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1. Introduction

Diffuse Optical Tomography (DOT) in near infrared light is to determine the spatially resolved optical properties of a
turbid medium from boundary measurements. The propagation of light is modeled by the photon diffusion equation in the
frequency domain as follows [1]:

i
V. (kVP) + (ua+3>¢ —q in®, (1.1a)

c
® +2av- (kVP) =0 onas2, (1.1b)
where §2 is a Lipschitz domain in R",n = 2, ..., 042 is its boundary, c is the speed of light, g is the source term, w is the

angular frequency of the source g, v is the unit outward normal vector on the boundary, @ is the photon density function,

and jiq, M, and k = m are the absorption, reduced scattering, and diffusion coefficients, respectively. The constant a
a S

accounts for the refraction index mismatch at the boundary and we assume that a is a constant and «, (4, and p; are scalar

functions satisfying

0<L<k, e, a<U, (1.2)

for some positive constants L and U.
Note that there are various definitions of the diffusion coefficient « [2,3]. In this paper, we have followed the definition
in[1].
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For notational convenience, let

= (K, fta). (1.3)
Let us define coefficient-to-solution operator as
v(u) =ao. (1.4)

The inverse DOT problem is formulated as the inversion of the associated coefficient-to-measurement operator I", which
maps the coefficients of the diffusion equation u to the boundary measurements I" (i) = A(®) = A(¥(n)), where A(D)
can be either @ ;o (Born type) or log(® |5 )(Rytov type) [ 1]. Thus, for the given boundary measurement 7°, the inverse DOT
problem is to solve

I'(p) =71(®), (1.5)
or equivalently to solve the following minimization problem

min || I"'(n) — Tllg (1.6)

JLEA

for appropriate normed spaces + and 8. For the study of the unique determination of i, see [4-6].
Let 1 be an initial guess for w, then (1.5) is formally changed into

_ 0y _ y’¢,,0 l 7,0 2.
Y—Ir(p)=rI"(n )(8M)+2,F(u YO+, (1.7)

where Sy = u® — pwand I'’, I'", . . . are called the Fréchet derivatives of I".

Therefore, the inverse DOT problem is to find du by solving the nonlinear problem (1.7). Whereas, since (1.7) is
represented by ¥ — I'(u®) = I''(u®)(Sp) + O(||8,u||§8), by neglecting higher order terms, we have a linearized inverse
DOT problem to find a linear approximation 8" of § such that

T — I ) =I"w)Euh. (1.8)

Therefore, computing the Fréchet derivatives of the coefficient-to-measurement operator is an integral part for linearized
and nonlinear DOT imaging. And, by definition, the Fréchet derivative of the coefficient-to-measurement operator I” are
closely related with the Fréchet derivative of the coefficient-to-solution operator ¥, which will be addressed in detail in
Section 4.2. The first order Fréchet derivative is used in (1.8), and to solve the nonlinear problem (1.7), the analysis for the
higher order Fréchet derivatives are needed [7].

The following questions have to be addressed for the Eq. (1.7) to be meaningful:

e Do the Fréchet derivatives I'’, I'", I, ... (or ¥/, w", ¥ .. .) exist? And what is appropriate normed spaces for the
domain and codomain of I"(or ¥ ) for the Fréchet derivatives of I"(or ¥) exist?

e What are the conditions on §u for the series expansion in the right hand side of (1.7) to converge to the left hand side
of (1.7)?

e What is the approximation error between the finite series approximation of the right hand side of (1.7) and the left hand
side of (1.7)?

We address the above questions by showing that the mth order Fréchet derivative of ¥ is the same as m! times the mth
order term in the Born expansion. Note that the Born expansion is the representation of the perturbed photon density by
the unperturbed photon density and the perturbation in the optical coefficients.

To explain the Born expansion in detail, assume that p is perturbed into i with i = u + 8u, and 8« = 0 in some
neighborhood of 3£2. Let the solution of (1.1) for the optical coefficients 1t be @. Then, we get the following equations:

~ i ~ ~ ~
—V . ((kVP)+ (Ma + 3) S=q+V-(kVP) —Suuad in 2, (1.9a)
C

~ Gl
<D+2a/<8— =0 onds2. (1.9b)
v
The solution of (1.1), @, is represented by the following integral equation:
o(r) = / R(r, r)q(r)dr, (1.10)
2

where R is the Robin function. The detailed definition of the Robin function will be treated in Section 2. Likewise, the solution
of (1.1), @, is represented by the following equation:

o) = / R(r, gy + V - Sk (r)VD (1)) — Spa(r)@ ()1dr . (1.11)
2
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Using (1.10), (1.11), and by integration by parts, we obtain
B(r) — D(r) = (RD)(1), (1.12)
where

(R¥)() = REWY¥ (1) = (W) (1) + (R2¥)(1),

(RY)(1) = R1Bua)¥ (r) = —f Spa(rHR(r, T YW (rHdr',
2
(R () = Ry (8K)W (1) = —/ Sk (r'YVR(r, r )YV (r'dr'.
o)

Using (1.12) recursively, we obtain the formal Born expansion:

& =&+ RD
&+ RD + R2D

=P+ RO+ RD+--+ R"D + R D
=D+ RD+RD+---. (1.13)

The following questions have to be addressed for the Born expansion to be meaningful:

What is the precise definition of the Robin function, and how singular is the Robin function around the source point?
What are the conditions on the input function q for the Eq. (1.10) to be valid?

For a given ¥, is R™ defined for each m? What is the domain and codomain normed spaces (possibly Banach spaces) of
the operator R"¥?

e What are the conditions on du for the infinite order Born expansion (the last expansion in (1.13) to converge)?

e How large is the error between @ and the mth order Born approximation? How does that error depend on &, u and §u?

These questions will be addressed in Sections 2 and 3 and will be used to solve the questions for the Fréchet derivatives.
It is evident that the formal Taylor expansion in (1.7) and the Born expansion have the same structures, and the mth order
Fréchet derivatives of I" and the mth order terms in the Born expansion have the same order of magnitude O(||d(g). In
this paper, we solved the questions regarding the Fréchet derivatives by analyzing the corresponding questions in the Born
expansion stated above and then showing that the mth order Fréchet derivatives of ¥ are the same as m! times the mth
order terms in the Born expansion, as in the following main theorem of this paper:

Theorem 1.1. Let us define the coefficient-to-solution operator ¥ : G — B where normed space G and B are defined as follows:

G=1L%(R2) xL®(R), B=wW'"Q), (1.14a)
G=1%(2), B=W'"(Q), whensu,=0, (1.14b)
G=L%(R2), B=IP(2),17(2). W3 (), or W)ix(2), whensk =0, (1.14c¢)

where the definition of the normed spaces will be given in Section 2. Then, the mth order Fréchet derivatives of W is contained in
BL(G™, B), or the space of the bounded linear operators from G™ to B, and are given by

mw .

o =mR"D, (1.15a)
22
omy

Ma K

Even though the first order approximation of the Born expansion is widely used in the heuristic derivation of the first
order Fréchet derivative (which was mentioned in [8]) in DOT, there are no studies regarding the derivation of Fréchet
derivative as bounded linear operator between appropriate normed spaces in DOT [8,9], as far as we know. Thus, the present
paper is the first paper deriving the mth order Fréchet derivative using the systematic study about the relationship between
the Fréchet derivatives and the Born expansion.

