(N) =

where o is a small positive constant.
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Algorithm 2. For a given subset {nq,no,...} of {—K,..., K}, and for each \,

—

let [Ag(N)] and [7,,f, (A)] denote the row vectors given by
(52) Ao = [ Aons (V) Aona(V) ... ]
(53) i, = | Tif,, ) TiF, ) ]

Then for each m, compute fo,(A) by

—

/7 A T
(54) i oy = T (A

Ao +

where the superscript 7 denotes the transpose operation and o is a small
positive constant.

Algorithm 3. For each A, let [A(N)], [7/f(\)] and [f(\)] denote the 2K +1 by
2K + 1 matrices given by

i 0 0 0 0 0 1
R X 0 X 0 X O X 0 AO
(55) [AN)] = | Ao—x) Ao-1y(A)  Aon(A)  Aont1(N) Aok
0 0 0 0 0
) 0 0 0 0 |
(56) [T f(N)] =
T oo™ T ek T O
IZIL/f(fKJrl)(fK)(/\) Tzif(fxﬂ)(fxﬂ)()‘) T (—K+1)K(/\)
IZLTfK(—K)()\) iﬁm_ml)(’\) o 7/ILI\fKK()‘)
r 0 0 0 0 0
A A 0 ... A 0 A 0 A 0 f"
GO = | foexy - Jom-1yN)  fon(N)  font1(X) -+ fox
0o .- 0 0 0 0
L 0 0 6 0 0 |
Then
R R - T . e —
(58) [FN] = [AN)] {[AMN)] [A(A)HUI) [T, f(N)]

where o is a positive constant close to zero. Note that a generalization of
Algorithm 3 for ;1 = 0 was presented in our earlier work [I§].
Step 4. Take the inverse M (2)-Fourier transform of f,,,,(\) to obtain f.
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For numerical simulations, a fast implementation of the M (2)-Fourier transform
based on ([[A) was implemented as described in [0, [[8, [T9, 20]. If there are K number
of samples in each of S! and R, the computational complexity of the M (2)-Fourier
transform is O(K?3log K). Although the 6 independence of the function f reduces
the computational complexity of the inverse M (2)-Fourier transform of f,.,()) to
O(K?log K), the overall computational complexity of the algorithms is dominated
by the computation of the M (2)-Fourier coefficients of the extended projections
7, f, which has a computational complexity of O(K 3log K).

5.2. PERFORMANCE OF THE RECONSTRUCTION ALGORITHMS. We study the be-
havior of the weighting factors in (@) to understand the performance of the recon-
struction algorithms. Let us rewrite E3) as

(59)  FeN) = ey N T F (VA + 12) + 0y N (DT fr (— VA2 + 422)

where 7, 1) (A) is the weight of ’Zf;?k(\/)\? + p?) given by

(\/m—u)n+k
N[ (VR )+ (VR R )|

We investigate the behavior of 7, 1)(A\) and 17—, _x)(A) and their derivative with
respect to A for various values of n and k as A goes to 0 and oo, first, for 0 < p € R
and next for p =i, 0 < g € R.

It can be easily verified that when p > 0,

(60)  Mnp(N) = py* =

Nink) (A) > 0, n € 27
(61) Nnpy(\) <0, n>0, n€2Z+1 .
Ny (A) >0, n<0, ne2Z+1

The limit of 7¢, x)(A) as A goes to infinity is

1

(62) ,\h_I,noo N by (A) = { —sgn(n)oo ne2Z+1
Furthermore, for k > 0, it is straight forward to show that,
(63) im0 (3) = 0.
and the derivative of 7, 1) (A) with respect to A satisfies

dn(n,k)()‘)

P R RE VRS
(64) Sk >0, n<0 :

D) g, ne2z.

Hence, for k& > 0, ¢,y (A) (for k& < 0, 1(n,—k)(\)) behaves like a high-pass filter
for ﬁk(\//\Q + p?) (’Z/’;}k(—\//\Q + p?)), for all n. However, for n € 2Z + 1, it

behaves more like a ramp filter, the higher the frequency the more it amplifies. For
n € 27, on the other hand, 7, x)(\) converges to %, amplifying the high frequency
content of 7, f, almost uniformly. As a result, high frequency error in numerical
computation or noise is amplified by 7(,,x)(A) when 7 is odd but tapered off when
n is even valued. Figure [ illustrates the behavior of 1, k) (A)].
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L L L L L
0 200 400 600 800 1000 1200
A

FIGURE 1. Ilustrative plot for 1, x)(A)], & > 0. Solid and dashed
lines correspond to |1, ) (A)| for odd and even n values, respec-
tively.

