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Abstract. We develop a new passive imaging method for moving targets in free space using measurements
from a sparse array of receivers that rely on illumination sources of opportunity. Our imaging
method consists of a novel passive measurement model for moving targets and an associated image
formation method. The passive measurement model for moving targets relates measurements at
a given receiver to measurements at other receivers in terms of Doppler and delay based on the
physics of wave propagation as well as the statistics of noise. Next, we use this model to address the
image formation as a generalized likelihood ratio test for an unknown target position and velocity.
The image is formed by using the position- and velocity-resolved test-statistic that is obtained
by maximizing the signal-to-noise ratio of the test-statistic. When the discriminant functional is
constrained to be linear, the test-statistic can be viewed as the superposition of the filtered, scaled,
and delayed correlations of the measurements obtained at different receivers. We analyze the spatial
and velocity resolution of the four-dimensional point spread function of our imaging method in terms
of the number of receivers and transmitters and the nature of the waveforms of opportunity. We
present extensive numerical simulations to demonstrate the performance of our passive moving target
imaging method for different numbers of receivers and different types of waveforms of opportunity
available in the real world.
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1. Introduction.

1.1. Motivation and overview of our approach. With the rapid growth of broadcasting
stations, mobile phone base stations, communication and navigation satellites, as well as the
relatively low cost and rapid deployment of receivers, passive radar imaging using transmitters
of opportunity has emerged as an active area of research in recent years [1, 10, 11, 12, 13,
14, 17, 23, 24, 25, 26, 27, 28, 29, 34, 36, 41, 42, 45, 47, 50, 51, 52, 53]. The transmitters of
opportunity could be cooperative where the information regarding the location, waveform, or
bandwidth of the sources is available or noncooperative where no such information is available.

In this paper, we present a new imaging method to determine the distribution of moving
targets in position and velocity spaces in free space using a sparse array of receivers and nonco-
operative transmitters of opportunity. We assume that the receivers are arbitrarily distributed
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in space that are several hundred wavelengths apart. We refer to such an array as a distributed
aperture. We assume that the location and beampatterns of the transmitters of opportunity,
as well as the transmitted waveforms, are unknown. We introduce a self-consistent theoretical
framework based on physics-based modeling and estimation-detection theory. Within this
framework our imaging method consists of a novel passive measurement model and an asso-
ciated image formation method. The new passive measurement model relates the Doppler as
well as delay information measured at a receiver location to the delay and Doppler information
measured at other receiver locations due to a hypothetical moving target in position and veloc-
ity spaces. We use the new passive measurement model to address the moving target imaging
problem as a position- and velocity-resolved binary hypothesis test, which has its roots in the
generalized likelihood ratio test (GLRT) [31, 32]. We use the position- and velocity-resolved
test-statistics produced by the hypothesis testing to form an image in position and velocity
spaces. We determine the test-statistic by maximizing its signal-to-noise ratio (SNR) while
constraining the associated discriminant functional to be linear. The resulting test-statistic
can be viewed as a superposition of filtered, delayed, and scaled (or dilated) correlations of
measurements at different receivers. While the GLRT approach can accommodate arbitrary
probability density function models, the choice of the linear discriminant functional results in
an explicit test-statistic and allows us to readily perform resolution analysis in terms of the
point spread function of our imaging method. We analyze the resolution of the reconstructed
images under different imaging scenarios including different numbers of transmitters and re-
ceivers and different types of transmitted waveforms. Our analysis shows that the resolution
of position and velocity is determined by the intersection of the four- (or six-)dimensional
passive-iso-Doppler and passive-iso-range manifolds introduced in this paper, whose spread
is associated with the underlying Doppler and range ambiguity functions of the transmitted
waveforms of opportunity. We analyze the computational complexity of our passive moving
target imaging algorithms and present extensive numerical simulations to demonstrate the
performance of our imaging method using different waveforms of opportunity available in the
real world.

1.2. Related work and advantages of our approach. A number of passive moving target
detection and imaging approaches have been presented in the literature [1, 12, 13, 14, 17, 23,
24, 25, 26, 27, 29, 34, 36, 41, 42, 45, 50, 51]. With the exception of [36], these works either
assume a priori knowledge of the transmitter related information or estimate this information
from measurements. The works in [1, 12, 13, 14, 17, 23, 24, 25, 26, 27, 29, 34, 36, 41, 42, 45]
mainly focus on the detection of moving targets in a bistatic framework [54]. In [50] a method
based on the inverse Fourier transform and interpolation was presented for imaging of airborne
targets. The method uses a single receiver and multiple television transmitters, which can
be viewed as a multistatic inverse synthetic aperture radar imaging technique [6, 43]. The
paper [51] is an advancement over [50]|, where the Fourier transform along the cross-range
dimension is replaced by the smoothed pseudo-Wigner—Ville distribution to address the aspect
angle dependent variability in target reflectivity.

In [36], a passive detection technique for moving targets which exploits target thermal
radiation was considered. This method is based on the cross-correlation of measurements
from two different locations over a temporal window. The range and Doppler properties were
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analyzed, and several limitations of the approach including difficulties due to noise and clutter
and selection of the temporal window were presented.

The technique of cross-correlation of measurements was also used in passive synthetic
aperture radar (SAR) imaging [52, 53] and other passive imaging applications [3, 4, 16, 18,
19, 20, 40, 47]. The correlation processing eliminates the need for knowledge about the
transmitter location and waveform. As a result it is applicable to passive imaging problems
using noncooperative sources of opportunity. Our present work falls into this class of ap-
proaches. However, our method arises from a different consideration from those described
in [3, 4, 16, 18, 19, 20, 40]. In our current and previous works [47], we have introduced a
new, self-consistent theoretical framework for passive imaging based on physics-based model-
ing and estimation-detection theory. Our theory results in a cross-correlation—based approach
only under certain design constraints.

In [53] we developed a delay-based correlation processing combined with a filtered-back-
projection technique to form high resolution SAR images of ground radiance. This technique is
particularly suitable for wideband illumination sources of opportunity. In [52], we developed
a scaling-and-delay—based correlation combined with a filtered-backprojection technique to
recover the ground radiance using ultranarrowband illumination sources of opportunity. Both
of these works address imaging of a stationary scene in free space. The delay-based correlation
was also studied in [3, 4, 16, 18, 19, 20, 40] to image stationary heterogeneities in the context
of geophysical imaging both in free space as well as in multiple scattering environments.

In [47] we reported a novel passive imaging method using sparse distributed apertures.
This method assumes that the targets are at rest during the transmission and the corre-
sponding reception and focuses on the reconstruction of the distribution of targets in the
position space only. This work, as well as an earlier work by one of the authors, introduces
the hypothesis-testing—based approach to imaging [46]. In all of these works [3, 4, 16, 18,
19, 20, 40, 47], imaging of stationary targets was considered. In this paper, we consider the
problem of passive imaging of moving targets using sparse distributed apertures to recon-
struct the distribution of targets in both position and velocity spaces. The method exploits the
Doppler information induced by the motion of the moving targets as well as the statistics of
the additive noise. In [48, 49], we presented conference versions of the present paper without
many of the results, derivations, and analysis.