A number of studies on the derivation of the Fréchet derivatives have been reported in inverse acoustic scattering
problem [10-13] and in electrical impedance tomography [14,15]. In these studies, Fréchet derivatives are either given
by the solution of partial differential equations using weak formulation [10,11,14,12] or by the solution of integral equation
systems [15,13]. Although these studies, for example [10], are potentially applicable to DOT, most researchers in DOT use
the perturbation method and the first order Born approximation to approximate the first order Fréchet derivative [1]. The
heuristic derivation of the first order Fréchet derivative is straightforward; however, the higher order terms in the Born
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expansion are usually discarded regardless of the relative magnitude of the higher order terms with respect to the first
order terms. Ye et al. [9] derived the Fréchet derivative of the coefficient-to-measurement operator using the perturbation
method without using the first order Born approximation. However, in that work, the Robin function is assumed to be H'
bounded, which is not valid. In contrast, in our work, we showed and used the argument that the convolution of the Robin
function and any H' function is H! bounded [16,17]. Dierkes et al. [8] derived the first order Fréchet derivative for DOT,
where a Dirichlet boundary problem with zero source is considered for the derivation, which is different from the model
used in this paper.

The approach in this paper used in the derivation of the Fréchet derivatives differs from the approaches mentioned
above [1,10,8,11,14,15,12,13,9]. We showed that the mth order Fréchet derivative is equal to the mth order term in the
Born expansion up to constant multiples, whereas other approaches [10,8,11,14,15,12,13] do not provide any higher order
derivatives. The approach using Born expansion for the derivation of the Fréchet derivative has several advantages over the
previous approaches. First, the computation of the mth order Fréchet derivative is easier than the previous approaches, since
we showed that the derivative is equal to m! times the mth term in the Born expansion (1.15). Although Born expansion is
well known in quantum and acoustic scattering and DOT [10,18-21,7,22-24], to the best of our knowledge, there has not
been a study to relate the higher order Fréchet derivatives to the terms in Born expansion. Second, the recursive structure
of the Born expansion makes it possible to bound the mth order Fréchet derivative in a variety of normed spaces by the mth
multiple of the upper bound of the first order Fréchet derivative. Third, by using the relation between Fréchet derivatives
and Born expansion, we can show that the inclusion of the higher order Fréchet derivatives improves the resolution of the
reconstructed optical coefficients of DOT [7] and the upper bounds of the higher order Fréchet derivatives can be utilized in
the convergence of the numerical DOT reconstruction algorithms [25] (See Section 4.3).

Studies on Born expansion were developed in the area of quantum scattering [26-31]. The analysis, in this paper, for
the validity of the Born expansion and the error in the Born expansion differs from the analysis in quantum and acoustic
scattering [10,26,18-22,29-31,23,24] in the following aspects. First, in these studies, the scattered wave is considered to be
in an unbounded domain with spatially constant background properties of interest. Thus, the associated Green’s function
is explicitly known. However, we consider the Robin boundary condition for arbitrarily bounded domains and spatially
varying background optical coefficients. Therefore, the existence, singularities, and other properties of the Robin function
are not known a priori. Although the Green's function of the diffusion equation in specific geometries with specific optical
coefficients is known analytically [32,7,33,34], to the best of our knowledge, studies on the existence and singularities of
the Robin function for arbitrary geometries in which the Robin function is not known analytically have not been reported.
Thus, we studied the properties about singularity of the Robin function using [16,17], based on the definition of the Robin
function given in [35]. Second, in quantum and acoustic scattering theory, only the perturbation in the refractive index,
which corresponds to the absorption coefficient in DOT, has been considered. In this work, we consider the perturbation
with respect to both the absorption and reduced scattering coefficients. We note that the analysis of the Born expansion
for the reduced scattering coefficient requires more sophisticated mathematical machinery as compared to the analysis
of the Born expansion for the absorption coefficient. This complication results from the presence of the gradients of the
Robin function and the unperturbed photon density in the Born expansion for the reduced scattering coefficient. Third, we
establish a relationship between the Born expansion and the Fréchet derivatives of the coefficient-to-solution operator.

The rest of our paper is organized as follows: In Section 2, we provide a mathematical formulation of DOT. The definition,
existence, and singular properties of the Robin function are given in Section 3. The validity of the Born expansion and
the error analysis due to the mth order Born approximation is given in Section 4. In Section 5, we show that the Fréchet
derivatives of the coefficient-to-solution operator are given by the terms in the Born expansion. Section 6 summarizes our
results to make a conclusion. The paper concludes with two appendices providing proofs for Lemmas 2.2 and 3.6.

2. The Robin function

To explain the definition of the Robin function, we will introduce Sobolev spaces and weighted Sobolev spaces. To simplify
our notation, for the rest of this paper, we will drop §2 from the definition of the function spaces. For example, we will use
L' instead of L' (£2) for integrable functions on £2. Let us define multi-index 8 = (81, B2, ..., B, |1Bl = B1+ B2+ -+ B,

B, _ 318l Lo .
and D¢ = iy oPary aPmn for nonnegative integers 8;,i=1,...,n.

The Sobolev spaces and associated norms is as follows [36]:

1/p
ro= {¢eL1|||¢||Lp - (/ |¢|"> soo},
2
k 1/p
WP = 2o e IP| | @llykr = (Z Z HD%HZ) <ooy,
=0 ifi=t

wherek =1,2,...,p > 1and
* = {pel'llpll~ =suplp| < oo},
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It is well known that W*P and W*> are Banach spaces and W*® < wkP ¢ W*? ¢ wk!forp > q > 1, since £ is
bounded. WP := [P is called the Lebesgue space. In particular, W*? is a Hilbert space and denoted by W*? = H*. H¥ is
defined for noninteger and nonpositive values, such as H='(£2) or H/?(32). For the precise definition, see [36].

The weighted Sobolev spaces Wr’;?j and W5 forry € £2, a real number «, and the associated norms are given by:

ro,log’
Wrss = 0118l = max max [Ir = o™ D"l < ool (2.162)
¢ ()
= o =max| max |— N <0y, 2.16b
Yro.log {¢| ||¢||er0_log (i—] AAAAA n || or; ero_r},oo log(2d/| - —ro|) ||} ( )

where d is the maximum distance between two points contained in £2. ero'fj and eroﬁgg are also Banach spaces. For details
about the weighted Sobolev spaces, see [37]. ' '
The followings hold for the Sobolev and weighted Sobolev spaces defined above:

k, k,
Wh C WET,
k, k, .
whkee g wh!,ifa —k <0,
whe cwhe c wh', ifa —k > 0,
whkoe = wkeo ' ifg — k> n
0>
fork=0,1,2,....
Let us define the partial differential operators M and & on H'(£2) and H'/?(8£2), respectively, as follows:
iw

sz—v.wva+0%+?)w forw € H'(£2), (2.17a)
Ny =¥ +2av- ,Vy) fory € H/2(982). (2.17b)

Then, (1.1) is represented by

MP =q in$2, (2.18a)
N® =0 inds2. (2.18b)

If there is a need to stress the operators dependence on a special position r, a singular point for example, we will use the
notation M, and ., instead of M and .V, respectively.

The source term q in (1.1) can be any distribution function by which the solution of (1.1) is meaningful. In this paper,
we will cover the general case of g containing two important cases (i) ¢ € H~!, and (ii) q is a Dirac delta function,
ie.q = 8(- — 1), r® € .Itis well known that if g € H™', then there is a unique weak solution ® € H! satisfying
(1.1) [38]. The solution @ of (1.1) when q = §(- — r°) is called the Robin function denoted by R(:, rg). The Dirac delta
function is not contained in H™', since it is contained in H® if and only if s < —g by [39]. Thus, we cannot conclude that
the Robin function is contained in H'. Rigorous definitions of the Dirac delta function and the Robin function requires use of
distribution theory [40,41]. To avoid technicalities involved in distribution theory, we shall follow the concepts in [35] and
use Levi functions to develop a rigorous definition of the Robin function.

The solution of (2.17a) when q(-) = 8(- — r°) is called the Green, Neumann, or Robin function, depending on whether
the operator N is &, K%%, or (2.17b), respectively. Sometimes the Green, Neumann, and Robin functions are simply called
the Green function without any regard to the boundary conditions. In this paper, however, we will use the term “Robin
function”.