Secondly, for imaginary u =13, 0 < 0 € R,

\/175—3 cxp(fi(nJrk) arctan( A2ﬁ’7ﬁ2)>

2COS<narCtan< 8 )) ) n € 27

= Nevayel

(65> MN(n,k) ()\) - \/@ exp(—i(n+k) arc/\tan? >\2ﬁ,52> _
n e

3
2i sin(n arctan( \//\2{732> )

Thus, for imaginary 1, ¢, k) () is complex valued and oscillatory. The oscillatory
behavior of 7, 1)(A) increases as absolute value of n increases. Due to this oscilla-
tory behavior, 7, 1)(A) amplifies the high frequencies in an oscillatory manner.

The two cases discussed above can be extended for any real or imaginary at-
tenuation. While for both real and imaginary p, the behavior of 7, 1)(A) for high
frequencies is

3 ne2

oo ne2+1. "’ n>0,

(66)  lim [0,y (A)| = Jim Nen—y(N)| = {

the behavior of convergence is different. This difference is observed in the recon-

structed images [20] 2711, 22.

5.3. NUMERICAL SIMULATIONS.
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FIGURE 2. The numerical phantom defined by the parameters in
Table

FIGURE 3. Reconstruction of the phantom using Algorithm 1 with
n =0, with g = 0.154cm ™! and 0 = 1078,

5.3.1. Analytic computation of the projections. Making the change of variable @ =
50 4+ t0~L, the exponential Radon transform of a disk f with unit emission distribu-
tion and radius 7o can be computed by

T.f(8,s) = /Rf(SO +t0+)etdt
/\/W

—\/fr2=s2
e;m/rg—s2 _ e—p,\/rg—s2

(67) = ) —To S S S To-
1

el dt
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FIGURE 4. Reconstruction of the phantom using Algorithm 2 with
p=0.154cm~*.

FIGURE 5. Reconstruction of the phantom using Algorithm 3 with
i =0.154cm ™! and o = 1078.

In numerical simulations, a phantom consisting of displaced disks were used (see
Figure Bl). The parameters of the phantom are given in Table I The exponential
Radon transform of the phantom was analytically computed using (67), translation

property

Tufa—y(0,5)= | fl@—y)(@ 0 5)e' ™ 0" dz

(68) = T.f(0,5—y-0)e"v O,
and linearity
(69) Tulfr + 121(0,5) = T, f1(0,5) + T, f2(0, 5)

of the exponential Radon transform.
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“

FIGURE 6. Reconstruction of the phantom using FBP of [3].

Disk # f 70 Co
1 1 6.157 (0,0)
2 -1 1572 (-—3.275,0)
3 1 1.965 (2.358,2.358)
4 1.5 0917 (0,—4.5850)
5 —-0.5 0.05 (0, —1.965)

TABLE 2. Phantom Parameters. The phantom is made up by lin-
ear transposition of disks with attenuation f, radius ro and center
located at cg.

5.3.2. Numerical Inversion. Numerical simulations were performed on the two-
dimensional phantom image corresponding to a region of 13.1 x 13.1cm?, discretized
by 129 x 129 pixels. The projections were taken from 129 equally spaces angles over
2m, and 129 parallel lines for each angle. To avoid aliasing, the image and the
projections were zero-padded to 257 pixels in horizontal and vertical, and radial
directions, respectively.

The M (2)-Fourier transform was numerically implemented as described in [9 I8,
20]. All numerical implementations were performed using MATLAB. Figures Bl to
B show the reconstructed images using the proposed algorithms for = 0.154cm~*.
The proposed algorithms are also applicable when p is zero or purely imaginary
(T8, 9, 20 2711, 2.

FigureBlshows the reconstructed image using Algorithm 1 for ;= 0.154cm ™! and
n = 0. We also performed reconstructions using Algorithm 1 for n = 1,2,3. The
results showed that the choice of n effects the quality of the reconstructed images.
We observed that for even n values, the reconstructed images have primarily low
frequency content, whereas for odd n values they have high frequency content.
This observation is in agreement with the analysis provided in Section which is
summarized in Figure [

FigureElshows the reconstructed image using Algorithm 2 for ¢ = 0.154cm™! and
n € {—64,...64}. The reconstructed image shows improvement upon Algorithm
1. We observed that although even valued n components are sufficient, using odd
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15

"

1! — =~ —Ag.1
Alg. 2
I Alg. 3

FIGURE 7. Plots of the central horizontal (top) and vertical (bot-
tom) slices of the phantom and reconstructed images using Algo-
rithms 1-3 and FBP.

valued n components provide better high frequency content in reconstructed images
as shown by the analysis in Section and Figure [

Finally, Figure Bl shows the reconstructed image using Algorithm 3 for u =
0.154cm™! and n € {—64,...,64}. There is no noticeable difference between Algo-
rithm 2 and Algorithm 3. However, Algorithm 2 is computationally less intensive
than Algorithm 3.

