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Abstract
In this paper we consider passive airborne receivers that use backscattered
signals from sources of opportunity transmitting single-frequency or ultra-
narrowband waveforms. Because of its combined passive synthetic aperture
and the single-frequency nature of the transmitted waveforms, we refer to the
system under consideration as Doppler synthetic aperture hitchhiker (DSAH).
We present a novel image formation method for DSAH. Our method first
correlates the windowed signal obtained from one receiver with the windowed,
filtered, scaled and translated version of the received signal from another
receiver. This processing removes the transmitter-related variables from the
phase of the Fourier integral operator that maps the radiance of the scene
to the correlated signal. Next, we use microlocal analysis to reconstruct
the scene radiance by the weighted backprojection of the correlated signal.
The image reconstruction method is applicable to both cooperative and non-
cooperative sources of opportunity using one or more airborne receivers. It has
the desirable property of preserving the visible edges of the scene radiance.
Additionally, it is an analytic reconstruction technique that can be made
computationally efficient. We present numerical simulations to demonstrate the
performance of the image reconstruction method and to verify the theoretical
results.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In recent years, there has been a growing interest in passive radar applications using sources of
opportunity [1–3]. This research effort is motivated by the growing availability of transmitters
of opportunity, such as radio, television and cell phone stations, particularly in urban areas, as
well as relatively low cost and rapid deployment of passive receivers.
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While many passive radar applications are focused on the detection of airborne targets with
ground-based receivers [1–5], recently, a number of methods for passive synthetic aperture
radar have been developed [6, 7]. The methods presented in [1–5, 7] require either the
knowledge of the transmitter locations and transmitted waveforms or receivers with high
directivity that are within the transmitters’ antenna beams. The direct line-of-sight to the
transmitters is then used to estimate the transmitted waveforms and the transmitter location to
perform matched filtering. In [6], we reported a novel passive synthetic aperture imaging
method based on the spatio-temporal correlation of the received signal and the filtered
backprojection technique. Unlike the methods in [1–5, 7], this method does not require
receivers with high directivity or a priori knowledge about the transmitter locations and
transmitted waveforms. The resolution analysis of the method shows that it is suitable for
high-range-resolution waveforms, such as wideband pulses. However, most of the transmitters
of opportunity, such as radio and TV stations, transmit single-frequency or ultra-narrowband
waveforms. In this paper, we present a new passive synthetic aperture imaging method
using sources of opportunity transmitting single-frequency or ultra-narrowband waveforms.
These waveforms are also referred to as high-Doppler-resolution or continuous-wave (CW)
waveforms. Thus, we refer to the resulting method as the Doppler synthetic aperture hitchhiker
(DSAH) imaging method.

For each pair of receivers, our method first correlates the windowed signal obtained from
one of the receivers with the windowed, filtered, scaled and translated version of the received
signal from another receiver. The high-frequency analysis of the resulting forward model
shows that the windowed, filtered, scaled and translated correlation of the received signals is
the projections of the scene radiance onto the hitchhiker iso-Doppler curves that we introduced
in [6]. We use microlocal techniques to develop a weighted backprojection reconstruction of
the scene radiance. The analysis of the point spread function of the imaging operator shows
that the reconstructed images preserve the location and orientation of the singularities at the
intersection of the hitchhiker iso-Doppler and hitchhiker iso-Doppler-rate curves introduced
in this paper. The final image of the scene radiance is formed by superposition of the images
obtained for each pair of receivers at each time translation over a range of time translations.
Note that if only a single receiver is available, the received signal is windowed, filtered, scaled
and correlated with itself.

Our passive imaging method has the following advantages: (1) as compared to existing
passive radar detection systems [2, 8–14], it does not require receivers with high directivity;
(2) it can be used in the presence of both cooperative and non-cooperative sources of
opportunity; (3) it can be used with stationary and/or mobile sources of opportunity; (4)
it can be used with one or more airborne receivers; (5) it can be used under non-ideal imaging
scenarios such as arbitrary flight trajectories and non-flat topography; (6) it has the desirable
property of preserving the visible edges of the scene radiance in the reconstructed image.
Additionally, it is an analytic image formation method that can be made computationally
efficient.

The organization of our paper is as follows. In section 2.1, we develop the forward
model for DSAH and analyze the leading-order contributions to the windowed, filtered,
scaled and correlated measurements. In section 3, we develop a weighted backprojection-
type image formation method for DSAH and analyze the underlying geometry and resolution
of DSAH image formation. In section 4, we present numerical simulations to verify the
theoretical results and demonstrate the performance of the DSAH image formation method.
Finally, in section 5 we summarize our results and conclude our discussion. The paper
includes two appendices including intermediate results needed for the image reconstruction
method.
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Table 1 lists notations used throughout the paper.

Table 1. Table of notations.

Symbol Designation

T transmitter location
R receiver location
c0 speed of light in free space
ω0 frequency of single-frequency waveform
t time variable
f (t, R, T) received signal at R due to a transmitter at T
zψ = (z, ψ(z)) earth’s surface
V (z) reflectivity function
ρ(z) surface reflectivity
δ(z) Dirac delta function

ẑ unit vector in the direction of z ∈ R
3

γ i (t) flight trajectory of the ith receiver
sij (t) = f (t, γi (t), T) signal collected along the receiver trajectory γi (t) due to

a transmitter located at T
τ, τ ′ variables for temporal translation
μ temporal scaling factor
φ(t) temporal windowing function
Bij (z0, t, τ

′, τ, μ) reconstruction filter
cij (τ

′, τ, μ) windowed, filtered, scaled and translated correlations of
the received signals from the ith and j th receiver
trajectories

Rρ(z) scene radiance
RT (ω0, z, z′, T) transmitter irradiance
ARij

(ω0, z, z′, t, τ ′, τ, μ) product of the receiver antenna beam patterns
Gij (z, z′, t, τ ′, τ, μ) product of the geometric spreading factors due to

transmitter T and receivers i and j

F ij forward modeling operator
ϕij (t,z, τ ′, τ, μ) phase of the operator Fij

Aij (z, t, τ ′, τ, μ)

Bij (z0, t, τ ′, τ, μ)
amplitude of the operator Fij

Sij (τ
′, τ, z) Doppler hitchhiker scale factor

Fij (τ
′, τ, μ) hitchhiker iso-Doppler contour

Ḟj (τ, C) hitchhiker iso-Doppler rate contour

vi radial velocity of the ith receiver with respect to z ∈ R
3

R̃ρ(z) image of the scene radiance
K weighted backprojection operator
Qij (z, τ ′, τ ) reconstruction weight
L(z, z′) point spread function
�ij,τ ′,z partial data collection manifold at (τ ′,z) due to the ith

and j th receivers

�z data collection manifold at z ∈ R
3

Lφ length of the support of φ(t)

3
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Figure 1. An illustration of the DSAH imaging geometry.

2. DSAH measurement model

2.1. Model for the received signal

We use the following notational conventions throughout the paper. The bold Roman, bold
italic and Roman lowercase letters are used to denote variables in R3, R2 and R, respectively,
i.e. z = (z, z) ∈ R3, with z ∈ R2 and z ∈ R. The calligraphic letters (F,K etc) are used to
denote operators.