First, we introduce the following function H which is associated with the definition of Levi functions and the Robin
function.

1
(n = 2)wnk (1)
1

r=r"™" n=3,

2d , (2.19)
n=»42,
r=r]

wherer, 1’ € R", w, is the hypersurface area of the unit sphere in R", and d = sup,1 2., |r' — r?|. The function H satisfies

H(r,r') =

ke (1)

V, - (k(@)VH@, ) =0 forre 2\ {r'}. (2.20)
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2.1. The properties of the function H

In this subsection, the properties of the function H is presented using the Sobolev and weighted Sobolev spaces. And this
properties will be used in the derivation of the Robin function in the next subsection.

Noting that H(r’, -) has singularities only at r’ with order O(| - —r'|>~™), we get the following properties of the function
H(,1'):

H(, 1) € CP@®R"\ {r'}), (2.21a)
n
H(-,r') e W' ifandonlyif1 <p < ———, 2.21b
¢.1m) Vitl=p < —— ( )
2v —
HC, 1) eWss, n=3.4,..., (2.21¢)
2v j—
HC,r) e WD, n=2, (2.21d)
OH(-,r") OH(r, - .
( ), ( )ew‘}‘;", i=1,...,n, (2.21e)
Brl- ari r
O2H(-, 1) 3%H(r, -
(.r) ) S, Lj=1,...,n (2.21f)
or;0r; or;or; T
(2.21b) can be written in more detail as follows:
H(, ") eI” ifandonlyif1 <p < cowhenn =2, (2.22a)
H(,r) e W' ifandonlyif1 <p < 2whenn = 2, (2.22b)
H(-,r) eI” ifandonlyif1 <p < 3whenn=3, (2.22¢)
3
H(-,r') e W' ifandonlyif1 <p < 3 whenn = 3, (2.22d)
H(, 1) dW?P forn=2,3,.... (2.22e)
(2.21¢)-(2.21f) is proved by the following computations:
1
H(.,r oo, [[H(T, - o < —————— 2.23a
IH( )IIWE2 IH( )”Wf’,z max(1.n — 2ol ( )
OH(-, 1) 1
< i (2.23b)
8r,~ WrO/o]o w,,L
ZH(-, 1) n
e < , (2.23¢)
or;or; Wrg.cao wnl
foralli,j =1, ..., n.For(2.23a), the assumption (1.2) is used. If L < |ag—ﬁir)| < U is assumed along with (1.2), then
OH(', - ) 1
(U <(1+ L (2.24)
or; woe max(1,n —2)L ) w,L
1
and further, if L < | a;r%(:_) | < U is assumed along with the above conditions, then
i0Tj
?H(', ) 20 3U%\ n
Ty \n+—4+—]1—. (2.25)
8rf3rj WO/.oo L 12 a)nL

2.2. Levi function and Robin function

In this subsection, we provide precise definitions of the Robin function and investigate the properties of the Robin
function. To do that, the definitions and properties of the Levi function will be introduced following the approaches
in [35].

Definition 2.1 (Levi Function). A function L(r, '), r, ' € 2 is called a Levi function if L(-, ') € C?(£2 \ {r'}), and L(-, ") —

H(-,1") € Wrz,’_gj_)\ for some constant A > 0, where A is the order of the Levi function.
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Note that H(r, ) is a Levi function and H(r’, r) is also a Levi function of order 1if «x € W2, Thus, if L(r, r’) is a Levi
function of order A, then L(r’, r) a Levi function of order min(A, 1). Before introducing the properties of the Levi function in
the following lemmas, let us state some known results.

LetK(r,-) € Wo® « > 0and

r,oa

u(r) = f K(r, /) (r)dr (2.26)
2

If K is a Levi function, then @ < 2 forn > 3and o < 2 forn = 2, and if K is a derivative of a Levi function, « < 1. However,
if K is a second derivative of a Levi function, we must choose @ < 0 and hence cannot use (2.27).
Then the following facts are known [17]:

e There exists a constant C; = Cq(«, p, q) such that:
n n
lulle < Ci(a, p, @) sup IK(, )l oo l@llp for0 <o < - <a+-. (2.27)
re2 re p q
e The maximum value of q in (2.27) is taken as follows :
n
lull w < Ci(a,p)sup [[K(, )00 ¢l forp < —, (2.28a)
Ln=ep rew ro o
~ n
ull » < Gi(e)d® sup [K(r, )l o Nl forp=—, (2.28b)
ref2 r.a—e (o4
where € is some constant between 0 and «, C{(«, p) = C; (a p, = ap) and a () = Ci(x — ¢, 3 g).
e We also have the following inequality:
n
lullco < Ga(p) sup [IK(r, )l 0.00 l¢llp,  forp > —, (2.29)
re .o o

where C,(p) is a constant depending on p.

e WhenK = ,;’r;' , there exists a constant Cs [16] such that:

G
lullp < I - (2.30)

By summing up the results (2.27)-(2.29), the integral operator defined in (2.26) is a bounded linear operator from W !?
into W1,

Although the constants in this paper may depend on n, we will neglect this dependence on n unless it is needed. Using
(2.27) and (2.30), we obtain the following lemma about the properties of the Levi function.

Lemma 2.2. Let L(-, 1’) be a Levi function of order A > 0 and assume k € C%* and 92 € CV*. Let y € IP, wherep > 1and
define v as

v(r) :f L(r, Ty (rdr'. (2.31)
2

Then, 3”_ ,wherei = 1, ..., nare absolutely continuous on one-dimensional line parallel to the r;-axis,

and the following bounds hold.

'z)rar Lpl]_l

. (n
vl <G (mm (a 2) ,p,p) sup [IL(r, )l oo Y1l 1 =3, (2.32a)
D ref2 r.2
. 2
lvllp <G (mln (5’ 2) —€,p, p) sup ||L(r, -)IIWo.zoo Wl n=2,0<e <2, (2.32b)
re T,
v . (n L', ) .
— <Ci|{min{—-,1),p,p ) sup Pl i=1,...,n, (2.32¢)
i || p r'eQ ar; ngz"
v e (0, p, D) Fa-ma,) + + Wiy ij=1 (2.32d)
, P, D) Su — ,]=1,...,n, .
o || — 14 PP r/eg or;or; r J
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where Cy and G, are introduced in (2.27) and (2.29), respectively. Furthermore, the following equations hold:

v oL
Wy = / O ey yar, (2.332)
Bri I?) Bri
3%v 1 _ %L e
3ri3Tj(r) - _T(T)I//(r) * Gh—% 2\Be) 3ri3rj(r7 e, (2.330)
Mev(r) = — () + / ML, T () (2.330)
2
If v e WP, then
v(r) = / V(I YMyL(r, 1) — Mu()L(r, rdr’ + / (Nv(@L(r, ") — v )NL(r, r)dS (). (2.34)
2 92

Proof. See AppendixA. O

Definition 2.3 (Robin Function). A Levi function R of order A > 0, which is a solution of the equations
MR(r,7)=0 forre 2\ ({r}, (2.35a)
NR(r,7)=0 forre a2\ {r}, (2.35b)
is called a Robin function. Note that .M, and .V, are the complex conjugate operators for M, and .V, respectively.

A few existence theorems of Robin functions can be found in Section 19 and Section 22 in [35]. For the rest of the paper,
we assumed that the Robin function exists for §2, «, and 14,. Note that if the Robin function exists, it is unique. A Levi function
which satisfies (2.35a) but not necessarily (2.35b) is called a fundamental solution. If « € C>* and q € C%*, there exists a
fundamental solution for M in £2 by Theorem 19.VIII and Section 22 in [35]. However, even though fundamental solutions
exists, these solutions are not unique. For example, H is a fundamental solution for (1.1) when u, = 0, w = 0, and 6k = 0.