Our approach has a number of advantages as compared to the existing passive imaging
or detection methods for moving targets: (1) Unlike the existing methods that focus on the
detection of the radial velocity of the moving target [1, 12, 13, 14, 17, 23, 24, 25, 26, 27, 29,
34, 36, 41, 42, 45] using specific waveforms available in the real world or target radiation, our
approach determines the two- or three-dimensional velocity information as well as the two- or
three-dimensional position of targets. (2) As compared to the existing passive radar detection
methods, our approach does not require transmitters or receivers with high directivity. (3) Our
approach is applicable to both cooperative and noncooperative transmitters of opportunity.
(4) For ease of exposition, we focus on the passive imaging of deterministic moving targets
with measurements embedded in thermal noise. However, our approach can be easily extended
to passive imaging of statistical targets embedded in random clutter.

While our treatment focuses primarily on radar imaging, our method is directly applicable
to passive imaging of moving objects in seismic, acoustic, or microwave imaging. Additionally,
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our physics-based modeling approach may allow extension of our method to imaging of moving
targets in multiple scattering environments with applications in urban imaging and imaging
of underground structures [37, 38].

1.3. Organization of the paper. The rest of our paper is organized as follows: In section
2, we describe the models for a moving target and incident and scattered fields and next use
these to develop a passive measurement model for moving targets. In section 3, we use the
passive measurement model developed in section 2 and address the moving target imaging
problem within the GLRT framework. In section 4, we present the resolution analysis of our
imaging method in position and velocity spaces. In section 5, we present the computational
complexity analysis of our imaging method. In section 6, we present numerical simulations.
Section 7 concludes our discussion. The paper includes two appendices: Appendix A includes
the derivation of the optimal linear discriminant functional used for passive image formation.
Appendix B includes the derivation of an intermediate result used in section 3.

2. Passive measurement model for moving targets. In this section, we first describe the
models for the moving target and incident and scattered fields and next use these models to
develop a measurement model for passive imaging of moving targets in free space.

Table 1 lists notation used throughout the paper. The bold x denotes a variable in three-
dimensional Fuclidean space and the italic bold & denotes a variable in two-dimensional space.
The operators are denoted with calligraphic letters—for example, I, G, P, etc. For a function
f, f denotes its Fourier transform and f* denotes its complex conjugate.

2.1. Models for moving target, incident, and scattered fields. The propagation of each
component of electromagnetic waves due to an arbitrary source distribution s(x,¢) in a medium
can be described using the scalar wave equation [2, 15, 22]:

(2.1) (V2 — ¢ 2(x, )02 E(x, 1) = s(x, 1),

where ¢ is the wave speed in the medium and F is the electric field. We assume that moving
scatterers are embedded in free space. Let ¢y denote the speed of light in free space and g be
the Green’s function satisfying

(2.2) [V — 520 9(x,2,t) = 6(x — z)d(t).

The wave speed ¢ in moving scatterers can be expressed in terms of the background
propagation speed and the perturbation due to deviation from the background reflectivity.
Let ¢y denote the phase-space distribution, at time ¢ = 0, of scatterers moving with velocity
v. The moving scatterers in the spatial volume d3z (at x) give rise to [§]

(2.3) 2 (t,x) = g2 + /qv(x — vt)dv.
We assume that the electromagnetic waves decay rapidly as they penetrate the ground [7].

We then write ¢y (x—vt) in terms of the two-dimensional location and two-dimensional velocity
as follows:

(2.4) gv(x — vt) = qu(x — vt)d(x35 — h(x))d(vs — Dh(x) - v),
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Table 1
Table of notation.
Symbol  Designation Symbol  Designation
co Speed of light in free space s(x,t) Source at location x and time ¢
g(x,y,t) Green’s function of a homoge- qv(x) Phase-space  distribution  of
neous medium representing the scatters located at x moving
field at location x and time ¢ with velocity v
due to an impulsive source at
location y at time zero
En The incident field E The scattered field
En The incident field observed by Efzn The incident field due to the gth
the moving target transmitter located at zq
Dq Transmitted waveform by the Tz, Time at which the transmission
gth transmitter starts from location z,
p Reflectivity of a point target X; Location of the ith receiver
m; Fourier transform of the mea- g Additive white thermal noise at
surement at the ith receiver the ¢th receiver
My v, Doppler-scale-factor  observed fly,w,z, Doppler-scale-factor observed
by the ith receiver by the target due to the radial
movement relative to the gth
transmitter
Oy v,x;,z, Doppler-scale-factor  observed Yy,v,ij Passive ~ Doppler-scale-factor
by the ith receiver due to a with respect to the ith and
transmission from z,; and a gth receivers due to a target
target located at y moving located at y moving with
with velocity v velocity v
Py,v,i Forward-propagation operator P, 1,2 Back-propagation operator
mapping the incident field from mapping the ¢th measure-
y on a moving target with ve- ment to a hypothetical target
locity v to the ith receiver lo- located at y moving with a
cated at x; hypothetical velocity v
Su,i Scaling operator that accounts Gy,i Operator that accounts for the
for the Doppler scaling effect wave propagation in the sta-
observed by the ith receiver tionary background from the
target to the ith receiver
Py Diagonal matrix with elements m Measurement vector (see
Pyw,iPyyiri=1,...,N, and (2.40))
i# jforsomel <j<N
my Reference measurement vector n Noise vector (see (2.42))
(see (2.41))
Rn Autocovariance matrix of n w Template of the linear detector
Se Power spectral density function K Point spread function of the
of the noise at the ith receiver imaging operator
My,v) Test-statistic at position y and SNR SNR of the test-statistic

velocity v

Oh Oh

topography, and Dh(x) = [8—961 LL],

0o

where x = (x,23),z € R? and v = (v,v3),v € R?, h : R?> — R represents the ground
)

Let E*¢ denote the scattered field due to the moving perturbation ¢,. Then, under the
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Born approximation [39], the scattered field is modeled as'

(2.5) B (x, 1) = / 9(x, 9t — 7)oy — o) 2B (y, 7)drdydo,

where g(x,y,t) is the three-dimensional free space Green’s function equal to g(x, (y, h(y)),t).
E™ denotes the incident field due to the source distribution s(x,t) modeled as

(2.6) Ein(y,t) = /g(y,z,t —7)s(z, 7)dTdz,

where ¢g(y, z,t) is the three-dimensional Green’s function defined as g((y, h(y)), z, ).
For multiple transmitters with isotropic antennas, say, M, the source distribution becomes

M
(2.7) s(x,t) = Z 6(x — zg)py(t + T,),
q=1
where z,,q = 1,..., M, denotes the location of the gth transmitter transmitting the waveform

Pq starting at time ¢t = T, .

Note that the isotropic antenna assumption is not necessary for the rest of our devel-
opment. The following models can be extended to incorporate realistic antenna models in
a straightforward manner. However, this assumption is made to simplify the rest of our
discussion.

Substituting (2.7) into (2.6), we have

) M
(2.8) By, =Y / oy, 2g,t — T)pg(r + Ty, ) dr,
q=1

E(i]n (yvzq 7t)

where E[i]n represents the incident field on the target due to the gth transmitter.
Performing the change of variables y' = y — v7, (2.5) becomes

(2.9) E*(x,t) = /g(x, y +vr,t— T)qv(y')afEin(y' + o7, 7)drdy’ dv,

where E™(y’ + v, 7) is given in (2.6) with y replaced by vy’ + vT.
For free space, the Green’s function is given by
ot — |x —2|/co)

4r|x — 2

(2.10) g(x,2z,t) =

2

Under the slow-mover assumption,” we approximate

x—(y+v7)| =lx—y|l-x—-y-vrT,
(2.11) (y +vT) —zg| = |y —2¢| +y —24-VT

! Note that the scattered field can also be derived from the perspective of scattering theory [9], which leads to
another expression where the double derivative with respect to 7 can be removed in (2.5) under the assumption
that the target reflectivity is in the “optical region,” i.e., independent of frequency w.