Our simulations show that the reconstructed images become sharper as Fourier
components with higher |n| values are incorporated into the reconstruction, since
these components contribute contribute to the higher frequencies of the phantom.

The numerical simulations demonstrate the applicability and the performance
of the inversion algorithms. For comparison, the filtered backprojection (FBP)
reconstruction [3] is shown in Figure @ Figure [ shows the central horizontal and
vertical slices of the reconstructed phantoms using Algorithms 1, 2, 3, and FBP.
Figures I B B and [d show that the reconstructions obtained by Algorithms 2 and 3
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are comparable to that of FBP. Note that further improvements in reconstruction is
possible by improving the numerical implementation of the M (2)-Fourier transform.

6. CONCLUSION

In this paper, we presented a new approach for the inversion of the exponential
Radon transform based on the harmonic analysis of the Euclidean motion group.
We modified of the exponential Radon transform to obtain a convolution represen-
tation over the Euclidean motion group. Then, the convolution representation of
the modified exponential Radon transform is block diagonalized in the M (2)-Fourier
domain, leading to three new reconstruction algorithms. We discussed numerical im-
plementation of the algorithms and their performance in simulations. The proposed
convolution representation can be generalized to angle-dependent and half-scan ex-
ponential Radon transforms as well as other integral transforms of transmission and
emission tomography.

APPENDIX A. FOURIER TRANSFORM OVER GROUPS

Fourier analysis on groups is closely related to the theory of group representa-
tions. A unitary representation of a locally compact group G is a homomorphism U
from G into the group A(Hy ) of unitary operators on some nonzero Hilbert space
HU, i.e.

(70) U:G— A(Hy)
(71) Ulg192) = U(91)U(g2), 1,92 € G,

and U(g), g € G is a unitary operator on some Hilbert space Hy;. If U is invariant
on a nontrivial subspace M of Hy, i.e. U(g)M C M for all g € G, then U is called
reducible, otherwise U is irreducible. For example, for each A € R,

(72) UM (z) = ?miAz, zeR

acting by scalar multiplication on Hy = C, is a irreducible unitary representation
of the additive group (R, +). [l

The Fourier transform Fg(f)(U) of a function f € LY(G,d(g)), where G is a
locally compact group of Type I and d(g) is the left Haar measure on G, associated
with a unitary representation U of G is defined as a bounded operator on Hy. More
specifically,

(73) Fal£)U) = [ 19U o),
G
where the operator-valued integral is interpreted as
(74) (Fe(H)(U)u,v) = /Gf(g)<U(gfl)u,v>dg, for all u,v € Hy.

Under this definition, the Fourier transform of f(z) € L*(R) associated with the
representation defined in ([2) is given by

(75) Fel)U) = [ e s, voeR,
R
which is the same as the classical Fourier transform on R.

1For locally compact groups, if any unitary representation can be decomposed uniquely into a
direct integral of irreducible unitary representations, the group is said to be Type I [2].
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For a locally compact group G with left Haar measure d(g), the convolution of
f1, f2 € LY(G,d(g)) is defined as

(76) (f1*c f2)(g /fl Vf2(htg)d(h), g¢€G.

An important property of the Fourier transforms over groups is that the group
convolution becomes operator composition in the Fourier space. More specifically,

(77) Falfixa f)(U) = Fa(f1)(U) Fa(f2)(U).

For two unitary representations Uy, Us of G, if there exists a unitary operator
V . Hy, — Hy,, such that Uy = VU, V~! for all x € G, then U; and Us are
called equivalent representations. The collection of all nonequivalent irreducible
representation classes of G is denoted by G and is called the dual of group G. The
collection of Fourier transforms {F(f)(\)} for all A € G is called the spectrum of the
function f. For a separable locally compact group of Type I, the Fourier synthesis
formula exists. More specifically, for uni-modular G,

(78) o) = | Trace (VO0) Fo(NE)) dri).

where du()) is the Plancherel measure of the dual group G.