Given a pair of transmitter and receiver antennas located at T and R respectively, we
model the received signal by [15]

f (t, R, T) ≈
∫

e−iω(t−(|R−z|+|z−T|)/c0)

(4π)2|R − z||z − T| ω2

× Jtr(ω, ẑ − T, T)Jrc(ω, ẑ − R, R)V (z) dω dz, (1)

where t denotes time, c0 denotes the speed of light in free space, V (z) is the reflectivity function
and Jtr and Jrc are the transmitter and receiver antenna beam patterns, respectively.

We make the assumption that the earth’s surface is located at a position given by
z = (z, ψ(z)) ∈ R3, where z ∈ R2 and ψ : R2 → R is a known function for the ground
topography. Furthermore, we assume that the scattering takes place in a thin region near the
surface. Thus, the reflectivity function is in the form

V (z) = ρ(z)δ(z − ψ(z)). (2)

Under these assumptions, for a single-frequency or ultra-narrowband waveform at
frequency ω0, the received signal model in (1) becomes

f (t, R, T) ≈
∫

e−iω0(t−(|R−z|+|z−T|)/c0)

(4π)2|R − z||z − T| ω2
0

× Jtr(ω0, ẑ − T, T)Jrc(ω0, ẑ − R, R)ρ(z) dz, (3)

where ẑ = z/|z| denotes the unit vector in the direction of z ∈ R3. For the rest of the paper,
unless otherwise stated, we use z = z(z) = (z, ψ(z)).

Our imaging method is applicable to both mobile and stationary sources of opportunity.
However, for the rest of our discussion, we assume that there is a single, stationary transmitter
of opportunity illuminating the scene. This allows us to simplify the analysis and distill the
important aspects that can readily be generalized using the ideas similar to the ones presented
in our work [6].

Let T ∈ R3 denote the location of the transmitter of opportunity and let there be N airborne
receivers, each traversing a smooth trajectory γi (t), i = 1, . . . , N , as shown in figure 1.

4
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We define

si(t) = f (t, γi (t), T) (4)

as the received signal by the ith receiver, i = 1, . . . , N .
Note that for multiple transmitters and multiple transmit frequencies, the signal received

by the ith receiver becomes

si(t) =
∫

f (t, γi (t), T) dT dω0. (5)

Since each transmitted frequency can be isolated with appropriate bandbass filtering, without
loss of generality, we perform our analysis with respect to a fixed frequency ω0.

2.2. Windowed, filtered, scaled and translated correlation of received signals

For a given point of interest z0 on the ground topography and a fixed τ ′ ∈ R, we define the
windowed, filtered scaled, and translated correlation of the received signals si and sj by

c
z0
ij (τ ′, τ, μ) =

∫
si(t + τ ′)s∗

j (μt + τ)

Bij (z0, t, τ ′, τ, μ)
φ(t)|t | dt, (6)

for some τ, τ ′ ∈ R and μ ∈ R+, i, j = 1, . . . , N , where φ(t) is a smooth compactly supported
temporal windowing function centered at t = 0, Bij is a filter to be determined later and ∗

denotes the complex conjugation. To simplify our notation, we drop the superscripts z0 from
c
z0
ij (τ ′, τ, μ) for the rest of our paper.

Note that for a single receiver, we only have cij = c11.
In the following subsections, we develop a mapping that relates the expected value of the

correlated measurements cij to the scene to be imaged for both cooperative and non-cooperative
sources of opportunity. We assume that for non-cooperative sources of opportunity, the location
of the transmitter, T, and transmitter antenna beam pattern Jtr are unknown. For cooperative
sources of opportunity, we assume that these quantities are known. For both cases, we assume
that the frequency of the transmitted waveform ω0 is known.

2.2.1. Non-cooperative sources of opportunity. For non-cooperative sources of opportunity,
we use a stochastic model for the transmitter antenna beam pattern, Jtr, and the scene
reflectivity, ρ.

Let Cρ and CJtr denote the correlation function of ρ and Jtr, respectively,

Cρ(z,z′) = E[ρ(z)ρ∗(z′)] (7)

CJtr(ω0,z,z′, T) = E[Jtr(ω0, ẑ − T, T)J ∗
tr (ω0, ẑ′ − T, T)]. (8)

We assume that the scene reflectivity ρ and the transmit antenna beam pattern Jtr are statistically
independent. Next, we make the incoherent-field approximation [16] by assuming that ρ and
Jtr satisfy the following equalities:

Cρ(z,z′) = Rρ(z)δ(z − z′). (9)

CJtr(ω0,z,z′, T) = RT (ω0,z,z′, T)δ(z − z′). (10)

Note that Rρ is the average power of the electromagnetic radiation emitted by the scene
at location z, and RT is the average power of the electromagnetic radiation emitted by the
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transmitter at location T that is incident on the target surface at z. In this regard, Rρ is referred
to as the scene radiance and RT is referred to as the transmitter irradiance [16].

Substituting si and sj into cij , under the assumption that ρ, Jtr and |T − z| are statistically
independent, and using (9) and (10), we express the expectation of cij as

E[cij (τ
′, τ, μ)] = ω4

0

(4π)4

∫
e−iω0(t+τ ′−(|γi (t+τ ′)−z|+|T−z|)/c0) eiω0(μt+τ−(|γj (μt+τ)−z′|+|T−z′|)/c0)

× RT (ω0,z,z′, T)ARij
(ω0,z,z′, t, τ ′, τ, μ)

Gij (z, z′, t, τ ′, τ, μ)Bij (z0, t, τ ′, τ, μ)

×Rρ(z)δ(z − z′) dz dz′ φ(t)|t | dt, (11)

where ARij
is the product of the receiver antenna beam patterns,

ARij
(ω0,z,z′, t, τ ′, τ, μ) = Jrc(ω0, ̂z − γi (t + τ ′), γi (t + τ ′))

× J ∗
rc(ω0, ̂z′ − γj (μt + τ), γj (μt + τ)), (12)

and Gij is the product of the geometric spreading factors:

Gij (z, z′, t, τ ′, τ, μ) = |T − z||T − z′||γi (t + τ ′) − z||γj (μt + τ) − z′|. (13)

Note that for non-cooperative sources of opportunity, T, and thus |T−z||T−z′|, are unknown.
Now using the Taylor series expansion at t = 0,

γi (t + τ ′) = γi (τ
′) + γ̇i (τ

′)t + · · · (14)

γj (μt + τ) = γj (τ ) + γ̇j (τ )μt + · · · , (15)

we approximate

|γi (t + τ ′) − z| ≈ |γi (τ
′) − z + γ̇i (τ

′)t |
≈ |γi (τ

′) − z| + ̂(γi (τ
′) − z) · γ̇i (τ

′)t (16)

and

|γj (μt + τ) − z′| ≈ |γj (τ ) − z′ + γ̇j (τ )μt |
≈ |γj (τ ) − z′| + ̂(γj (τ ) − z′) · γ̇j (τ )μt. (17)

Substituting approximations (16) and (17) into (11), and performing the z′ integration,
we have

E[cij (τ
′, τ, μ)] ≈ Fij [Rρ](τ, μ)