2The speed of the target, |v|, is much slower than the speed of light, co, or |v|t is much less than the distance
between the receiver (transmitter) and the target.
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Thus, we have

(2.12) gx,y+vr,t)~g (x, y,t+ wT) ,

(2.13) g(y+vrz,7)~g (y,z, (1- 7)7-) .

Note that y = (y, h(y),t) and v = (v, Dh(y) - v).
Using (2.12), (2.13), and (2.6) and replacing y’ with y in (2.9), we obtain

(2.14) E*(x,t) = / 905 Y.t — iy o)1) OZE™ (y, 7)dr dydv,
where
~ M .
(2.15) E™y,7) =Y EX(y.2q: fiy2,7)
q=1
with
(2.16) EMY, 2q, flyv,z,T) = / 9(Y, 2g; Py, ™ — T )p(T" + Ty, )dr’
and
(2.17) pywox =1+ 2%
(&)
- - Y—24-V
(2.18) ey = 1=

As compared to (2.6), which presents the incident field on a static target, (2.15) defines
the incident field observed by a moving target with velocity v due to transmitters located at
Zq,q = 1,..., M, which accounts for the Doppler scaling effect induced by the movement of
the target.

Note that the scale factor, fiy.v,z,, in (2.18) accounts for the Doppler scaling effect induced
by the movement of the target on the field at y due to a source located at z,. We refer to
flyv,z, as the Doppler-scale-factor observed by the moving target located at y moving with
velocity v due to a waveform transmitted from z,. The scale factor, fiy 4 x, in (2.17) accounts
for the Doppler scaling effect observed at the receiver location x due to a moving target with
velocity v. We refer to iy x as the Doppler-scale-factor observed at location x due to a
moving target with velocity v at location y. In the discussion that follows, we focus on the
slow-mover case.

Using (2.14), the measurement at the receiver located at xo contaminated with additive
thermal noise n(t) can be modeled as

(2.19) m(t) = / 9(%0, 4t — fyowxT) o ()02 B (y, 7)drdydo + n(2).
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We assume that n(t) is zero-mean with finite second-order statistics.
In the Fourier domain, (2.19) becomes

(2'20) m(w) = /Q(X& yyw)QU(y)Ny,v,xow2Ein(yy ,uy,v,xow)dydv + ﬁ(w),

where §(xo,y,w) denotes the Fourier transform of the three-dimensional free space Green’s
function g(xo, (y, h(y)),t) given in (2.10), i.e.,

(i 1x0-y]

2.21 §(X0,Y,w) = ————»
( ) g( 0:Y ) 47T’X()—y’

w
Yy, ZQ7 -~
ﬂy,v,zq

with EA;n(w, vy, z) denoting the Fourier transform of (2.16), i.e.,

- 1 i=—2—T,
(2.23) £ <y,zq, _“ > _ <y,z, v >pq < @ >e1”yv”vzq .,
/'I/y,'U,Zq /'I/y,'U,Zq /'I/yv'v7zq /'I/y,'U,Zq

Note that since the waveform p is typically band-limited, we restrict our analysis to some
range of w.
Substituting (2.23) into (2.22) and the result back into (2.20), and using (2.21), we obtain

) = _WQZ/I.Y

and

M
(2.22) E™(y,w Z

eiPy.v.x0.2

- X0||y - Zq|a?3’;,v,xo,zq

(2.24)
<y () wludydo + i)
Ay v,x0,7q
where
w ly — 24| ly — %o
2.25 - (7 X =4a)_ L 7
( ) ¢y:v7x07zq ay,v,xo,zq ( Zq CO > W CO
and
fly v, 1—y —24-v/co
(2.26) ay,'v,xo,zq _ Y,V,2q — q /

Hywxo 14y —Xo-v/co

Since the scale factor oy 4 x,,z, accounts for the Doppler scaling effect on the scattered-field
measurements due to the gth transmitter induced by the the movement of the target, we refer
to Qi v x0,2, @ the Doppler-scale-factor with respect to the gth transmitter.
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Moving target of interest \\\‘\
o [

) /),
N I
Z3 Yzz

Figure 1. An illustration of the imaging scenario using distributed apertures. The black triangles denote
the receivers, and the white triangles denote the transmitters. The arrow shows the velocity vector of the target.

G

2.2. A measurement model for passive imaging of moving targets using distributed
apertures. In the analysis that follows, we consider IV receivers located at x;,i = 1,..., N,
and M transmitters located at z,,q = 1,..., M. The receivers and transmitters are arbi-
trarily located several hundred wavelengths apart with known receiver locations but unknown
transmitter locations. Furthermore, we assume that there is a common reference clock for all
receivers. This common reference clock allows coherent data processing. Figure 1 illustrates
the imaging scenario that is considered.

For the rest of our development we assume that the phase-space distribution g, (y) is deter-
ministic. This assumption allows us to simplify the analysis and distill the important aspects
of our imaging theory. The results can be easily extended to statistical targets embedded in
clutter.

For active imaging, measurements are expressed in terms of the transmitted waveforms
and the location of the transmitters as in (2.24). However, for noncooperative passive de-
tection and imaging applications, such information is not available. Therefore, we develop a
passive measurement model that expresses measurements at each receiver in terms of the mea-
surements at a different receiver. The model is based on the fact that the measurements at all
receivers are due to the same incident field E', target velocity, and phase-space distribution.
The model involves back-propagating the measurement at a receiver location to a hypothet-
ical target location moving with a hypothetical velocity and then forward-propagating the
resulting field to another receiver location.

Using (2.20), we define the forward-propagation operator, Py ., with respect to the ith
receiver as a linear operator expressed as

(2.27) Py,w,ilu](w) = Gy,iSv,iu](w),
where
(2.28) u(y,v,w) = qv(y)wQE:in(y,w) ,
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Sy,i is the scaling operator that accounts for the Doppler effect observed by the ith receiver
due to a moving target with velocity v at location y, and G, ; is the operator that accounts
for the wave propagation in the stationary background from the target to the ith receiver.
Note that for a stationary target located at y, the forward-propagation is comprised of only
Gy.i [47].