The properties of the Robin function is presented in the next Lemma 2.4.

Lemma 2.4. Let R(-, r’) be a Robin function of order . > 0,k € C®* and 0§2 € C'*. Let € IP, where p > 1 and v be given
by

v(r) = / R(r, )y (r"dr'. (2.36)
7

Then (2.32)-(2.34) hold, replacing the Levi function L with the Robin function R. Furthermore, we get the following equations for
v with the Robin function as the kernel:

Mv(r) = =y (1), (2.37a)
v(r) = —f R(r, rYMo()Hdr’ +/ R(r,rYNv(r)dS("), if v e WP, (2.37b)
2 2
v(r) = / R(r,r)q(rdr’, if v satisfies (2.18) and q € I?, (2.37¢)
2
R(r,r") =R(@", ). (2.37d)

Proof. (2.32),(2.33),and (2.34) hold because a Robin function is also a Levi function. (2.37a) is derived by using the definition
of the Robin function and (2.33c). Using (2.34), we derive (2.37b) and (2.37c). (2.37d) is induced from the fact that the adjoint
operator of M is the complex conjugate of M and Theorem 10.Iin [35]. O

3. Born expansion

In this section, we define Born expansion in the normed spaces introduced in Section 2.1, and discuss the validity of Born
expansion and compute the error between the infinite order Born expansion and the finite order Born approximation using
the inequalities developed in Section 2.2. In Section 3.1, we will analyze the Born expansion when both the absorption(t,)
and the diffusion(x ) coefficients are perturbed. In Section 3.2., we analyzed the Born expansion when the diffusion coefficient
is fixed and only the absorption coefficient is perturbed. _

Note that in the derivation of (1.12), (2.37c) was used. Thus (1.12) holds when & e I”, since H! C I? and the Robin
function is contained in [P forallp > 1,(n=2)and 1 <p < n%, (n > 3).(1.12) holds at least for the Robin function and

the H! functions.
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The formal expansion (1.13) exists only if R¥®, where k = 1, ..., m is defined. We provide the following definition
related to the definition of R¥®, where k = 1, ..., m.

Definition 3.1 (mth Order Representation, Infinite Order Representation with Index M). The integral operator (R is called to
have an mth order representation

Bo — B — By —> B3 — --- — Bp,. (3.38)

if there are normed spaces By, where k = 0, 1, ..., m such that R(By_1) C Biforallk = 1, ..., m. And the operator R is
called to have an infinite order representation with an index M

Bp—>By—>B, —>B3—>---—By—>By—---, (3.39)

if there are M + 1 normed spaces By, By, ..., By such that R(By_1) C By forallk =1, ..., M.
If R has mth order representation, we define E™"® and F" & as follows:

" =@ + RO+ R°P+---+ R"'d + R"D, (3.40a)

F"¢ =& + RO + R°D +---+ R"'d + R"D. (3.40b)
If the operator R has mth order representation, then

E'=F=...=E", E"®=20. (3.41)
by (1.13). If R has infinite order representation with an index M, then (3.41) holds for all m > 1. If we define E*® as

E°® =@ 1 oM 4 @ ... 4 =D 4 pm 4 . (3.42)
then E*°® € By, and we can easily show that

E*=EFE'=...=F"=... E*® = . (3.43)

Further3.2more, if the operator R has an infinite order representation, we have the following proposition:

Proposition 3.2. Assume that the operator R has an infinite order representation with an index M. If {F"®}p—m m+1....
converges, the limit is E*°® € By. The necessary and sufficient condition for F"®, m = M, M + 1, ... to converge to E*°® is

. k5 _
lim R, =0 (3.44)

The sufficient condition for (3.44) is
||=R||BM—>BM <1 (3.45)

Proof. Since E°® —F"® = E™Hp —Fp = M1, (3.44) is the necessary and sufficient condition for F" @ to converge
to E*°®.If || R |5, -5, < 1.then

| =],

IA

| = R,

(P

A

IRy —5, [ R @], — 0ask— co. O (3.46)

Definition 3.3 (mth Order Born Approximation, (mth Order, Infinite Order) Born Expansion). If R has an mth order
representation, E™ @ and F™ @ defined in (3.40) are called the mth order Born approximation and mth order Born expansion,
respectively. If R has an infinite order representation, E*°@® defined in (3.42) is an infinite order Born expansion. Since
E"® = E*®, m > 1by(3.43), E* and E™ are just called Born expansion without any discrimination of orders.

Using Proposition 3.2, we investigate the following three questions about Born expansion and Born approximation, which
corresponds to the questions raised in the introduction:

e When does the infinite order Born expansion E* exist? In other words, is there an infinite order representation with an
index M for the operator R such that

Bo—>B —>B,—>B3—>---—>By—>By—---

asin (3.39).

e Assume that there exists an infinite order representation with an index M (3.47) for the operator (R. By Proposition 3.2,
(3.44) and (3.45) are the equivalent condition and the sufficient condition, respectively, for the Born approximations F™
converge to the Born expansion E*. Then, what are the conditions on §u for the operator R to satisfy (3.45)?

, (3.47)
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e Assume that F™ converges to E*. Then, what is the error between F™ and E*°? In other words, what is the norm bound
of @D = E> — F™7

Although it is possible to compute the error of the Born approximation when E* does not exist or F™ does not converge
to E°°, we will only treat the case when E* exists and F™ converges to E*. In the following subsections, we first relate R
with infinite order representation, then we argue about the condition on the optical coefficients for the norm of R to be less
than 1. Finally, we compute the error in the mth order Born approximation and the Born expansion.

3.1. The Born expansion when both the diffusion and absorption coefficients are perturbed

In this subsection, we treat the Born expansion when both the diffusion and absorption coefficients are perturbed. By
Proposition 3.2, we need to define the operator R recursively to define Born expansion, which requires the behavior of
V R near the singular point. The kernel of the integral operator VR is the derivative of Robin function, which is a weakly
singular kernel contained in Wr(:] °1° However, the kernel of VR, is the second derivative of the Robin function, which is
classified to hyper singular kernel and the inter integral operator with hyper singular kernel is not necessarily integrable.
Note that the treatment of the integral operator with hyper singular kernels is more difficult as compared to the treatment
of the integral operator with weak singular kernels [42].

To do a quantitative analysis, let us define the following bounds for the Robin function:

S(n) = sup [R(r, )l 100, 1> 3, (3.48a)
re2 r2

S(n) = sup [R(r, )l 10, N =2, (3.48b)
ref2 r.log

T(n) == sup [[(R— H)(r, )l ,2.00 - (3.48¢)
re2 r.2

Lemma 3.4. R, and R, are bounded with respect to the WP norm:

IR wrpowrr < Callditallieo (3.49a)
I R2Mwrp—wrr < Cs I8kl (3.49b)
where
. n . n
C4 = S(n) max (C1 (mm <7, 2) , D, p) , Cq (mm <7, 1) , D, p)) , n>3, (3.50a)
p p
(2
C4 = S(n) max <C1(2 —€,p,p),C (mm (*, 1) , D, p)) , n=2,0<e€ <2, (3.50b)
p
. (n Gn®> n
Cs = Cy(min 0’ 1),p,pSM) + Ci(A, p,pT()  + [ + T (3.50c)
Proof. Let v € WP, then by (2.32a)-(2.32c),
/ R(r, r)8ua(r")y (r)dr'| < Ci(min(n/p, 2), p, p) IR(r, w18 ptalloe 1Y llp, n >3, (3.51a)
2 »
/ R(r, 1)8ua )y (rHdr'| < C1(2/p —€,p,p) IR(r, Ml 18ptallioe ¥ llp, n=2,0<e <2, (3.51b)
2 »
8R(r, r/) / / / . 8R(r, ) .
—— (MY (r)dr| < Ci(min(n/p, 1), p, p) lépallieo 1Y, i=1,...,n (3.51¢)
Q 8ri P ari P
(3.49a) is derived from (3.51) by defining C4 as in (3.50a) and (3.50b). Using (2.32c¢), (2.32d), and (2.37d), we obtain
OR(r, 1’ Y (' AR(r, v (r’
/ 1) i Ol / 0 520 g
o o ory » e or or; »
) oR(r, -) )
< Gi(min(n/p, 1), p, p) ™ 8rclloe ¥ llwip, n=3,i=1,...,n, (3.52a)
1 p
oR(r, 1’ Low(r
‘/ ( : )ak(r) 1//(, )dr/
o 01 ar; »
=G@/p—¢€,p, D) IRT, I 18c e [¥lwie, n=2,0<e<2,i=1,2, (3.52b)
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2 2
/ IR sy (e / IRCT) sty ('
2 2