=
∫

e−iϕij (t,z,τ ′,τ,μ) Aij (z, t, τ ′, τ, μ)

Bij (z0, t, τ ′, τ, μ)
Rρ(z) dz |t | dt, (18)

where

ϕij (t,z, τ ′, τ, μ) = ω0t[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0][Sij (τ
′, τ, z) − μ], (19)

with

Sij (τ
′, τ, z) = 1 − ( ̂γi (τ

′) − z) · γ̇i (τ
′)/c0

1 − ( ̂γj (τ ) − z) · γ̇j (τ )/c0

(20)

and

Aij (z, t, τ ′, τ, μ) = R̃T (ω0,z)ARij
(ω0,z,z, t, τ ′, τ, μ)

Gij (z, z, t, τ ′, τ, μ)

× ω4
0φ(t)

(4π)4
e−iω0(τ

′−τ−(|γi (τ
′)−z|−|γj (τ )−z|)/c0), (21)

6
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with R̃T (ω0,z) = RT (ω0,z,z, T). We refer to Sij (τ
′, τ, z) as the Doppler hitchhiker scale

factor, and ϕij and Aij/Bij as the phase and amplitude terms of the linear operator Fij ,
respectively.

Note that the filtered, scaled and translated correlation of the received signal removes all
transmitter-related terms from the phase of the operator Fij .

2.2.2. Cooperative sources of opportunity. If the sources of opportunity are cooperative, we
use a stochastic model for the unknown scene reflectivity ρ, but assume that the transmitter
locations and antenna beam patterns are known. Thus, we treat Jtr deterministically.

In this case, the expected value of cij is given by

E[cij (τ
′, τ, μ)] = ω4

0

(4π)4

∫
e−iω0(t+τ ′−(|γi (t+τ ′)−z|+|T−z|)/c0) eiω0(μt+τ−(|γj (μt+τ)−z′|+|T−z′|)/c0)

× BT (ω0,z,z′, T)ARij
(ω0,z,z′, t, τ ′, τ, μ)

Gij (z, z′, t, τ ′, τ, μ)Bij (z0, t, τ ′, τ, μ)

×Cρ(z,z′) dz dz′ φ(t)|t | dt, (22)

where Cρ is the correlation function of ρ given in (7), ARij
and Gij are as defined in (12) and

(13), respectively, and

BT (ω0,z,z′, T) = Jtr(ω0, ẑ − T, T)J ∗
tr (ω0, ẑ′ − T, T). (23)

Next, we make the incoherent-field approximation given in (9) and substitute the Taylor series
expansion in (16) and (17) into (22). Thus, (22) simplifies to

E[cij (τ
′, τ, μ)] ≈ Fij [Rρ](τ, μ)

=
∫

e−iϕij (t,z,τ ′,τ,μ) Aij (z, t, τ ′, τ, μ)

Bij (z0, t, τ ′, τ, μ)
Rρ(z)|t | dz dt, (24)

where

ϕij (t,z, τ ′, τ, μ) = ω0t[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0][Sij (τ
′, τ, z) − μ], (25)

Aij (z, t, τ ′, τ, μ) = R̃T (ω0,z)ARij
(ω0,z,z, t, τ ′, τ, μ)

Gij (z, z, t, τ ′, τ, μ)

× ω4
0 φ(t)

(4π)4
e−iω0(τ

′−τ−(|γi (τ
′)−z|−|γj (τ )−z|)/c0), (26)

with R̃T (ω0,z) = BT (ω0,z,z, T). Sij in (25) is the Doppler hitchhiker scale factor defined
in (20).

We refer to Fij defined in (18)–(21) and (24)–(26) as the DSAH forward modeling
operator. Note that (24) and (18) are exactly the same, with the exception that R̃T in (26)
is given as a function of the deterministic transmit antenna beam pattern for the cooperative
sources of opportunity, whereas R̃T in (21) is given as a function of the correlation function of
the transmit antenna beam pattern for the non-cooperative sources of opportunity. Thus, the
inversion formula for (24) and (18) will be the same.

2.3. Leading-order contribution to the windowed, filtered, scaled and translated correlations

We assume that for some mA, Aij/Bij satisfies the inequality

sup
(t,μ,τ,z)∈U

∣∣∣∣∂αt

t ∂
αμ

μ ∂β
τ ∂ε1

z1
∂ε2
z2

Aij (z, t, τ ′, τ, μ)

Bij (z0, t, τ ′, τ, μ)
|t |
∣∣∣∣ � CA(1 + t2)(mA−|αt |)/2, (27)

7
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where U is any compact subset of R+ × R+ × R × R2, and the constant CA depends on
U, αt,μ, β, ε1,2. This assumption is needed to make various stationary phase calculations
hold. In practice, with appropriate choice of Bij , (27) is satisfied for transmitters and receivers
sufficiently far away from the illuminated region.

Under the assumption (27), both (18) and (24) define F as a Fourier integral operator
whose leading-order contributions come from those points lying in the intersection of the
illuminated surface (z, ψ(z)) and points that have the same Doppler hitchhiker scale factor,
i.e. {z ∈ R3 : Sij (τ

′, τ, z) = μ}. We denote the curves formed by this intersection by

Fij (τ
′, τ, μ) = {z : Sij (τ

′, τ, z = (z, ψ(z))) = μ}. (28)

When the speed of the receivers is much slower than the speed of light c0, Sij can be
approximated as follows:

Sij (τ
′, τ, z) = 1 +

( ̂γj (τ ) − z) · γ̇j (τ )/c0 − ( ̂γi (τ
′) − z) · γ̇i (τ

′)/c0

1 − ( ̂γj (τ ) − z) · γ̇j (τ )/c0

≈ 1 + [ ̂(γj (τ ) − z) · γ̇j (τ ) − ̂(γi (τ
′) − z) · γ̇i (τ

′)]/c0. (29)

Substituting (29) into

Sij (τ
′, τ, z) = μ, (30)

multiplying both sides of (30) by ω0, and rearranging the terms, we have
ω0

c0
[ ̂(γi (τ

′) − z) · γ̇i (τ
′) − ̂(γj (τ ) − z) · γ̇j (τ )] = (1 − μ)ω0, (31)

where the left-hand side of (31) is the hitchhiker Doppler defined in [6] for a fixed frequency.
In this regard, we refer to Fij (τ

′, τ, μ) as the DSAH iso-Doppler contour. Figure 2 shows
the DSAH iso-Doppler contours for two receivers traversing a circular trajectory over a flat
topography.