Sy,i is given by

(2.29) Suilil0) = [ Walo 0ty (0 iy s50)d0

where W, (v',v) is a windowing function of unit amplitude in the velocity space centered at
the hypothetical velocity v. For notational simplicity, we write fiy v = [y v x;-
We define G, ; in (2.27) as

Gy.ilu /W W'\ y)i(xi, ¢y, wu(y', v,w)dy

(230) _/ (Xl7y7 ) (y',v,w)dy'.
Dw (y)

In (2.30), Ws(y',y) is a spatial windowing function of unit amplitude centered at a hypothet-
ical target location y at time ¢ = 0, and §(x;,y’,w) is given by (2.21).
We define the back-propagation operator as the inverse of Py ,,; and denote it with Py, 1, i

. 1
Using (2.27), Py v can be expressed as

(2.31) Poyvi =SuiGyi>
where Q ; is the inverse of G, ;, and S - is the inverse of S, ;. Note that if P~! does not
exist, we replace it with a suitable pseudomverse of P.
Let m; denote the measurement at the ith receiver, and let there be a target centered

t (y,v) in the position and velocity spaces. We can now express the measurement, 1m;, at
the 7th receiver in terms of the measurement, 7, at the jth receiver by back-propagating
7 measured at x; to (y,v) in the position and velocity spaces via the back-propagation
operator and then forward-propagating the resulting field to x; via the forward-propagation
operator. Thus, in an ideal scenario where there is no additive noise in the scattered field
measurements, we obtain the following passive measurement model that relates the scattered
field measurements 1m; and m;:

(2.32) mi(w) = Py, ,wam (w).

Figure 2 illustrates the back-propagation of the scattered field measurements at the jth
receiver to a hypothetical target position and a hypothetical target velocity by the operator
Pyi, j and forward-propagation of the resulting field to the ith receiver via the operator
Py.v,i- For clarity, we factored the back- and forward-propagation operator into two parts—
the operator associated with the background wave propagation, G, as shown in Figure 2(a),
and the operator associated with the Doppler scaling due to the movement of target, as shown
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Hywq = 1 =¥ 24 V/co/

1—‘,-y/—\Xi~V/C()

y

Passive Doppler-scale-factor Vy,v,ij =

Hy.v.i

Hy,v,j

(@) (b)
Py,v,i = Gy,iSuv,i

Figure 2. (a) An illustration of the operator G and its inverse. (b) An illustration of the operator S and its
inverse. The Doppler scaling effect observed by the jth receiver is removed via Sy,; for a hypothetical velocity.
The Doppler scaling effect on the incident waveform observed by the ith receiver is then incorporated via Sy ;.

The measurement at X; is mapped back to a hypothetical target location via 77;1,7]» = S;;g;; After the inverse

scaling and scaling operations, the resulting field is mapped to x; via Py v,i = Gy,iSv,i-

in Figure 2(b). Note that in the presence of noise, when 7, is back-propagated, not only the
noise-free measurement, m§°’, but also the noise at the jth receiver, n;, is back-propagated.
Thus, the full expression for the passive measurement model becomes

5 — p—1 (0 p-1 5 5

ml(w) - P’yyvylpy,v,jmj (w) + ,P'yy'UyZ,Py,v,jn] (w) + nl(w)
(2.33) = Pyw.iPy .y ;15 (W) + 1i(w).
In many applications, the moving target model can be simplified to a point scatterer moving
at a constant velocity, i.e.,

(2.34) ¢ (y) = po(y — yo)d(v — o),

where p is the reflectivity of the point target located at yg, at time ¢ = 0, moving with velocity
vg. Thus, for a point target moving at a constant velocity, the forward-propagation operator
in (2.27) reduces to

(2.35) Pyomo,i[u] (w) = (x4, Yo, w):uyo,vo,iu(ﬂyomod w),

where §(x;,yo,w) is given by (2.21) and fiy, v, is given by (2.17). Accordingly, the back-
propagation operator in (2.31) becomes

1 w 1
(2.36) Poovo.ilil (@) = i ( >
Y0, Hayg,v0,i Hyo,vo,i g (Xi, Yo,

w
Hyg,vg,i
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Using (2.35) and (2.36), for a moving point target, (2.33) becomes
15(w) = Py, 0,1 Pyoro.,371 () + 7i(w)

0,70,]
~ x .
( ) nl( )7

2.37 = Yyo,v0,i5 T (Vyo,v0,ijW) =

where 7y 4 ; is the ratio of the Doppler-scale-factors with respect to the 7th and jth receivers

given by

,0,1 1+ 0/_\X - Vo/Co
(2.38) Voo w0 = Hyo,v0,i y i /

_ 0 *
Pyowo.i 14+ yo —Xj-vo/co

with yo = (yo, h(yo)) and vy = (vo, Dh(yo) - vo). Note that vy 445 is the Doppler-hitchhiker-
scale-factor defined in [52]. Due to the static nature of the receivers in the present work, we
refer to 7y v,ij as the passive-Doppler-scale-factor.

Substituting (2.21) into (2.37), we obtain

~ Yo — X _j | — Cve s ) m .
230) i) = BT et 0 150 + 50
T

where k = w/cy.

For N receivers located at xi,...,Xy, a vector measurement model can be formed by
taking one of the receivers as a reference. Without loss of generality, we take the jth receiver
as a reference and form the following measurement vector:

(2.40) m = [ ml mg mN ]T

Similarly, we can vectorize the “reference measurements” and the noise as follows:
. . . 1T

(2.41) m, = [ myoomgoocec My ]

(2.42) n:[ﬁl ﬁg ﬁN

9

]T
where n;, 1 # j, is the additive thermal noise at the ith receiver. Note that m, m,, and n are
all (N — 1)-dimensional vectors.

The composition of the back-propagation and forward-propagation operators can be rep-
resented as a diagonal matrix given by

(2-43) Py,v = diag[ Py,v,lp;;j Py,v,2737;1;7j Py,v,NPy_,i,,j } )

where i # j and Py, is (N — 1) x (N —1).
Using (2.33), (2.40)—(2.43), we form a vectorized passive measurement model as follows:

(2.44) m(w) = Py ,m;(w) + n(w)

for some range of w. Note that in (2.44), all operations are understood to be elementwise.

The measurement model in (2.44) can be extended by taking each one of the N mea-
surements as a reference which will result in measurement, reference measurement, and noise
vectors of length N(N — 1). However, to simplify our notation and without loss of generality,
we assume only one of the measurements as a reference.
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3. Imaging of moving targets as a test of position- and velocity-resolved binary hy-
pothesis. We formulate the imaging problem as a binary hypothesis testing problem using the
passive moving target imaging model introduced in section 2.2. The binary hypothesis based
approach has its roots in the GLRT [31, 32]. This approach provides a particularly suitable
framework for the sparse aperture arrays due to the limited data available. In this formal-
ism, we extract a position- and velocity-resolved test-statistic. The image is then formed in
the (y,v) domain with the position- and velocity-resolved test-statistic where the location,
possibly the shapes of the targets, and their velocities can be identified by thresholding the
resulting four-dimensional test-statistic image.

In this section, we first set up a position- and velocity-resolved binary hypothesis test and
next determine a test-statistic for each location (y,h(y)) € R?® and each velocity (v, Dh(y) -
v) € R? in the position and velocity spaces using the passive measurement model for moving
targets developed in section 2.2. We determine a test-statistic by maximizing the SNR of the
test-statistic while constraining the associated discriminant functional to be linear.

The passive moving target imaging problem can be formulated as a test of the following
position- and velocity-resolved binary hypotheses:

Ho: m=n,

(3.1) Hi: m=P,,m; +n,

where Py ,,,m;, m, and n are as defined in (2.40)-(2.44).

The null hypothesis states that the measurement is due to noise, whereas the alternative
hypothesis states that the measurement is due to a target located at y moving with velocity
v.

To design a discriminant functional, we first determine the first- and second-order statistics
of the random processes involved under the two hypotheses.