P

ar{or; or;or;

LP

(n Gn® n
< N18xcllpoo 1Yl - <C1 (mm (E 1) , D P) S(m) + G (A, p,p)T(n) + 3T + Z) . (3.52¢)

Using (3.52) and defining Cs as in (3.50c), we obtain (3.49b). O

Using Lemma 3.4, we state and prove the following results about Born expansion and Born approximation when both
the absorption and reduced scattering coefficients are perturbed.

Theorem 3.5. The integral operator R has an infinite order representation with the index M = 1 as follows:

W — wh? - wh? — ... (3.53)
If

Calldpalloe + Gs 18k ]loe < 1 (3.54)

holds, then E* & exists for the representation given in (3.53) and the mth order Born approximation F™ & converges to E*® for
& e WP, Furthermore, the error between @ = E®® and F™~'® is given as follows:

|& — F™"®||,1, < (CallSialloo + Cs 16k 11o)™ | @ |y - (3.55)

Proof. From (3.49), we can derive

IRIwrrowir < Calldptallie + Cs 18k llpeo - (3.56)

Hence (3.53) holds, and (3.54) is the sufficient condition for the existence of E> by Proposition 4.2. (3.55) holds using (3.56)
and the following inequality:

& —F"lp =™ = g"p. 0O (3.57)

3.2. Born expansion when only the absorption coefficient is perturbed

In this subsection, we will study the Born expansion and the Born approximation when dk = 0 and §u, # 0. Since
R = Rqdue to k = 0, we do not need to treat the second or first derivatives of the Robin function as the kernel of the
integral operator R. That is to say, we do not need to handle integral operators with hyper singular kernel.

Before analyzing the Born expansion in the normed spaces in I?, where p > 1,L®, W7 V(n = 2),and W, 2 T(n > 3)

. . r .log
forrg € £2, we first state some inequalities:

Lemma 3.6. Let 0 < oy, 0 < nandr', r? € 2, then

(i) / log(2d/|r! — r'dr’ < (log(2) + V)w,d, n =2, (3.58a)
o]
(ii) / Ir' =1 < wp—, (3.58b)
a1
(iii) / log2d/|r' —r'|) log(2d/|r? — r')dr’ < Cewrd?, n =2, (3.58¢)
2
(iv) f Ir' = — T, < G, ag)wa|r! — PP U if o 4y <, (3.58d)
2
< Gy(ar, ap)wy log(2d/|r' —r?|) if oy + o =, (3.58¢)
< Gla, a)wpd* ™2™ if oy +ay > 1, (3.58f)
/ [r! — |17 log(2d/|r — r?)dr’ < Co(ay)wnd™, (3.58g)
2

where
1
G < Z(G(logZ)2 + 2log2log3+1log3 —log2—1) < 1,

e a 3n—max(a1,u2) 1 1
C7(Ol1,062)=2 et — + —
n—op —oy o (05
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1 1
Gs(ai, ap) = |3Mmax@no2) 4 + i
ailog2  azlog2

c log4 log4+1 log6+ ;-
9(051) o 2% n2%1 o1 '

Proof. See AppendixB. O

To do a quantitative analysis, let us define the following bounds for the Robin function

Um) = sup|R(, )l 00, n>3, (3.59a)
ref2 r.2

Um) = sup|R(, )l 00, n=2, (3.59b)
re2 r,log

U(n, €) == sup [R(r, )l oo , N>3,0<e <2 (3.59¢)
reQ r2-e

With the aid of Lemma 3.6, we are able to state and prove the following inequalities for the integral operator R;.

Lemma 3.7. We have the following norm bounds for the integral operator R1:

. . n

O IRl <G <mm (5’ 2) ,p,p> U 18pallp, n=3, (3.60a)
.. 2

(1) [R1llppp = G » €0, p ) UM I8pkallis, n=2,0<e <2, (3.60b)
(i) [|R1ll oo oo < CrownU (M) I8 1kqlloe (3.60c)
W) 1Rl oo < G2, 200U (M) [Sptallag 1 =3.5.6,...., (3.60d)
W) I Rillyo00 o < G2, DwaU@) [8ptallog 1 =4, (3.60e)
WD) [ R1lyoc_yooe < Co 1082020 (2) 9ptallog 1 =2. (3.60f)

where the constant Cyq is given by
Cio = (log2+ 1d, n=2, (3.61a)
d2
Cio = 5, n>3. (361b)

Proof. (3.60a) and (3.60c) result from (2.32a) and (2.32b), respectively. (3.60c) is derived from (3.58a) for two dimensions,
and (3.58b) for n dimensions (n > 3) with @y = 2. (3.60d) is obtained from (3.58d), (3.58f), and by using |r; — ;| < d for
allry, r, € £2. Similarly, (3.60e) and (3.60d) are derived from (3.58e) and (3.58g), respectively. O

By using Lemma 3.7, we give the following theorem about Born expansion and Born approximation :

Theorem 3.8. The integral operator R = R has the following infinite order representation with an index M = 1 such that

P>IP P>, p>1, (3.62a)
[® > [®° 5 [® 5 [®° ... (3.62b)
Wps® = W = Wes® — o, n=3, (3.62¢)
Wioe = Wiies = Wiiee = Wioe — ... n=2. (3.62d)

Let us define a constant C;; = Cq1(B) depending on the normed space B =L (p > 1), L*°, W3'2°°, or w:{ig; as follows:

n
C; (min (,2>,p,p> Un), ifB=IPandn >3,
p
2 ‘
G (f—e,p,p> u@), ifB=1"n=2
_ _ p
1 =Cn® =1 cwUm), ifB=1%,
C1(2, 2)wpU (1), if B=W/ 5 andn=3,5,6,...,
Cs(2, 2)waU(4), if B=W,5*andn =4,
Cslog2a,U(2), if B= Wro“lfj‘; andn = 2,
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where 0 < € < 2 andr € 2. If the following condition

181eall o < (3.63)

L
Cii(B)

holds, then E*® exists for each representation given in (3.62) and the mth order Born approximation F™® converges to E*°®
for @ € B. Furthermore, the error between @ = E®® and F™~'® is given by:

|@ = F" "o |, < (€11 B) I8pallo)™ |2 ;- (3.64)

The proof of Theorem 3.8 is obtained by Proposition 3.2 and Lemma 3.7, which is similar to the proof of Theorem 3.5. In
Theorems 3.5 and 3.8, the same normed space is used for the infinite order representations with indices M = 1. However,
the following theorem is another kind of infinite order representation for the operator R with an index M # 1.