Note that (30) can be expressed as

̂(γi (τ
′) − z) · γ̇i (τ

′) − μ ̂(γj (τ ) − z) · γ̇j (τ ) = (1 − μ)c0. (32)

The first term above is the radial velocity of the ith receiver in the direction of ̂γi (τ
′) − z, and

the second term is the radial velocity of the j th receiver in the direction of ̂γj (τ ) − z scaled
by μ. Let vi be the radial velocity of the ith receiver with respect to z. Then, the curves
Fij (τ

′, τ, μ), where Fij projects the scene radiance Rρ , are formed by the intersection of the
constant-Doppler cones

̂(γi (τ
′) − z) · γ̇i (τ

′) = vi (33)

and

̂(γj (τ ) − z) · γ̇j (τ ) = [vi − (1 − μ)c0]/μ, (34)

and the earth’s surface.
For flat topography, (33) and (34) define hyperbolas, which we denote by Hi,τ ′,τ (vi) and

Hj,τ ′,τ,μ(vi), respectively. Thus, Fij (τ
′, τ, μ) can be parameterized by vi and defined by the

points in the intersection of Hi,τ ′,τ (vi) and Hj,τ ′,τ,μ(vi) as follows:

Fij (τ
′, τ, μ) =

⎧⎨⎩z ∈ R2
∣∣∣ z ∈

⋃
vi∈R

[
Hi,τ ′,τ (vi)

⋂
Hj,τ ′,τ,μ(vi)

]⎫⎬⎭ . (35)

8
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Figure 2. Iso-Doppler contours Fij (τ
′, τ, μ) for the Doppler hitchhiker scale factor

S12(π/6, −π/12, z). Two receivers are traversing a circular flight trajectory (dashed line) at the
speed of 261 m s−1 over a flat topography. γ1(s) = γC(s) and γ2(s) = γC(s − π/4), respectively,
where white and black triangles denote the positions of the two receivers at s = π/6, respectively.
(See (20) and (73) for explicit formulas of S12(π/6, −π/12, z) and γC(s), respectively.)

3. Image formation

Our objective is to form an image of the scene radiance Rρ(z) using E[cij (τ
′, τ, μ)], i, j =

1, . . . , N , for a range of τ ′, τ and μ values based on the forward model (18) or (24).
Since Fij is a Fourier integral operator, we form an image of the scene radiance by a

suitable weighted backprojection of E[cij (τ
′, τ, μ)] onto Fij (τ

′, τ, μ), i, j = 1, . . . , N [17].

3.1. Weighted backprojection operator

We form an image of the scene radiance by the superposition of the weighted and backprojected
data, E[cij (τ, μ)], as follows:

R̃ρ(z) =
∑
ij

∫
Kij [E[cij ]](z, τ ′) dτ ′

where

Kij [E[cij ]](z, τ ′) =
∫

eiϕij (t,z,τ ′,τ,μ)Qij (z, τ ′, τ, μ)E[cij (τ
′, τ, μ)] dt dτ dμ. (36)

We refer toKij as the weighted backprojection operator with respect to the ith and j th receivers,
with weight Qij to be determined below.

We will show that the weighted backprojection operator reconstructs the visible edges
of the scene at the correct location and correct orientation irrespective of the choice of the
weights, Qij .

9



Inverse Problems 26 (2010) 065006 C E Yarman et al

3.2. The point spread function

We rewrite R̃ρ as

R̃ρ(z) =
∑
ij

KijFij [Rρ](z) =
∫

L(z,z′)Rρ(z
′) dz′, (37)

where L(z,z′) is the point spread function (PSF) of the imaging operator given by

L(z,z′) =
∑
ij

∫
Lij (z,z′, τ ′) dτ ′ (38)

and

Lij (z,z′, τ ′) =
∫

ei[ϕij (t,z,τ ′,τ,μ)−ϕij (t
′,z′,τ ′,τ,μ)] Qij (z, τ ′, τ, μ)

× Aij (z
′, t, τ ′, τ, μ)

Bij (z, t, τ ′, τ, μ)
|t | dt ′ dt dτ dμ. (39)

Note that Lij (z,z′, τ ′) can be viewed as the point spread function of the partial imaging
operator Kij .

We next define

�K := ϕij (t,z, τ ′, τ, μ) − ϕij (t
′,z′, τ ′, τ, μ) (40)

as the phase of KijFij and use the stationary phase theorem [18–21] to approximate the t ′ and
μ integrations. We compute

∂t ′�K = −ω0[1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0][Sij (τ
′, τ,z′) − μ] (41)

and

∂μ�K = −ω0t (1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0) + ω0t
′(1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0). (42)

The stationary points of the phase satisfy ∂t ′,μ�K = 0, implying that

μ = 1 − ̂(γi (τ
′) − z′) · γ̇i (τ

′)/c0

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

= Sij (τ
′, τ, z′) (43)

and

t ′ = t
1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

. (44)

Substituting (43) and (44) back into (39), we obtain

Lij (z,z′, τ ′) ≈
∫

e−i ω0t[1− ̂(γj (τ )−z)·γ̇j (τ )/c0][Sij (τ
′,τ,z′)−Sij (τ

′,τ,z)]

×Qij (z, τ ′, τ, Sij (τ
′, τ,z′))

Aij (z
′, t, τ ′, τ, Sij (τ

′, τ,z′))
Bij (z, t, τ ′, τ, Sij (τ ′, τ,z′))

|t | dt dτ.

To simplify our notation, for the rest of our paper, we write

Qij (z, τ ′, τ ) = Qij (z, τ ′, τ, Sij (τ
′, τ,z)) (46)

Aij (z, t, τ ′, τ ) = Aij (z, t, τ ′, τ, Sij (τ
′, τ,z))

Bij (z, t, τ ′, τ ) = Bij (z, t, τ ′, τ, Sij (τ
′, τ,z)).

(47)

10
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Applying the method of the stationary phase to the t and τ integrals, we see that the
main contribution to Lij (z,z′, τ ′) comes from those critical points of its phase that satisfy the
conditions

∂t (ω0t[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0][Sij (τ
′, τ,z′) − Sij (τ

′, τ,z)]) = 0

⇒ Sij (τ
′, τ,z′) = Sij (τ

′, τ,z), (48)

and

∂τ (ω0t[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0][Sij (τ
′, τ,z′) − Sij (τ

′, τ,z)]) = 0

⇒ a
∑
j (τ, z)

1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

= a
∑
j (τ, z′)

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

(49)

where

a
∑
j (τ, z) = 1

|γj (τ ) − z| |γ̇j,⊥(τ, z)|2 + ̂(γj (τ ) − z) · γ̈j (τ ) (50)

and

γ̇j,⊥(τ, z) = γ̇j (τ ) − ̂(γj (τ ) − z)( ̂(γj (τ ) − z) · γ̇j (τ )). (51)

Note that γ̇j,⊥(τ, z) is the projection of the receiver velocity γ̇j (τ ) onto the plane whose

normal direction is along ̂γj (τ ) − z and a
∑
j (τ, z) is the total relative radial acceleration of the

j th receiver in the direction of ̂γj (τ ) − z. For the derivation of (49), see appendix A.
We define

fj (τ, z) := a
∑
j (τ, z)

1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

. (52)

We refer to fj (τ, z) as the DSAH Doppler rate of the j th receiver. We refer to the locus of
points formed by the intersection of the surface topography and {z ∈ R3 : fj (τ, z) = C}, for
some constant C, as the DSAH iso-Doppler-rate contour, and denote it by

Ḟj (τ, C) = {z : fj (τ,z) = C}. (53)

Figure 3 shows the DSAH iso-Doppler-rate contours with fixed τ for a circular flight trajectory
and flat topography.