Let R, be the autocovariance of the noise vector n, i.e.,

(3.2) Ry(w,w') =E [n(w)nH(w’)] ,

and let Ry, be the autocovariance of the noise vector n, := [0, 7, ..., 7], i.e.,
(3.3) Ry, (w,w') = B [np(w)ny’ ()]

Then, using (2.33), (2.41), (2.42), (3.1), (3.2), and (3.3), we obtain

(3.4) E[m[Ho] =0,

(3.5) Cov [m|Hp] = Ry, =: Ry,

(36) [m|H1] = Py,v [mr|H1] = Py,vmra

(3.7) Cov [m[H] = Py ,Ry, P, + Ry =: Ry,

where E denotes the expectation operator, Cov denotes the covariance operator, m, denotes
E [m;|H,], and Pg » denotes the Hermitian transpose of Py .
The linear discriminant functional involved in our problem has the form

(3.8) A= (mow)i= [whmdo = 37 [ v @)in()de,
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where X\ denotes the the output of the discriminant functional, which we call the test-statistic,
and w is a template given by

T
(3.9) W:[wl wy - wN] )
Equation (3.8) is a general form for a linear discriminant functional and can be applied to
both single and multiple frequency measurements. For single frequency measurements, the
integral can simply be omitted.

We determine the template by maximizing the SNR of A\. The expression for the SNR of
A for processes with finite first- and second-order statistics is given as [33]

|E [A[H1] — E[A[Ho] |

(3.10) SNR) = \/1/2(Var[/\|7-l1] + Var[/\|7-[0])'

Each term in (3.10) can be determined using (3.4)—(3.7). The numerator is given by
(3.11) E [)\|H1] —E [/\|7‘[0] = (Py’vmr, W>

The variance of A\ can be expressed as

(3.12) Var[A|H,] = E [| (m,w) |1, ¢=0,1,
(3.13) = /WHngdwdw’
(3.14) = (Ryw,w), £=0,1,

where Ry, £ = 0,1, is a symmetric nonnegative definite integral operator with the matrix
kernel Ry. Note that the integration in (3.12) should be understood to be elementwise.
Plugging (3.12) into (3.10), we obtain

(3.15) Var[A|H1] + Var[A|Ho] = /WH [R1 + Ro] wdwdw'

(3.16) = /W [Py +Ra PH + 2Rp | wdwdw'
2R

(3.17) =: (2Rw,w),

where R is a symmetric, nonnegative definite operator with the matrix kernel R.
Using (3.10), (3.11), and (3.15), SNRZ can be expressed in terms of the unknown template
as follows:

| (Pyo Ty, w) |

2
(3.18) Jw) = SNRY = §

The optimal linear template maximizing J(w) is then

(3.19) Wopt = R Py 0.
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Equation (3.19) shows that the optimal template is position and velocity dependent. A de-
tailed derivation of the optimal linear template can be found in Appendix A.

Under the assumption that the noise at different receivers is uncorrelated and wide-sense
stationary, Ry, reduces to a diagonal matrix. Without loss of generality, if the first receiver is
the reference, then

(3.20) Ri(w,w) = S (w)d(w — o), i=1,...,N—1,

where S? (w) is the power spectral density function of the noise. Note that if each component
of the noise vector is white, S} (w),7 =1,...,N,i # j, becomes constant.
We define

(3.21) S(w) = /ﬁ(w,w')dw'.

Thus, under the wide-sense stationarity assumption, (3.19) becomes

(3.22) Wopt =8 (W) Py o ()T (w),

where S is the inverse of S.

From (3.21) and (3.16), S~ can be approximated by a diagonal matrix (for a detailed
derivation, see Appendix B).

We denote diagonal elements of s! by S, 1(w),z’ =1,...,N,and i # j, which is a function
of S (w) and the kernel of Py .

For a moving point target located at y, moving with a hypothetical velocity v, each
component of the optimal template becomes

—1

— — X5 s N N N
(323)  wi=5 (@)Y e Rl il DE [y (g )]

ly — xil
where i =1,..., N, and i # j, and 7y 4; is given by (2.38).

The first term in (3.23) is a prewhitening filter due to colored noise, the second term
involves scaling due to geometrical spreading factors and the passive-Doppler-scale-factor, the
third term involves delay due to the path difference between the two receivers and a temporal
dilation due to the passive-Doppler-scale-factor, and the last term involves averaged dilated
reference measurement.

Thus, the output of the linear discriminant functional can be viewed as a summation
of the correlations between the filtered, delayed, scaled (or dilated) replica of the reference
measurement m; and the measurement m;,¢ # j, which is given by

(321)  Apo) =Y Iy =%l p [m; <t_|y_xi|/60+ Iy—Xj|>]m;k(t)dt,

vy ly —xi Vy,v,ij co

where m/;(t) is the filtered version of m;(t) with the filtering given by S; 1((,u).

Note that for stationary targets, the passive-Doppler-scaling factor, vy v,;j, becomes 1, and
the test-statistic in (3.24) reduces to the one in passive imaging of stationary targets using
distributed apertures in free space [47].
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We use A(y,v) to form a four-dimensional image of the scene, which shows the distribution
of the targets in the two-dimensional position space as well as their corresponding velocities
in the two-dimensional velocity space. In the next section, we analyze the resolution of our
passive moving target imaging method.

4. Resolution analysis. In this section, we assume that the surface topography is flat, i.e.,
h(y) = h, for some y € R? and set y = [y, h], v = [v,0]. We focus our analysis on the moving
point target model given by (2.34) and analyze how it is resolved in the four-dimensional
image A(y,v),y,v € R2

We define the expected value of the image of a moving point target, represented by the
Dirac-delta function in position and velocity spaces, as the point spread function (PSF),
K (y,yo;v,v0), of the four-dimensional imaging operator with y serving as the spatial index
of the image, yg as the location of the point target (at time ¢ = 0), v as the velocity index of
the image, and vy as the velocity of the point target, i.e.,

K(y,yo;v,v0) := E[A(y,v)]
— _
(4.1) = (E[m], R Py,m;).
Without loss of generality, we first assume that there is a single pair of receivers present
and a single transmitter in the scene. This allows us to simplify our analysis and distill the

important aspects of our analysis that can be readily generalized. We next extend our results
to the case where there are multiple pairs of receivers and multiple transmitters.

4.1. Resolution analysis for two receivers and a single transmitter.

4.1.1. PSF of the imaging operator. The transmitter is assumed to be located at z;
transmitting waveform p; at time t = —7,,. For a deterministic moving point target model
given by (2.34), using (2.24), we have

42 a1Pyg,vg.x 421
. w?pe i . w
(4.2) E [m;(w)] = 12 3 D1 < ) )
( ﬂ-) |y0 - X,]||y0 - Z1|ay0,vo,Xj,z1 ay07”07xj7Z1

where ¢y, g x;,21 a0 Qg 0,21 ar€ as in (2.25) and (2.26), respectively.
We assume that there are two receivers located at x; and xo and take the measurement
at x1 as the reference. Thus, from (3.8) and (3.23), we have

K(y,yo;v,v0) = E My, v)]

|y_X1| —ik —Xo|— —x
’vi21 5 (ly—=x2|=vy,v,21ly—x1)

(4.3) v

E [1101 (0,21 W) E [1125(w)] doo,

where 7y 1,12 is given by (2.38) for i = 2,5 = 1.
Using (4.2), (4.3) becomes

. . Ty,v,21 _ 1 _ _
K(y,y0;v,v0) :5/gz_l(w)w‘le_lk”lelkK%oz«;xl,zl o e ) (0T —lyo—])]

N 7’!!,’0721 Ak w
(4.4) X P1 <7w P ——— ) dw,
ay07v07x17Z1 ay07v07x27Z1
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where
3
(4.5) 5= PPy — x| ' Vy,v,21
(47T)4|y0 - Z1|2|y0 - X1||y0 - X2||y - X2| ago,vo,xl,zlago,vo,xz,m
and
(4.6) ro1 = |y — X2| — 7y,v,21|y —x1| = (Jyo — xa| — 7y,v,21|}’0 —x1]).