Theorem 3.9. The operator R has the following infinite order representations with indices M > 2 and By, = C°, where C° is the
normed space of continuous functions having the norm ||-||;c:

555> ..., forn=2,3,4,..., (3.65a)
n n n n
[% > [260 ... > [V 5 e 55— ..., for1<p= T and k is a positive integer, (3.65b)
k
[P —> L% —> v > [T —> (0 > 0 —5 ...
n—2p n . e
forl= >0,1<p# 2% and k is a positive integer, (3.65¢)
k
WoS > WY — o> W, > W, > O > —> o forn=2,46,..., (3.65d)
WoS = Wy = o> WY > - ., forn=3,57 ... (3.65€)
Let the normed space B =L, [’(p > 1), W,(:)'zo(n > 3), Wr?)"cfsg(n = 2). If the condition
18 12al : (3.66)
o0 < ———— .
Hallt CrownU(n)

holds, then E* & exists for each representation given in (3.65), and F™ ® converges to E*® for @ € B.

Proof. From (3.58a), (3.58b), (2.29), and using L* C [? for all p > 1, we get the sequence of function spaces (3.65a).
From (2.28) and (2.29), we obtain (3.65b) and (3.65c). From (3.58¢)-(3.58g), (3.65d) and (3.65e) are derived. The sufficient
condition (3.66) results from (3.60c). O

Thus, by Theorems 3.8 and 3.9, we have answered the three questions related to the Born expansion and the Born
approximation when §x = 0.

Let us investigate conditions (3.63) and (3.66) in more detail. g, G;(2, 2)(n = 3,5, 6, ...), Gs(2, 2)(n = 4), and Cyg can
be estimated by

G <1, (3.67a)
3n72

c7(2,2)52"4[ 4+1] n=3,56,7,..., (3.67Db)
1

(s(2,2) <94+ —— <11, n=4, (3.67¢)

log 2
Cio<17d, n=2, (367d)
dZ
Cio < 5 n> 3. (3.67e)

If we neglect the lower order term R — H, then the approximation of U(n) is as follows:

U(n) ~ sup |r — ro| " ?|H(r,ro)| < ————, n>3, (3.68)
reQ (n—2)w,L
1
U(n) ~ sup [H(r, ro)|/ log(|r — rol/2d) < , n=2. (3.69)
ref2 a)nL
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Using (3.67) and (3.68), the conditions (3.63) and (3.66) for the mth order Born approximation to converge to the Born
expansion can be changed as follows :

16 palljo0 < 174" n = 2 for (3.62b) and (3.65),
2(n—2)L
16pallpee < —E n > 3 for (3.62b) and (3.65),
n—2)(n—4)L
Idpalliee < = TEE— n=3,5,6,..., for (3.62c),
2L
I8pallpee < T "= 4 for (3.62c),
L

Note that all the condition in (3.70) depend on L, which is the lower bound of . Given the bound of Cy, a similar analysis
can be obtained for the representation of the Born expansion in (3.62a).

4. The Fréchet derivatives

In this section, we derive the Fréchet derivatives of the coefficient-to-solution and the coefficient-to-measurement
operators in Sections 4.1 and 4.2, respectively. In Section 4.3, we will argue some applications of the Fréchet derivative to
DOT imaging. We consider the cases where the Born expansion has the infinite order representation with an index M = 1
such that

B—-B—B—---, (471)

where B = WP when both the diffusion and absorption coefficients are perturbed (Theorem 3.5) and B = [P, L*®, Wg’zoo,
or W when 8k = 0 (Theorem 3.8).

r,lo
We fgirst state the definition of the Fréchet derivative for operators defined on Banach spaces.
Let B; and B, be Banach spaces and BL(B1, B,) be the Banach space of the bounded linear operators from B; to B, with a

norm of

1Qllg,
neb\jo) ll1allg,

Q15,8 = , Q € BL(By, By). (4.72)

Definition 4.1 (The (First Order) Fréchet Derivative). Let S be an open set contained in B; and P : S C B; — B, be an
operator from S into B,. Then, P is considered to be Fréchet differentiable for . € S, if there is a continuous linear operator
Q : By — B such that

IP(e +38p) — P() — QBu)llg,
8ullp, =0 ||8u||31

=0. (4.73)

The linear operator Q is called the first order Fréchet derivative of P and denoted by P’(u).

Before moving to the mth order Fréchet derivative, we will introduce the second order Fréchet derivative to familiarize
the reader with the idea of higher order derivatives.

Definition 4.2 (The Second Order Fréchet Derivative). Let P'(it) : B — B, be the Fréchet derivative of P : S C By — B at
i € S.ThenP’' : S C By — BL(By, By). If P’ is Fréchet differentiable at i, we denote it by

P”(u) : By — BL(By, By). (4.74)

And P” () is called the second order Fréchet derivative or Hessian of P at ;# € S. The operator P” is defined asP” : S —
BL(By, BL(B1, By)).

Let us denote that BL(B™, B,) = BL(B1, BL(B™!, B,)), where m = 2, 3, 4, ... and

BL(B}, B,) = BL(By, B). Then P” is defined as an operator from S C By to BL(B?, BL(By, By)).

Definition 4.3 (The mth Order Fréchet Derivative). Higher order Fréchet derivatives are defined recursively form = 3, ... by
P™ (1) : By — BL(BT"", B,) such that

[P0 (o + 8p) = P () = P ()1 gy g1 g,
=0

lim (4.75)
I14ll, 0 8 ellg,
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We can also view P™(u) as a mapping from BT' (the Cartesian product of B; with itself m times) to B,. Let us
denote the image ofP(m)(/L) at m-tuples (8141, St2, ..., Sitm) € BT by P™ (u)[8pe1, Saas - - -, Sim]. Let P (u; Spu) =
P ()[8p2, gt .., Spl and L (8 p) = P™ (s 8p).

4.1. The Fréchet derivatives of the coefficient-to-solution operator

In Section 3, R™ = RK™(S4)(-) is treated as a bounded linear operator in BL(B, B) mapping @ € Bto R™(§u)® € B with
a given 6. However, in this section, we will interpret ™ = KR™[w](-)® as an operator in BL(G™, B) such that

RO, 8z, ..., )@ = R[] p) RIS 2) - - - RIS ) P. (4.76)

The notation R[u] is used instead of R to clarify the Robin function R(r, r’), the kernel of R[], is defined with respect to
the optical coefficient p.

Then, by a similar analysis as in Theorems 3.5 and 3.8, we can show that the operator K™ @ is bounded for the operator
norm from G™ into B such that

|R™ 1B, - 81D || g,y < Cra 8ptallG -+ 18 pmlic @ llg - (4.77)

where Cy4 = max(Cy, Cs), Cs, and Cy1(B) depending on G and B defined in (1.14a), (1.14b), and (1.14c), respectively. Note
that Cy4 remains fixed when w is replaced by it = 48 = (k + 8k, (g + S 1q), if 11 satisfies (1.2) with the same constants
L and U. The second equation in (1.13) is interpreted as follows:

Rl +p] — Rlul = R2[uldp + RP[uIR[ + Suldu?, (4.78)
where the equation holds for all ¢ € H~'(£2) or q is a Dirac delta function. Using (4.77), we obtain

Rlp + 8ul — Rlul = R* [l + o8 pllq)- (4.79)
Here ¥ = o(||8|¢) for a bounded linear function ¥ € BL(G, B) means that limys,.—o W“Hf;# =

Note that in the Born expansion, the mth order term is given by R™[u](u)®. The mth orcler Fréchet derivative
corresponds to mth term of the Born expansion via Theorem 1.1. The proof of Theorem 1.1 will be given in this section:

Proof of Theorem 1.1. We will prove that
R™Mp 4 8pu] — R™[p] = mR ™ [ldp + o(I81ll), (4.80)

for a positive integer m. We already proved that (4.80) for m = 1 at (4.79). Suppose that (4.80) hold for all positive integers
i < m, then

3
|

R+ 0] = RMpl = Y R +du) [Rlp + 8] — R{ul] R[]

Ty

=) R'[p+SulR™ [l + o(18ullo)

g

= )[Rl +iR 81 + oISl )] R™ (] + o(lISiello)