The critical points z of the phase of Lij (z,z′, τ ′) are those points lying on the intersection
of the DSAH iso-Doppler curves Fij (τ

′, τ, μ) and DSAH iso-Doppler-rate curves Ḟj (τ, C).
We assume that the flight trajectories of the receivers are smooth and that the receiver antenna
beam patterns are focused on a region of interest where each pair of iso-Doppler Fij (τ

′, τ, μ)

and iso-Doppler-rate Ḟj (τ, C) contours intersect at a single point within the region of interest.
In other words, we assume that the only critical point within the region of interest is z = z′.

3.3. Determination of the weight and filter

The weight Qij and the filter Bij can be determined with respect to various criteria [22].
Ideally, Qij and Bij are chosen such that the leading-order contribution of the PSF of Kij is the
Dirac-delta function, i.e. Lij (z,z′, τ ′) ≈ δ(z − z′). This choice of Qij and Bij ensures that
Kij reconstructs the visible edges of the scene not only at the right location and orientation,
but also with the correct strength [15, 22–24].

To determine the weight and the filter, we linearize Sij (τ
′, τ,z′) around z′ = z and

approximate

Sij (τ
′, τ,z′) − Sij (τ

′, τ,z) ≈ ∇zSij (τ
′, τ,z) · (z′ − z) (54)

11
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Figure 3. Iso-Doppler-rate contours Ḟj (τ, C) for the DSAH Doppler-rate f1(−π/12, z). Two
receivers are traversing a circular flight trajectory (dashed line) at the speed of 261 m s−1 over a
flat topography. γ1(s) = γC(s) and γ2(s) = γC(s − π/4), respectively, where white and black
triangles denote the positions of the two receivers at s = π/6, respectively. (See (52) and (73) for
explicit formulas of f2(−π/12, z) and γC(s), respectively.)

and

Aij (z
′, t, τ ′, τ ) ≈ Aij (z, t, τ ′, τ ), (55)

to write

Lij (z,z′, τ ′) =
∫

e−i tΞij (τ
′,τ,z)·(z′−z) Qij (z, τ ′, τ )

Aij (z, t, τ ′, τ )

Bij (z, t, τ ′, τ )
|t | dt dτ, (56)

where

Ξij (τ
′, τ,z) = ω0[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0]∇zSij (τ

′, τ,z). (57)

In (56), for each τ ′ and z, we make the following change of variables:

(t, τ ) → ξij = tΞij (τ
′, τ,z). (58)

Then ∣∣∣∣ ∂ξij

∂(t, τ )

∣∣∣∣ = |t |
∣∣∣∣det

[
Ξij (τ

′, τ,z)

∂τΞij (τ
′, τ,z)

]∣∣∣∣ , (59)

where det denotes matrix determinant.
Defining

η(z, τ ′, τ ) = |t |
∣∣∣∣∂(t, τ )

∂ξij

∣∣∣∣ =
∣∣∣∣det

[
Ξij (τ

′, τ,z)

∂τΞij (τ
′, τ,z)

]∣∣∣∣−1

, (60)

we rewrite (56) as

Lij (z,z′, τ ′) =
∫

�ij,τ ′ ,z
e−i ξij ·(z′−z) Qij (z, τ ′, ξij )η(z, τ ′, ξij )

Aij (z, τ ′, ξij )

Bij (z, τ ′, ξij )
dξij , (61)

12
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Figure 4. An illustration of the vector �ij (τ
′, τ,z) in the data collection manifold �ij,z for the

flat topography, ψ(z) = 0. �ij (τ
′, τ, z) is the projection of the difference of the scaled vectors

γ̇i,⊥(τ ′) and γ̇j,⊥(τ ) onto the tangent plane of the ground topography at z. (See (67) for an explicit
form of �ij (τ

′, τ, z).)

where

Qij (z, τ ′, ξij ) = Qij (z, τ ′, τ (ξij )) (62)

Aij (z, τ ′, ξij ) = Aij (z, t (ξij ), τ
′, τ (ξij )) (63)

Bij (z, τ ′, ξij ) = Bij (z, t (ξij ), τ
′, τ (ξij )) (64)

η(z, τ ′, ξij ) = η(z, τ ′, τ (ξij )). (65)

In (61),

�ij,τ ′,z = {ξij = tΞij (τ
′, τ,z)| Aij (z, t, τ ′, τ ) 
= 0, (t, τ ′, τ ) ∈ (R+, R, R)}. (66)

We refer to �ij,τ ′,z as the partial data collection manifold at (τ ′,z) obtained by the ith and
j th receivers for a fixed τ ′ and refer to the union ∪ij,τ ′�ij,τ ′,z as the data collection manifold
at z and denote it by �z . This set determines many of the properties of the image.

Using (57) and (20), we obtain

Ξij (τ
′, τ,z) = ω0

c0
Dψ(z) ·

[
1

|γi (τ
′) − z| γ̇i,⊥(τ ′) − Sij (τ

′, τ,z)

|γj (τ ) − z| γ̇j,⊥(τ )

]
, (67)

where

Dψ(z) =
[

1 0 ∂ψ(z)/∂z1

0 1 ∂ψ(z)/∂z2

]
(68)

and γ̇i,⊥(τ ′), γ̇j,⊥(τ ) are the projections of γ̇i (τ
′) and γ̇j (τ ) onto the planes whose normal

vectors are ( ̂γi (τ
′) − z) and ( ̂γj (τ ) − z), respectively. For a detailed derivation of (67), see

appendix B.
We show an illustration of the vector Ξij (τ

′, τ,z) in figure 4 for two receivers flying over
a flat topography.

We choose the weight and the filter as follows:

Qij (z, τ ′, τ ) = [η(z, τ ′, τ )]−1 =
∣∣∣∣det

[
Ξij (τ

′, τ,z)

∂τΞij (τ
′, τ,z)

]∣∣∣∣ (69)

13
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and

B−1
ij (z, t, τ ′, τ, μ) = A−1

ij (z, t, τ ′, τ, μ)χ�ij,τ ′ ,z (z, t, τ ′, τ ), (70)

where χ�ij,τ ′ ,z is a smooth cut-off function equal to one in the interior of �ij,τ ′,z and zero in
the exterior of �ij,τ ′,z . To avoid instability, Bij (z, t, τ ′, τ, μ) can be modified to

B−1
ij (z, t, τ ′, τ, μ) = Aij (z, t, τ ′, τ, μ) χ�ij,τ ′ ,z (z, t, τ ′, τ )

|Aij (z, t, τ ′, τ, μ)|2 + σ 2
(71)

where σ 2 is a small positive constant.
Note that we choose the filter to compensate for the terms involving antenna beam patterns

and geometric spreading functions and the weight to perform proper interpolation in the phase
space going from (t, τ ) to ξij coordinates. These choices make the leading-order term of
Lij (z,z′, τ ′) in (61) to be the Dirac-delta function.

Substituting (69) and (70) into (61) and the result into (37), we obtain

R̃ρ(z) =
∑
ij

Kij [Fij [Rρ]](z) ≈
∑
ij

∫
�ij,τ ′ ,z

e−iξij ·(z′−z) Rρ(z
′) dz′ dξij dτ ′. (72)

Equation (72) shows that the image R̃ρ is a bandlimited version of Rρ whose bandwidth
is determined by the data collection manifold �z , which describes the resolution of the
reconstructed image R̃ρ at z. The larger the data collection manifold, the better the resolution
of the reconstructed image.