Note that if T,, is chosen to be equal to |yo — z1|/co, the second exponential term in (4.4)
disappears.
Examining (4.4), we see that if

1

(4~7) Vy,v,21 _ 7

Qyo,vo,x1,21 Xyo,v0,%2,21
then (4.4) becomes

T2y —
K(y,yo; v,v0) = = . ly — x1 :
(A7) yo — z1*lyo — x1lly — X2|af, v xs.21
2
(48) X /g;l(w)wéle—ik?“zl ]51 (L) dw’
O4'1407'1707X2,z1

w

——=——)| with itself in time domain. Clearly,
Y0,v0,%2,%1

which defines the correlation of [Sy Y 2(w)w2ﬁ1(
this correlation peaks when ry; = 0, i.e.,

(4.9) Yy — Xa| = Yyw21ly — x1| = [yo — X2| — y0,21/y0 — X1].

Note that (4.8) can be interpreted as a generalized autoambiguity function of the trans-
mitted waveform p; [44], which is a filtered and scaled version of the classical autoambiguity
function.

The analysis above shows that the PSFE of the imaging operator for two receivers and
one transmitter reaches its maximum when the two conditions given in (4.7) and (4.9) are
satisfied.

4.1.2. Passive iso-Doppler and iso-range manifolds in position and velocity spaces.
Using (4.7) and (2.26), we have

1+y0 — x2-vo/co

(4.10) Yywal = Qyo,vo,x1,21 _

— = Yyo,v0,21-
Qyowox2,z1 1 +Yyo— X1 -Vo/co

Since, in the slow-mover case, the speed of the target is much slower than the speed of light
€0, Vy,v,21 can be approximated as follows:

}’/—?Q'V/Co—ﬁl 'V/C()
l+y—x1-v/c

—

(4.11) Rl4+(y—x2—y—x1)-V/c.

Vyw21 =1+
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Let
(4.12) Fn(C) = {(y,v) ER* X R? : yy po1 = O}

for some constant C' € R*. Using (4.11), vy,0,21 = C can be written as

—_—

(4.13) (y—x2—y—x1) - v=(C—1)cp.

Multiplying both sides of (4.13) by w, we have

(4.14) Z’—O(ﬁQ—m).v:(c—1)w.

The left-hand side of (4.14) is the hitchhiker-Doppler defined in [53]. Furthermore, for a fixed
frequency, wyp, (4.14) becomes the DSAH-Doppler defined in [52]. In this regard, we refer to
the manifold defined by (4.12) as the passive-iso-Doppler manifold. Thus, (4.10) specifies a
passive-iso-Doppler manifold with respect to two receivers located at x; and x. The test-
statistic due to a moving point target located at yo moving with velocity vy is constant on
this manifold.

Substituting (4.10) into the right-hand side of (4.9), we obtain

(4.15) Yy — Xa| — Yyw21ly — X1 = [yo — X2| — Yyo,00,21|Y0 — X1 /-
Let
(4.16) r21(y,v) = |y — Xo| — Y21y — X1

We refer to r21(y,v) as the passive-range for a moving target with the passive Doppler-scale-
factor 7y 4,21. For a pair of receivers located at x; and x, let

(4.17) Ro1(C) = {(y,v) € R x R? : 19 (y,v) = C},

where C' € R is a constant. Equation (4.17) defines a manifold in the four-dimensional
position and velocity space (y,v). We refer to the this manifold as the passive-iso-range
manifold. Thus, (4.15) specifies a passive-iso-range manifold with respect to two receivers
located at x; and x2. The test-statistic due to a moving point target located at yg moving
with velocity vy is constant on this manifold.

Based on the analysis above, we conclude that the PSF peaks at the intersection of the
passive-iso-Doppler manifold defined by (4.10) and the passive-iso-range manifold defined by
(4.15). The spreads along the passive-iso-Doppler manifold and the passive-iso-range manifold
are both related to the shape of the generalized autoambiguity function defined by (4.8).
Hence, the resolution of the reconstructed image in (y,v) is determined by the overlapping
region between the passive-iso-Doppler and passive-iso-range manifolds. The cross-section
of the overlapping region for a constant velocity determines the position resolution, while
the cross-section of the overlapping region for a constant position determines the velocity
resolution.
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4.1.3. Two-dimensional passive iso-Doppler and iso-range contours. We consider the
cross-sections of the passive-iso-Doppler and passive-iso-range manifolds for constant position
and constant velocity in order to be able to visualize the four-dimensional PSF and to gain
insight into the passive range and velocity resolutions.

Under the slow-mover assumption, (4.10) becomes

—_— —_—

(4.18) (y—x2—y—x1)-v=(yo— X2 —yo— X1) - V0.

We consider the two-dimensional cross-sections of the four-dimensional passive-iso-Doppler
manifold defined by (4.10) for a constant velocity vy and a constant position yg.
Using (4.18), we define

(4.19) Fup21(C)={y €R?: (y —X2—y — X1) -9 = (Yo — X2 — Yo — X1) - Vo}
and
(4.20) Fyoo1(C) ={v e R?: (yo —x2 —yo —X1) - v = (Y0 — X2 — Yo — X1) - U0 }.

For a pair of receivers located at x; and x5 and target velocity v, (4.19) specifies a passive-iso-
Doppler curve in the two-dimensional position space. We refer to this curve as the position-
related passive-iso-Doppler contour. Similarly, for a pair of receivers located at x; and xo
and a target located at yo, (4.20) specifies a passive-iso-Doppler curve in the two-dimensional
velocity space. We refer to this curve as the velocity-related passive-iso-Doppler contour.

Let ¢12 be the angle between yo — x1 and yo — Xo and 6 (0p) be the angle between v (vg)

—

and yg — X — yo/;\xl. Then, (4.20) can be expressed as

2sin <%> |v| cos @ = 2sin <%> |vo| cos b

(4.21) = |v|cos 6 = |vg| cos bp.

Since {(|v],0) € R x [0,27] : |v|cosf = C} for some constant C' determines a straight line
on the velocity plane, the velocity-related passive-iso-Doppler contour, specified by (4.20)
and (4.21), corresponds to a line on the velocity plane that is perpendicular to the vector
Yy — X» — y — x; with its distance to the origin being |v| cos 6.