Iy
<)

= mR™ [uldp + o(llSullg)- (4.81)
Therefore, we proved (4.80) by induction argument. Using (4.81), we obtain
m—1 m—1
B —(u+ ) — B —— () = (m— DR [+ uld — R™ ']

= (m—DR"[p+du] — R"(ul] q
= (m— DImR™ " [1]81 g+ o([ISullc)
= mIR™ (181 + o(l1512 ). (4.82)

Using the definition of the higher order derivatives in (4.75), we obtained (1.15a). With a similar argument and noting that R is
independent of Sk and that R is independent of 4, we can prove (1.15b). O

If P is m-times continuously differentiable on S, and P™ () is integrable between any two points in S, then the Taylor’s
theorem holds: For any u, u + 6 € S, we have

P (u)

P(u+8p) = P(p) + Z S’ + Em(u + 8pt. 13 P), (4:83)

i=1
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where

lI8kell,
(ot + 810, 15 Py < 7= sup [P 4-0810) |y - (4.84)
Although the statement and proof are similar to the Taylor’s theorem in Euclidean space, we must consider each term
with respect to the operators between Banach spaces. For the proof of (4.83), see [43]. If another operator Q is m-times
differentiable, Ey (1 + 8, p; Q) < C ||(su||;;, and P(i) = Q(w), then we can show that

PO =QPw), i=0,...,m—1. (4.85)

i) - .
Let T™ := P(u) + Y i, p l.!(“) 8! be the mth order Taylor expansion. Then from Lemma 4.3 and (4.85), we conclude that
the mth order Born approximation is the same as the mth order Taylor expansion, i.e. T™ = F™. This fact can be used as

another proof of Theorem 1.1 under the condition that Taylor order expansion is possible.

4.2. The Fréchet derivatives of the coefficient-to-measurement operator

In this subsection, we compute the Fréchet derivatives of the coefficient-to-measurement operator I".

Given the photon density function @, which is the solution of (1.1), different types of boundary data can be measured. Let
f be any function from complex space C to complex space C and let I = f(¥). The Fréchet derivatives of the coefficient-to-
measurement operator I" can be computed using the Fréchet derivatives of the coefficient-to-solution operator ¥ by using
a change of variables as follows:

r'=fWv =f R,
" =" +f @)W =f"(&)(RD)* +2f (W) R*D,
and

m
F@)™ =" fOW)A(RD, R2D, ..., R D), m =3, (4.86)
i=1
where Ap, ; is a polynomial of degree m and Ay, i (X1, - . ., Xiy) is a linear combination of monomials 171”:71x’," with 2;11 ljj=m,

if f is m times differentiable.
The most widely used functions for f are

f&x) =REx), (4.87a)

fx) = R(]ogx), (4.87b)
where R(x) is the real part of complex number x. (4.87a) is called the Born measurement and (4.87b) is called the Rytov
measurement.

In the case of the Born measurements, "™ = m!9%(R™®), and in the case of Rytov measurement, the first and second
order Fréchet derivatives are given by

, RP

Ir'=n <?) , (4.88a)
Y —(RD)?  2R’Q

r=n(—o—+=—). (4.88b)

4.3. Applications

In [25], we proved the local convergence of a method which we call Two-level Multiplicative Space Decomposition
Method for DOT image reconstruction. In the proof of the convergence, we assumed that the second order Fréchet derivative
of the coefficient-to-measurement operator is bounded, when Rytov measurements are used. By using (4.77) and (4.88b),
the second order Fréchet derivative is bounded by

17" | gop = 3Cha (4.89)
when both the absorption and diffusion coefficients are perturbed.

In [7], inverse scattering series is used to invert Born expansion to consider higher order terms. (By Theorem 1.1 the Born
expansion is the same as (1.7).) Then the idea of the inverse scattering series is as follows:

1. Find ™ by solving the first order Born approximation :

Y —TI'(u’) =Ro6uh. (4.90)
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Let us assume that there exists a bounded operator (R®)" from B to G such that (R®)T(R®) = idc. We will call (R®)T
the left inverse of R®. Then we get the following expression for §uf
sut =@Re) [v — r(uh)]. (4.91)
2. If we operate (R®)' on both sides of (1.13), we obtain
Su=ut — (RO R*Sp)*® — (RO R3GBu) — - -. (4.92)

3. If we further approximate é. in the right hand side of (4.92) as su', then we approximate 8y in the left hand side of
(4.92) as §u'. As a result, the implicit Eq. (4.92) is changed into the following explicit equation:

sul=sut — (ROYIR2 ("2 — (RO RP (St — - - -, (4.93)
where we will call §' an inverse scattering series solution.
By (4.92), we get

(Cra 18 12ll¢)>
! < ctsul?, (4.94)

Su—sutll . < ll(rd)? Plle 5
H I I Hc— ”( ) “B—’G I ||Bl—C14 lSulle —

where
=20, |[(RD) |, . 1@15.
and we assumed that |6l < ﬁ By subtracting (4.93) from (4.92) and using (4.92), we get
S —du' = (RO)T[(R*(Buh)?e — R2(Bu)*®) + (RPSu)’e — RP ()’ )] (4.95)
The multilinear operator R satisfies the following equation:
RIGuHI® — RGP < [RIGu', ... out, suhd — RIGuT, ..., 8u', s @]
+ [RIGuS, .. out, dwy@ — RIGuT, ..., 8, Sp)d] + - -
+ [RIGuS, .. o, 8D — RIGu, ..., S, Sp)P]. (4.96)
By (4.94), (4.96), and the multilinear property of K&, we obtain the following bound:
— — —1
|RIGuN 1D — RIG 1|, < Rl @l |61t — 1], - [Haung D 18l St 4 -+ lonT ]
< IRl @1l CTISKIET [T+ A +C + -+ (A +CHT]
<N Rlop 1Pl 1811E (14 CHA (4.97)
Using (4.95)-(4.97), the error of the inverse scattering solution is given by

|8m = 81t < [(RDI ]y IR Ngop @15 CTHISLIE (1 +CHZ - [1+ (1 4+ CP [18llg + (14 CH2 Sl + - -]
1
1— (140 [pllc
<Cllsuli?, (4.98)

< R, 1 Rlop 121l 18112 (14 CT)?

where [|6ullg < ﬁ and C = 2(1+C")? || (RP)*T || s IR g5 | @ |l5. The error of the inverse scattering series solution
81l in (4.98)is of the order O(Iléullz), which is a higher order than the order of the error of the linearized solution O(||é IIf;).

5. Conclusion

In this paper, we derived the Born expansion and Fréchet derivatives for the Diffuse Optical Tomography for arbitrary
domains with Robin type boundary conditions. To analyze the Born expansion, we introduced sequences of appropriate
normed spaces such as Lebesgue spaces, Sobolev spaces, and weighted Sobolev spaces. We derived sufficient conditions on
the perturbation in the diffusion and absorption coefficients for the convergence of the Born expansion in n dimensions,
(n = 2). We computed bounds for the error in the mth order Born approximation. Next, we showed that the mth order
Fréchet derivatives of the coefficient-to-solution operator is equal to m! times the mth corresponding term in the Born
expansion. This analysis is applied to the inverse scattering series [7] and the convergence of domain decomposition method
in DOT [25].