Microlocal analysis of (72) tell us that an edge at point z is visible if the direction
nz normal to the edge is contained in �z [15, 22–24]. Consequently, an edge at point z
with nz normal to edge is visible if there exists i, j, τ ′, τ such that ξij is parallel to nz .
Furthermore, the bandwidth contribution of ξij = tΞij (τ

′, τ,z) to a visible edge at z is
given by Lφ|Ξij (τ

′, τ,z)|, where Lφ denotes the length of the support of φ(t). Thus, the
longer the support of φ(t), the larger the magnitude of ξij , giving rise to sharper reconstructed
edges perpendicular to ξij , i, j = 1, . . . , N . Additionally, the higher, ω0, the frequency
of the transmitted signal, the larger the magnitude of ξij , contributing to higher image
resolution.

Equation (72) shows that irrespective of the choice of the weight and filter, the
backprojection operator recovers the visible edges of the scene radiance at the right location
for given ith and j th receivers and a fixed τ ′. With the choice of the weight and filter given in
(69) and (70), respectively, the resulting image formation algorithm recovers the visible edges
of the scene radiance not only at the correct location and orientation, but also at the correct
strength.

4. Numerical simulations

We conducted two sets of numerical simulations. In the first set of simulations, we
numerically studied the PSF of the imaging operator under different scenarios and numerically
demonstrated the theoretical results described in subsection 3.3. In the second set of
simulations, we demonstrated the performance of our imaging method for a multiple-point-
target model.

We considered a scene of size [0, 22] × [0, 22] km2 with flat topography. The scene was
discretized by 128×128 pixels, where [0, 0, 0] km and [22, 22, 0] km correspond to the pixels
(1, 1) and (128, 128), respectively.
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Figure 5. (a) The PSF of the DSAH imaging method at (16, 11, 0) km along with (b) its X
profile and (c) Y profile, for a cooperative transmitter located at y0, transmitting a CW waveform
at f0 = 0.4 MHz; and two receivers traversing circular trajectories, γ1(s) and γ2(s). The length
of the support of the windowing function is Lφ = 3.657 s.

In all the numerical experiments, we used two airborne receivers and a single, stationary
transmitter operating either cooperatively or non-cooperatively. We assumed that both the
receiver and transmitter antennas were isotropic. We assumed that the transmitter was
located at y0 = (0, 0, 6.5) km and the receivers were traversing the circular trajectory given
by

γC(s) = (11 + 11 cos(s), 11 + 11 sin(s), 6.5) km. (73)

Let γ1(s) and γ2(s) denote the trajectories of the two receivers. We set γ1(s) = γC(s) and
γ2(s) = γ1

(
s − π

6

)
. Note that the variable s in γC is equal to V

R
t , where V is the speed of the

receiver, and R is the radius of the circular trajectory. We set the speed of the two receivers
to 261 m s−1. We chose the sampling rate of τ to be 1.9335 Hz so as to uniformly sample the
circular trajectory with 512 points.

For all the numerical experiments, we used (3) to generate the data and chose the
windowing function φ in (6) to be a Hanning function. Since we used complex data for
image formation, the reconstructed images may be complex even though the target reflectivity
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Figure 6. (a) The PSF of the DSAH imaging method at (16, 11, 0) km along with (b) its X
profile and (c) Y profile, for a cooperative transmitter located at y0, transmitting a CW waveform
at f0 = 0.4 MHz; and two receivers traversing circular trajectories, γ1(s) and γ2(s). The length
of the support of the windowing function is Lφ = 14.629 s.

is assumed to be real. Therefore, we display the magnitude images in the numerical simulation
results.

We performed image reconstruction for each τ ′ and coherently superimposed the
reconstructed images obtained over a range of τ ′.

4.1. Numerical analysis of PSF

We placed a point target with unit reflectivity at [16, 11, 0] km. Note that this position
corresponds to the (65, 94)th pixel in the reconstructed scene.

We performed numerical simulations to demonstrate the impact of Lφ , the length of the
support of φ(t); f0 = ω0/2π , the frequency of the transmitted waveform and the range of τ ′

on the PSF of the imaging operator. We reconstructed the PSF with the following variables:
(1) f0 = 0.4 MHz, Lφ = 3.657 s; (2) f0 = 0.4 MHz, Lφ = 14.629 s; (3) f0 = 4 MHz,
Lφ = 3.657 s; (4) τ ′ ∈ [0, 248.258] s with the sampling period 16.551 s , Lφ = 0.0853 s and
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Figure 7. (a) The PSF of the DSAH imaging method at (16, 11, 0) km along with (b) its X profile
and (c) Y profile, for a cooperative transmitter located at y0, transmitting a CW waveform at f0 =
4 MHz; and two receivers traversing circular trajectories, γ1(s) and γ2(s). The length of the
support of the windowing function is Lφ = 3.657 s.

f0 = 800 MHz. For the first three cases, we assumed that the transmitter was cooperative
and reconstructed the PSF using τ ′ = 0 s. For the fourth case, we reconstructed the PSF for
both the cooperative and non-cooperative cases. We used 16 τ ′ values uniformly spaced in
[0, 248.258] s.

Figures 5–7 show the reconstructed PSFs along with their profiles in X and Y directions
for the first three cases.

As can be seen in figures 5 and 6, the quality of the PSF improves as the length of the
support of the windowing function increases from 3.657 s to 14.629 s because of a larger data
collection manifold. Comparing the profiles of the PSFs in both cases, we see that the level of
the sidelobes of the PSF decreases as the support of windowing function gets longer. This, in
turn, results in an increase in the image contrast.

Comparing figure 7 with figures 5 and 6, we see that the increase in the frequency of
the transmitted waveform from 0.4 MHz to 4 MHz results in a clear improvement of the
PSF as indicated by theory. We observe significant improvements in the resolution and the
suppression of the sidelobes of the PSF in figures 7(b) and (c).
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Figure 8. The PSF at [16, 11, 0] km with 16 τ ′ values uniformly spaced in [0, 248.258] s using
a single cooperative transmitter located at y0 and two receivers traversing the circular flight
trajectories γ1(s) and γ2(s), as shown in figure 11.
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Figure 9. The PSFs using the vectors in the partial data collection manifolds (a) �12,τ ′=33.1011 s
(corresponding to s = π/4), and (b) �12,τ ′=165.5054 s (corresponding to s = 1.25π ), with a single
cooperative transmitter located at y0 as shown in figure 11 and two receivers traversing circular
flight trajectories γ1(s) and γ2(s) shown in figure 11.

To demonstrate the effect of the superposition of images reconstructed for each τ ′, we
reconstructed the PSF for a range of τ ′ values. For this simulation, we used both cooperative
and non-cooperative transmitters with the parameters described above. Figure 8 shows the
reconstructed PSF, which is the superposition of the images obtained for 16 different τ ′ values
uniformly spaced in [0, 248.258] s for a cooperative transmitter. To show the effect of the
superposition of the reconstructed images and the value of τ ′, we present the reconstructed
images corresponding to two different values of τ ′ in figure 9(a) and figure 9(b).