APPENDIX B. M(2)-FOURIER TRANSFORM OF DISTRIBUTIONS

Let D(M(2)) and S(M(2)) denote the space of compactly supported smooth
and rapidly decreasing functions over M (2), respectively. The dual D'(M(2)) and
S'(M(2)) of D(M(2)) and S(M (2)) is called the space of distributions and tempered
distributions on M (2), respectively. Let v € §’'(M(2)) be a tempered distribution.
For ¢ € S(M(2)), the value of v(p) is denoted by (v, ) or fM(2)U(g)cp(g)d(g).
Then the M (2)-Fourier transform v of v is defined by

(79) (Fru)(v), @) = ©,8) = (v,¢).

Furthermore, if v is compactly supported then M (2)-Fourier transform of v can be
computed by its action on u ( ) 23, i.e.

(80) Tmn(N) = (v,ul(g71).

Let v1, vy € S(M(2)), one of which is compactly supported. Then the convolution
v1*p7(2) v2 of v1 and vy is a tempered distribution defined by either of the following
ways

(81) (v *arvy v2,0) = (va(h), (v2(9), ¢(hg)))
(82) = (v2(9), (v1(h),(hg))).

By (@) and (&), the M(N)-Fourier transform of the convolution vy *ps(n) v2 is
given as

(83) Fary (01 *a(ny V2)mn( szmk )01 kn ().
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APPENDIX C. ANGLE DEPENDENT EXPONENTIAL RADON TRANSFORM AND 180°
ACQUISITION

C.1. ANGLE DEPENDENT EXPONENTIAL RADON TRANSFORM. Our approach for
the exponential Radon transform inversion can be extended for the angle dependent
exponential Radon transform defined by

(84) T

() f(0,1) = f(x)o(x - 0 — t)eH®) “”'QLd:c,
R2

where (6) is the angle dependent attenuation, t € R, @ = (cos,sin0)” is a unit

vector on S with 6 € [0,27), and 8+ = (—sinf,cos@)”. Similar to the uniform

attenuation case, define the modified angle dependent exponential Radon transform
7,f(g) as follows:

(85)
’]Zf(Re, r1,72) = Ty f (9, —rl)e“w)”, ¥ = (cos @, —sin)”, ri,r5 € R.

Then the modified angle dependent exponential Radon transform can be expressed
as a convolution operation over M (2):

T, f(9) = Ty f(9, —r1)et )

= f(x)o(x -9+ Tl)e“(ﬂ) @0 +u(O)r2 g
RZ

= f(@®)d(Rox - e1 + rl)e”(ﬁ) Rom-eatpn(9)r2 g0
RZ

- f(2)d((Rox + ) - el)e“(’” (Roz+7)-e2 g,
R2

- % 0% R? F(@)3(0)6((Rom + 1) - eq )or(RoFe)Ten) (Rowr)e g g
= [ s
M(2)
(86) = (A*p2) [5)(9), 9= (Rg,m) € M(2),
where fs is given by
(87) fs(h) = f(@)d(d), h=(Rg,x) e M(2),

and A is the convolution filter which is given by
(88)A(h) = 6(x - e1)e"(Foer) ez — §(z . e1)er (D) Te2 | — (R, x) € M(2).

Note that, we use the short hand notation u(¢) for p(Ryeq).

Treating the projections and the convolution filter as tempered distributions (See
Appendix [B]), the modified angle dependent exponential Radon transform can be
expressed as a multiplication in the M (2)-Fourier transform domain, which can be
inverted using (&II).

C.2. EXPONENTIAL RADON TRANSFORM FOR THE HALF-SCAN PROBLEM. Deter-
mination of f given 7, f(0,t) for 6 € [0, ) for fixed p € C is known as the half-scan
problem, i.e. reconstruction from 180° acquisition [24] 25, 26]. The half-scan prob-
lem can be expressed as a deconvolution problem over M(2). To do so, we extend
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the projections by using the reflection property of the exponential Radon transform
as shown in [24] 25]. Let

(89) Tiso0 f(0,1) = { ZL?fIL(f_(z:t_);f)v Z E E)r,,;?r)

Since exponential Radon transform satisfies the identity

(90) T./(8.t) = T_.f(~6. 1),
Tis00 f can be expressed as the angle dependent exponential Radon transform of f
(91) Tisoo f(0,1) = T,.(0) f (0, 1),
where
o, 0€]0,m)
(92) uo)={ el
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