Although we only consider the boundary value problem (2.1) with Robin boundary conditions, the analysis introduced
in this paper can be easily extended to the general second order elliptic partial differential equations with other boundary
conditions.
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Appendix A. Proof of Lemma 2.2

0
r26

Using W, C Wo® forall0 < € < a, L(r, ) €

r,a—e

and inserting ¢ = p into (2.27), we get (2.32a) with a
constant C;(min (E —€,2— ) p, p). Using M(r ) e WO % and inserting ¢ = p, we get (2.33a) and (2.32c)with a constant

Ci(min (2.1)..p. p).
We can start to prove (2.32d) and (2.33b) by defining

OH(r,1")

wsryi= [ FED (A.99)
2\B(r,8) Ti

Taking the derivative of v; 5, we get

. 2
W= [ RO yenar - [ BEEDy ease)
or; 2\Brs) 0101 9B(rs) O

/ 2
= wr)/ %vﬁdS(rH/ YR | hyar
B(r,5) T

2\Br,s) 0101

_/ [E)H(r I (G )w(r)] Ws(r), (A.100)
3B(r.8) ar; ar

where ng and vf are the jth component of the outer normal vector with respect to 952 and 9B(r, §), respectively. Let us

assume ¢ € C%* Using %}M e W9  the integral in the last line of (A.100) is bounded by

r’ 1+A

[BH(r r)w( 4 OH(r', )W(r)} V() 5/ AH(r, 'Y+ H(@', 1)) dsa)
IB(r.5) or; or; 9B(r,5) or;
8H(r r) , §* Il |l co.x 1
+ /BB(MS) |y () — ¥ ()| ds@) < @ 19| cox [ " + nL:|' (A.101)

Thus, by (A.101), the integral in the last line of (A.100) goes to zero as § goes to zero for ¥ € C%*. And the first integral in
the second last line (A.100) is —(r) Letting & go to zero, we get

nk(r)*
_ (AL —HYr, ) ., v
Brlarj() /QWWW + im
_ az(L - H)(r7 r/) / / 82H(ra r/) / 2 1»[/(r)
= [ v+ [ e = 20 (102

The second integral of the right hand side of (A.102) is bounded in the sense of (2.30). Thus we have proved (2.33b). Let us
prove (2.32d) using (2.27), (2.30) and (A.102).

82(L — H)(r

<G, p,p) 1Yl sup
P r'e2

9%
or;r;

) H + 2l + ||1/f||,,u (A.103)

Thus, we proved (2.32d) for ¢ € C%*. An extension of (2.32d) when ¢ € I can be found in [16,35]. (2.33c) follows from
(2.33a) and (2.33b). To prove (2.34), using Stokes theorem in £2 \ B(r, §), we get

/ [v()MoL(r, T = L(r, I Moo dr’ = f [v() N L(r, 1) = L(r, T N ()] dS (1)
2\B(r,8)

—/ |:v(r) ()] ( )—L( Ls (1‘)a (/)]dS(r/). (A.104)
9B(r,8) Vy/
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Since v € W2P(2),v € Wz_’ P(3£2) by trace formula, each term of the second integral of the right hand side of (A.104)
has the following asymptotic behavior:

/ L(r, r)K(r) (r)dS(r) < U |IL(r, - ooollvllwzp, (A.105a)
dB(r,d)
v ()i (r )M( NdS(r)| < U [[vllyyzs w s, (A.105b)
9B(r,5) r; woee,
( ) r—r r—r
[ v eesen = | v(a—> as (7> (A1050)
9B(r.5) 3B(r,1) [ —r] [r" —r|

(A.105a) and (A.105b) go to 0 as § goes to 0 and (A.105c¢) goes to v(r) as & goes to 0 by the mean value theorem. Thus, letting
6 — 0 and combining (A.104) and (A.105), we get (2.34), where the first term in (A.104) is interpreted in the same manner
asin(2.30). O

Appendix B. Proof of Lemma 3.6

(3.58a) and (3.58b) are obtained easily using spherical coordinates with respect to r'. Let us divide £2 into three regions,
depending on the two points r! and r?:

1.2
r—r
21 = {r’e.Q||r’—r1| < |2|}

1_ .2
rl—r
R, = r/e.(2||r/—r2|§7| l ,
' 2

1 2 1
rl—r rl—r
.QC={r/e.(2||r’—r1|>| 5 |,|r’—r2|>7| 5 |}.

Consider the Eq. (3.58c¢), which is decomposed as

f log(2d/|r' —r'|) log(2d/|r* — r'dr’ = / log(2d/|r' — ') log(2d/|r* — r'|)dr’
o)

.er

+ f log(2d/|r' —r'|) log(2d/|r? — r')dr’ + / log(2d/|r' — ') log(2d/|r? — r'|)dr’. (B.106)
2

2c
1 2
Next, consider the first term in the right hand side of (B.106). If ' € 2,1, then |’ — r?| > % Then, by a change of
variables with respect to the spherical coordinates centered at !, we get

Ir1—r2|

2
/ log(2d/|r' —r'|) log(2d/|r" — r?)dr" < w, log(4d/|r" — r2|)/ plog(2d/p)dp
21 0

< % log(4d/|r' — r2D|r! — r??[2log(4d/|r! — r?]) + 1]. (B.107)
Likewise,
/ log(2d/|r' — r'|) log(2d/|r' — r*|)dr’ < % log(4d/|r' — r2))|r! — r?|?[2log(4d/|r! — r?]) + 1]. (B.108)
27

e

/2
Ifr' € 2., then|r! —1| > % Then, by a change of variables with respect to spherical coordinates centered at r?, we get

/ log(2d/|r1—r/|)log(2d/|r/—r2|)dr/5/ log(6d/|r" — r?|) log(2d/|r" — r?|)dr’
2 2c

IA

d
0 / (log 310g(2d/p) + (l0g(2d/p))") pdp
0

IA

1 1
wyd? [2(105;2)2 + Z(log3 —1(Qlog2+ 1)] . (B.109)

Inserting (B.107), (B.108), and (B.109) into (B.106), we get (3.58c).
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Returning to (3.58b), (3.58d), and (3.58e), we get

/ |rl _ r/|a1—n|r/ _ r2|a2—ndr/ — / |rl _ r/|a1—n|r/ _ rzlaz—ndr/
2 21
v

+ / |r1 _ r/|oq—n|r/ _ r2|u2—ndr/ +/ |r1 _ r/|oq—n|r/ _ T2|a2_ndl’,, (B.]]O)
.Qrz 2c
where each term in the right hand side of (B.110) is bounded by

f |r1 _ r/|a1—n|r/ _ rzlaz—ndr/ < 2n—a2|r1 _ r2|a2—n/ |T1 _ r/lal—ndr/
21 er

r

Ir'=r|/2
< 2n—a2|r1 _ r2|a2—n/ pal—npn—1wndp
0

= Dngrer—ea )l _ p2jertan, (B.111)
a1
Likewise
w
/ |r1 _ r/|at17n|r/ _ r2|a27ndr/ < 7"21170(170(2 rl _ r2 a1+a27n. (8112)
20 2%)

Suppose that «; + a0y < n, then

/ |T] _ r/|a17n|r/ _ r2|a27ndr/
2c

IA

31170(1/ |T/ _ r2|a1+a272ndr/
¢

IA

00
3n—o / pa1+a272npn71wndp
[

ri—r2|/2
Wn

IA

3n—a12n—a1—a2 |r1 _ r2|ot1+oz2—n . (8113)
n—a+ o

By inserting (B.111), (B.112), and (B.113) into (B.110) and considering the symmetry of r! and r2 for (B.113), we get (3.58d).
(3.58e) and (3.58f) are derived by modifying the integral area for the third integral in (B.113) into {r’ ]|r1 —r? <|r| <d)}

and {r’ ]0 < |r’| < d}, respectively, instead of £2. Finally, (3.58g) is computed in a similar way as follows:

/ [rl — /|17 log(2d/|r’ — r?|)dr’
2

- / P — " log(2d/ 1 — 1) dr’
2

1

[t et ogd e = il + [t = e ogd/ I — 7plar
'Qrz 2c

< onlogaadlr — 2T L T g aaie — 2 4
< onlogdIr' —r*) T oo (logdd /' — ) +
d* 1
+wp— (IOg(G) + *) < wd*' Gy (0rq).
(041 a1
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