As expected, since the partial data collection manifold �12,τ ′,z for a fixed τ ′ is significantly
smaller than ∪τ ′�12,τ ′,z , the resolution of the images in figure 9 is poorer than that of the
superimposed image in figure 8.

For the case of non-cooperative transmitters, we assumed that the scene was illuminated
by an isotropic antenna and set R̃T = 1. Furthermore, we set |T − z|2 = 1 for all z ∈ R3
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Figure 10. The reconstructed image for a point target with 16 τ ′ values uniformly spaced in
[0, 248.258] s using a single non-cooperative transmitter located at y0 and two receivers traversing
the circular flight trajectories γ1(s) and γ2(s) shown in figure 11.

in Gij for the image reconstruction. This can be interpreted as an uninformative prior
on the transmitter antenna beam patterns and the transmitter-related geometric spreading
factors.

The reconstructed PSF for the case of a single non-cooperative transmitter is presented
in figure 10. Without the transmitter-related geometric spreading factors in the reconstruction
formula, the strength of the target appears weak because of the range-dependent attenuation. If
a priori information on the rough location of the transmitters is available, this range-dependent
attenuation can be easily corrected by rescaling the correlated received signal.

4.2. Numerical simulations for multiple-point targets

In accordance with the incoherent field approximation, we used the following multiple-point-
target model for the scene reflectivity

ρ(z) =
L∑

l=1

glδ(z − zl), (74)

where gl, l = 1, . . . , L, are independent Gaussian random variables with mean μl and variance
σ 2

l . The corresponding scene radiance is given by

Rρ(z) = E[ρ(z)ρ∗(z)] =
∑

l

(
μ2

l + σ 2
l

)
σ(z − zl). (75)

In our simulations, we considered a deterministic reflectivity and set σ 2
l = 1. We used

L = 9 and approximated the Dirac-delta functions in (75) by square target reflectors of size
344 × 344 m2, each having a unit reflectivity, i.e. μl = 1, l = 1, . . . , 9. Figures 11(a) and (b)
show the scene with targets, receiver trajectories and the transmitter antenna location.

4.2.1. Cooperative transmitters. For the case of a cooperative transmitter, the reconstructed
image is shown in figure 12. The two images corresponding to the fixed τ ′ values are shown
in figures 13(a) and (b). As expected, because of a smaller data collection manifold, the
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Figure 11. (a) 3D and (b) 2D views of the scene with multiple-point targets, illuminated
by a single transmitter located at y0 = (0, 0, 6.5) km and the circular receiver trajectory
γC(s) = (11 + 11 cos(s), 11 + 11 sin(s), 6.5) km, as shown by the circle. At a certain time
instant, two receivers are located at the positions shown in the figure.
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Figure 12. The reconstructed image for multiple-point targets with 16 τ ′ values uniformly spaced
in [0, 248.258] s using a single cooperative transmitter located at y0 and two receivers traversing
the circular flight trajectories γ1(s) and γ2(s) as shown in figure 11.

resolution of these images is poorer than that of the image obtained by superposition of all the
images reconstructed for a range of τ ′ values, τ ′ ∈ [0, 248.258] s, as shown in figure 12. We
observe that some of the targets do not appear as sharp as the ones in figure 12.

4.2.2. Non-cooperative transmitters. Figure 14 shows the reconstructed image for multiple-
point targets using a non-cooperative transmitter. Since the location of the transmitter was
assumed to be unknown, the received signal was not compensated for the transmitter related
geometric spreading factors. As a result, the scatterers closer to the transmitter appear brighter
in the reconstructed image than those that are further away from the transmitter.
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Figure 13. The images reconstructed for multiple-point targets using the vectors in the partial
data collection manifolds (a) �12,τ ′=33.1011 s (corresponding to s = π/4), and (b) �12,τ ′=165.5054 s
(corresponding to s = 1.25π ), with a single cooperative transmitter located at y0 and two receivers
traversing circular flight trajectories γ1(s) and γ2(s) as shown in figure 11.
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Figure 14. The reconstructed image for multiple-point targets with 16 τ ′ values uniformly
sampled in [0, 248.258] s using a single non-cooperative transmitter located at y0 and two receivers
traversing the circular flight trajectories γ1(s) and γ2(s) as shown in figure 11.

5. Conclusion

We developed a novel image formation method for passive SAR that uses transmitters of
opportunity with single-frequency or ultra-narrowband waveforms and receivers traversing
arbitrary flight trajectories. The method is based on the windowed, filtered, scaled and
translated correlation of the received signals at different (or the same) receiver and weighted
backprojection of the resulting correlated signal. Such preprocessing of the received signal
removes the transmitter-related terms from the phase of the resulting forward model, allowing
us to perform backprojection without knowledge of the transmitter locations. For non-
cooperative transmitters of opportunity, we assumed that the location and antenna beam
patterns of the transmitters are unknown and treat antenna beam patterns as random processes
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with known second-order statistics. For cooperative sources of opportunity, we assumed that
the location and antenna beam patterns of the transmitters are known.

The windowed, filtered, scaled and translated correlations of the received signal result in
the projection of the ground radiance onto the curves defined by the Doppler hitchhiker scale
factor. Next we used microlocal analysis to recover ground radiance from its projections via
weighted backprojection. The analysis of the point spread function of the imaging operator
shows that the singularities of the scene radiance that are reconstructed are those that are at
the intersection of the curves defined by the Doppler hitchhiker scale factor and hitchhiker
iso-Doppler-rate curves. The weighted backprojection algorithm puts the visible edges of the
scene radiance at the correct location, and under appropriate conditions, with correct strength.

The analysis of the Fourier space data collection manifold shows that the resolution of the
reconstructed image depends on the frequency of the transmitter, the length of the support of
the windowing function, the Doppler hitchhiker scale factor and the range of the τ ′ variables.
The numerical simulations demonstrate the performance of the reconstruction algorithm and
verify the theoretical results.

We described our imaging algorithm for a single, stationary transmitter. However,
the method can be easily extended to multiple mobile or stationary transmitters by simply
integrating the received signal model over all transmitter locations similar to our work in [6].
Following the methodology introduced in [22, 25–27], it can be shown that correlation of
scaled and delayed measurements is an optimal detection scheme for a point target in the
presence of additive white Gaussian noise. This result as well as imaging in the presence
of more general noise models and performance analysis will be described in our future work
[28].

Although we presented our approach specifically for passive synthetic aperture radar, our
method is also applicable to other passive imaging problems, such as passive geophysical or
acoustic imaging.
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Appendix A.