Figures 3 and 4 illustrate the position-related passive-iso-Doppler and velocity-related
passive-iso-Doppler contours, respectively. The scene is [0, 100] x [0, 100] m? with flat topogra-
phy and discretized into 200 x 200 pixels. The range of the velocity is [—20, 20] x [—20, 20] m/s.
The velocity plane is discretized into 400 x 400 pixels. The two receivers are located at
x; = [41.7 0 6]T and x3 = [58.3 0 6], all in meters. The transmitter is located in the
middle of the two receivers at zg = [50 0 6] meters, and the point target is located at
yo=[60 60 0.1]7 meters, at time ¢ = 0, moving with velocity [-10 15 0]m/s.

Similarly, we consider the cross-sections of the passive-iso-range manifold given in (4.15)
for a constant velocity, vy, and a constant position, yo:

Ry 21(C) ={y € R? : |y — Xa| — Yywo,21]y — X1
(4.22) v0,21(C) ={ | | = Yy w0,21 |

= |yo — xa| — ’Yyo,vo,21\y'0 —x1|}
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y; (m)

80 100

Figure 3. Position-related passive-iso-Doppler contours associated with a single transmitter and two re-
ceivers in the two-dimensional position space. The blank circle shows the transmitter location, and the cross
shows receiver locations. The solid circle shows the point target location.
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Figure 4. Velocity-related passive-iso-Doppler contours associated with a single transmitter and two re-
cewvers in the two-dimensional velocity space. The solid circle shows the point target velocitly.

and

Ry,.21(C) ={v € R? : |yg — Xa| — Yyow.21]yo — X1
) 101(0) ={ € B o — 2] ~ nwailyo il

= ‘YO - X2\ - ’Yyo7v0721b"0 - Xl\}-

Note that under the slow-mover approximation given in (4.11), (4.23) reduces to (4.20). We re-
fer to (4.22) as the position-related passive-iso-range contour. Figure 5 illustrates the position-
related passive-iso-range contours. The settings of the scene, target, receivers, and transmitter
are the same as those of Figure 3. Since under the slow-mover assumption 7, 4 21 is close to
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1, we see that the position-related passive-iso-range contours are similar to hyperbolas with
foci at x1 and xs.

100
901
80

70

6C>

Y, (m)
a
(2N
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0 20 40 60 80 100
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Figure 5. Position-related passive-iso-range contours associated with a single transmitter and two receivers
in two-dimensional position space. The blank circle shows the transmitter location, and the cross shows receiver
locations. The solid circle shows the point target location.

From the analysis in section 4.1 and the analysis above, we conclude that the velocity
resolution is related to the spread of the velocity-related passive-iso-Doppler contours. The
position resolution, on the other hand, can be related to the spread of the position-related
passive-iso-Doppler contour or position-related passive-iso-range contour, depending on the
Doppler and range ambiguities of the transmitted waveform: If the transmitted waveform has
good Doppler resolution but poor range resolution, the position resolution primarily depends
on the spread of the position-related passive-iso-Doppler contours. If, on the other hand, the
transmitted waveform has only good range resolution, the position reconstruction primarily
depends on the spread of the position-related passive-iso-range contours.

Note that if the transmitted waveform has both good Doppler and good range resolution,
the position resolution depends on the cross-section of the intersection of the passive-iso-
Doppler and passive-iso-range manifolds for constant velocity as described in section 4.1, which
is neither the position-related passive-iso-Doppler contour nor the position-related passive-iso-
range contour. However, this cross-section becomes one of the two types of contours described
above as the range or Doppler resolution of the waveform degrades, or as the Doppler or range
resolution improves.

4.2. Resolution analysis for multiple receivers and multiple transmitters. For multiple
receivers (N > 2) and multiple transmitters located at z,, ¢ = 1,..., M (M > 1), using (2.24),
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(2.34), (3.8), and (3.23), we can show that the PSF of the imaging operator becomes

M N
——1 —ikr
K(y,yo;v,v0) = 022201 /Si (w)whe HFi

=1 i#j

. - 7
k yoviij 1 T, —lvo—
><e1 [("‘yo,vo»xijq AY0,v0,%;,%q (g ~lyo—2a)
~ Yy, v.ij o w
X pq < y: ) .] w p:; dw
Qyo,v0,x,24 Qyo,v0,x,24

M N

q#q i#]
M s oo g Ty oy )
(4.24) X Pg <Mw> o | —— | dw,
Qyo,v0,%,2q Qyo,v0,%;,24/
where
Cl — ‘y - xj‘
(4m)4yo — 2zq|*[yo — x;llyo — xilly — xil
(4.25) )
« y,v,ij
b
a?lOv”O,xjyzqa%O,vO,xiyzq
02 — ’y - Xj’
(4.26) (4m)yo — z4llyo — 24 [lyo — x;llyo — xilly — x|
’ 3
Tyw,ij
X3 3 ,
Qyo,v0,%;,2 Yyo,v0,%:,2,
and
(4.27) i = |y — Xil = Yy wiily — x| = (Iyo — %i| = Yy w,ijlyo — x4)
14y —x-v/
— X; - V/C

(4'28) Yy,v,ij = Y : 0

1+y/—§j-v/co.

Note that if there is a single transmitter present in the scene, i.e., M = 1, the second sum-
mation in (4.24) vanishes. Thus, similar to the two-receiver case, (4.24) attains its maximum
whenever

(4.29) Tyvdi

Qyo,v0,x4,21 Qyo,v0,%,21
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and r;; =0, i.e.,

(4.30) Y — Xil = Yy w,iily — %5 = [yo — Xi| = Yy0.4ily0 — %],

where i = 1,...,N,i # j. Clearly, for N > 3 and M = 1, there are multiple pairs of receivers
generating multiple passive-iso-Doppler manifolds, Fj;, and passive-iso-range manifolds, R;;,
associated with (4.29) and (4.30), respectively. These manifolds intersect at the correct target
position and correct target velocity in (y,v) space and contribute to the reconstruction of the
moving target image. The test-statistic value at the the correct target position and correct
target velocity increases by roughly a factor of N — 1 as compared to that of the two-receiver
case given in (4.4).
If there are multiple transmitters illuminating the scene (M > 2), under the conditions

(4.31) Tyl L og=1,..., M,
Qyo,v0,x5,2g  Yyo,v0,%4,2q
and
Vy,v.ij 1
(4.32) oY = ¢, ¢=1,....M, q#¢,
Qyo,v0,x5,2g  Vyo,v0,%i,2,

the PSF of the imaging operator in (4.24) can be viewed as the generalized autoambiguity
and generalized cross-ambiguity functions of the transmitted waveforms p,, ¢ = 1,...,M,
where the generalized auto- and cross-ambiguity functions are interpreted as defined in the
previous subsection. The first summation in (4.24) is due to the autoambiguity functions, and
the second summation in (4.24) is due to the cross-ambiguity functions of the transmitted
waveforms.

Equation (4.31) shows that for M transmitters, there are additional M — 1 passive-iso-
Doppler manifolds intersecting at the target location and velocity. Therefore, the test-statistic
value at the correct target position and correct target velocity increases by roughly a factor
of M as compared to that of the single transmitter case.

Note that if (4.32) is satisfied, the terms in the second summation in (4.24) peak at

’7 ) 7‘ j
(4.33) Tij = #[CO(Tzq - Tzq/) + |.Y0 - Zq’| - |y0 - ZQH .