Substituting (20) into

∂τ (ω0t[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0][Sij (τ
′, τ,z′) − Sij (τ

′, τ,z)]) = 0, (A.1)

we reduce (A.1) to

−ω0t[1 − ̂(γi (τ
′) − z′) · γ̇i (τ

′)/c0] ∂τ

[
1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

]
︸ ︷︷ ︸

�

= 0. (A.2)

4 Consequently the US Government is authorized to reproduce and distribute reprints for Governmental purposes
notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors
and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or
implied, of the Air Force Research Laboratory or the US Government.
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We now express � as

∂τ

[
1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

]

= − 1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

[1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0]2
× ∂τ [1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0]

+
1

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

× ∂τ [1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0]. (A.3)

Introducing (A.3) into (A.2), we obtain

∂τ [1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0]

1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

= ∂τ [1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0]

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

. (A.4)

Let us focus on the numerators on both sides of (A.4). Using the notations γj =[
γ1

j , γ2
j , γ3

j

]T
and γ̇j = [

γ̇1
j , γ̇2

j , γ̇3
j

]T
, the partial derivative of the numerator on the left-hand

side of (A.4) with respect to τ can be expressed as

∂τ [1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0] = ∂τ

−1

c0 |γj (τ ) − z|
[(

γ1
j (τ ) − z1

)
γ̇1

j (τ )

+
(
γ2

j (τ ) − z2
)
γ̇2

j (τ ) +
(
γ3

j (τ ) − z3
)
γ̇3

j (τ )
]

=
[

1

c0 |γj (τ ) − z|2
γj (τ ) − z

|γj (τ ) − z| · γ̇j (τ )

]
[(γj (τ ) − z) · γ̇j (τ )]

− 1

c0 |γj (τ ) − z|
[(

γ̇1
j (τ )

)2
+
(
γ1

j (τ ) − z1
)
γ̈1

j (τ ) +
(
γ̇2

j (τ )
)2

+
(
γ2

j (τ ) − z2
)
γ̈2

j (τ ) +
(
γ̇3

j (τ )
)2

+
(
γ3

j (τ ) − z3
)
γ̈3

j (τ )
]

= 1

c0 |γj (τ ) − z| [ ̂(γj (τ ) − z) · γ̇j (τ )]2

− 1

c0 |γj (τ ) − z| [|γ̇j (τ )|2 + (γj (τ ) − z) · γ̈j (τ )]

= −1

c0

[
1

|γj (τ ) − z| [|γ̇j (τ )|2 − ( ̂(γj (τ ) − z) · γ̇j (τ ))2] + ̂(γj (τ ) − z) · γ̈j (τ )

]

= −1

c0

⎡⎢⎣ 1

|γj (τ ) − z| |γ̇j,⊥(τ, z)|2 + ̂(γj (τ ) − z) · γ̈j (τ )︸ ︷︷ ︸
aj (τ,z)

⎤⎥⎦ (A.5)

where

γ̇j,⊥(τ, z) = γ̇j (τ ) − ̂(γj (τ ) − z)( ̂(γj (τ ) − z) · γ̇j (τ )) (A.6)

denotes the projection of the receiver velocity γ̇j (τ ) onto the plane whose normal direction is

along ̂γj (τ ) − z and aj (τ, z) denotes the projection of the receiver acceleration γ̈j (τ ) along
̂γj (τ ) − z. We see that the summation of the two terms in the square bracket of (A.5) is the

total radial acceleration of the j th receiver evaluated at τ . We denote these two terms by
a
∑
j (τ, z), i.e.

a
∑
j (τ, z) = 1

|γj (τ ) − z| |γ̇j,⊥(τ, z)|2 + ̂(γj (τ ) − z) · γ̈j (τ ). (A.7)
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Introducing (A.5) into (A.4), we obtain

a
∑
j (τ, z)

1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

= a
∑
j (τ, z′)

1 − ̂(γj (τ ) − z′) · γ̇j (τ )/c0

. (A.8)

Appendix B.

Introducing (20) in (57),

Ξij (τ
′, τ,z) = ω0[1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0]∇zSij (τ

′, τ,z), (B.1)

we obtain

Ξij (τ
′, τ,z) = ω0

[
∇z(1 − ̂(γi (τ

′) − z) · γ̇i (τ
′)/c0)

− 1 − ̂(γi (τ
′) − z) · γ̇i (τ

′)/c0

1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0

· ∇z(1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0)

]
(B.2)

where ∇z = [
∂z1 , ∂z2

]T
.

Defining μ = Sij (τ
′, τ,z), (B.2) can be expressed as

Ξ(τ ′, τ,z) = ω0[∇z(1 − ̂(γi (τ
′) − z) · γ̇i (τ

′)/c0)

− μ∇z(1 − ̂(γj (τ ) − z) · γ̇j (τ )/c0)]

= ω0

c0
[μ∇z ̂(γj (τ ) − z · γ̇j (τ )) − ∇z ̂(γi (τ

′) − z) · γ̇i (τ
′)]. (B.3)

Let us write

̂(γi (τ
′) − z) · γ̇i (τ

′) = 1

|γi (τ
′) − z|

[(
γ1

i (τ
′) − z1

)
γ̇1

i (τ
′)

+
(
γ2

i (τ
′) − z2

)
γ̇2

i (τ
′) +

(
γ3

i (τ
′) − ψ(z1, z2)

)
γ̇3

i (τ
′)
]

(B.4)

where γi = [
γ1

i , γ2
i , γ3

i

]T
and γ̇i = [

γ̇1
i , γ̇2

i , γ̇3
i

]T
. Calculating the first-order partial

derivative of (B.4) with respect to z1, we obtain

∂ ̂(γi (τ
′) − z) · γ̇i (τ

′)
∂z1

= −1

|γi (τ
′) − z|2

×
[−(γ1

i (τ
′) − z1

)− ∂ψ

∂z1

(
γ3

i (τ
′) − ψ(z1, z2)

)
|γi (τ

′) − z| ((γi (τ
′) − z) · γ̇i (τ

′))

]

+
1

|γi (τ
′) − z|

[
−γ̇1

i (τ
′) − ∂ψ

∂z1
γ̇3

i (τ
′)
]

. (B.5)

Similarly, we obtain the partial differential of (B.4) with respect to z2.
Let

Dψ(z) =
[

1 0 ∂ψ(z)/∂z1

0 1 ∂ψ(z)/∂z2

]
. (B.6)

Then, using (B.5), we have

∇z ̂(γi (τ
′) − z) · γ̇i (τ

′)

= −1

|γi (τ
′) − z|Dψ(z) · [γ̇i (τ

′) − ̂(γi (τ
′) − z)( ̂(γi (τ

′) − z) · γ̇i (τ
′))︸ ︷︷ ︸

γ̇i,⊥(τ ′)

]. (B.7)
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Similarly, we obtain

∇z ̂(γj (τ ) − z) · γ̇j (τ )

= −1

|γj (τ ) − z|Dψ(z) · [γ̇j (τ ) − ̂(γj (τ ) − z)( ̂(γj (τ ) − z) · γ̇j (τ ))︸ ︷︷ ︸
γ̇j,⊥(τ )

]. (B.8)

Note that γ̇i,⊥(τ ′) and γ̇j,⊥(τ ) are the projections of the receiver velocities γ̇i (τ
′) and γ̇j (τ )

onto the planes perpendicular to the directions ̂γi (τ
′) − z and ̂γj (τ ) − z, respectively.

Substituting (B.7) and (B.8) into (B.3), we obtain

Ξij (τ
′, τ,z) = ω0

c0
Dψ(z) ·

[
1

|γi (τ
′) − z| γ̇i,⊥(τ ′) − μ

|γj (τ ) − z| γ̇j,⊥(τ )

]
. (B.9)
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