O‘yo ,V0,Xj,2q

Clearly, for z, # z,/, the passive-iso-Doppler manifolds defined by (4.32) and the passive-iso-
range manifolds defined by (4.33) do not intersect at the correct target location and correct
target velocity leading to artifacts in the reconstructed image. However, the strength of these
artifacts can be weak if the the transmitted waveforms have low correlation. Alternatively,
their strength can be suppressed by appropriate design of filters [35].

5. Computational complexity analysis of the moving target imaging algorithm. We
use the test-statistic, A(y,w), introduced in section 3 to form a four-dimensional image of
the scene, which shows the distribution of the targets in the two-dimensional position space
as well as their corresponding velocities in the two-dimensional velocity space. To facilitate
visualization and performance evaluation, we generate three types of two-dimensional images
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from the original four-dimensional image: The fist image, which we refer to as the peak-value
image, is generated by choosing the maximum value of the four-dimensional image for each
velocity (v1,v2) to identify the target that has the highest reflectivity. We then choose the
maximum value, 0, of the peak-value image as the estimate of the velocity of this target.
The second image, which we refer to as the position-image, is the cross-section of the four-
dimensional image for v = v. We take the maximum value, g, of the position-image as the
estimate of the target’s position. The third image, which we refer to as the wvelocity-image, is
the cross-section of the four-dimensional image for y = y. Once the target with the largest
reflectivity and its corresponding velocity are identified, we can identify the target that has
the second largest reflectivity by iteratively forming the peak-value image corresponding to
second largest value of the four-dimensional image for each velocity and the corresponding
position- and velocity-images. Below we describe the computational complexity of forming
the three types of images.

We assume that each measurement has O(N) samples in time (or frequency) variable and
that the range of the position, (y1,y2), and velocity, (v1,v3), vectors are both discretized into
O(N x N) samples. For each pair of receivers, the computational complexity of each step of
the moving target image formation algorithm is as follows.

(1) Peak-value image formation. For each (vy,vy) sample, we form the image at (y1,y2).
The computation of the optimal template and the test-statistic using (3.23) and (3.24), respec-
tively, for each (y1, y2) requires O(NN) number of computations. The computational complexity
of reconstructing an image for a fix (vi,ve) and all (y1,y2) is O(N3). Thus, for all (vi,ve)
samples, the computational complexity of forming a four-dimensional image is O(N®). Since
the computational complexity of calculating the maxima of the four-dimensional image is
negligible, the computational complexity of forming the peak-value image is O(N?).

(2) Position-image formation. Since the position images for each velocity sample are
formed in step (1), the position-image for the estimated target velocity is readily available,
and, therefore, no computation is needed in this step.

(3) Velocity-image formation. For each (vi,vy) sample, the optimal template and test-
statistic are computed for the estimated target position in O(N) number of computations.
Thus, for all (vi,vs), the computational complexity of this step is O(N?).

From the analysis above, we conclude that for each pair of receivers, the computational
complexity of our imaging method is determined by the four-dimensional and peak-value image
formation, O(N®), which is proportional to the range and sampling of the velocity and position
vectors, and the number of the time (or frequency) samples available in measurements. As the
range of the velocity or position vectors increases, or the sampling period of these quantities
decreases, the computational complexity of the image formation increases.

Note that our image formation algorithm can be implemented with high efficiency by
parallel processing. More specifically, the position images for N x N velocity samples in
(1) can be computed simultaneously resulting in O(N?) computations on a single processor.
Further reduction in computational complexity at each processor can be attained by exploiting
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Fourier domain implementation of the correlation via fast Fourier transform based algorithms.
6. Numerical simulations.

6.1. Simulation parameters and performance evaluation. We conducted numerical sim-
ulations to demonstrate the performance of our passive imaging method using a moving point
target model. We assumed that there is a single transmitter present in the scene and con-
ducted the simulations with different numbers of receivers and different types of waveforms.
In all the experiments, we simulated the thermal noise as an additive white Gaussian process.

We formed the four-dimensional test-statistic image in ((y1,y2) % (v1,v2)) coordinates using
the peak-value image and the position- and velocity-images. We performed the performance
evaluation using the position- and velocity-images.

6.1.1. Waveforms of opportunity. Taking into account the types of waveforms available
in practice as illuminators of opportunity, we used two types of transmitted waveforms in
our simulations: The first type of waveforms has high Doppler resolution and relatively poor
range resolution, such as frequency modulated (FM) radio and television signals and wave-
forms used by global system for mobile communication (GSM). We refer to such waveforms
as the high-Doppler resolution waveforms. We simulated a high-Doppler resolution waveform
as a single-frequency continuous wave (CW) with 4GHz carrier frequency and 0.1s duration
in our experiments. Such a waveform provides a radial velocity resolution of about 0.375m/s
in monostatic operations. The second type of waveforms we considered has not only good
Doppler resolution but also acceptable range resolution. Examples of such waveforms include
wireless network (or WiFi) signals, digital video broadcasting terrestrial (DVB-T) signals,
and WiMAX [30] waveforms, which have relatively large bandwidth that can offer reasonable
range resolution. We refer to such waveforms as the high-Doppler and good-range resolu-
tion waveforms. We simulated a high-Doppler and good-range resolution waveform with the
same carrier frequency and duration as the high-Doppler resolution waveform, but with an
additional frequency modulation, which results in a bandwidth of 7.5MHz. Such a waveform
provides about 19.5m range resolution and 0.375 m/s radial velocity resolution in monostatic
operations.

6.1.2. Position and velocity parameters, and the number and location of receivers.
We considered a scene of size [0,3e3] x [0,3e3] m? with flat topography. We discretized the
scene into 201 x 201 pixels where [0,0,0] m and [3e3, 3e3,0] m correspond to the pixels (1,1)
and (201,201), respectively. We assumed that the target velocity is in the range of [—20, 20] x
[—20,20] m/s. We discretized the velocity plane into 401 x 401 pixels where [—20, —20, 0] m
and [20,20,0] m correspond to the pixels (1,1) and (401,401), respectively.

The point target with unit reflectivity was assumed to be located at [2.5¢3 2e3 0]7 m
moving with velocity [—10, 15| m/s.

For each waveform, we performed the image reconstruction with three, five, and ten
receivers present around the scene. The single transmitter was assumed to be located at
[1.5€3,0,6]” m. Both the transmitter and receivers were assumed to be on the same z-plane,
z = 6. The receivers were assumed to lie on the z-axis, equidistant from each other in the
range of [0,3e3]” m for the three-receiver and the five-receiver cases. For the ten-receiver
case, the receivers were distributed around the scene. Figure 6(a) shows the scene with the
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Figure 6. The two-dimensional view of the simulation set-up. (a) Scene settings for three and ten receivers
and a single transmitter. The gray region denotes the scene considered in all the numerical simulations. The
red dot indicates the location of the point target with the arrow denoting the direction of the target velocity.
The cross signs along the x-azis show the location of the receivers for the three-receiver case, while the blank
squares show the location of the receivers for the ten-receiver case. The diamond indicates the location of the
transmitter. (b) Velocity setting of the moving point target where the target velocity is indicated by a blue dot.

moving point target, the transmitter, and the receivers for the three- and ten-receiver cases.
Figure 6(b) shows the moving target on the velocity plane.

6.1.3. Performance evaluation. We investigated the performance of our imaging method
at different levels of SNR of the received signal and with different numbers of receivers using the
high-Doppler resolution waveform and the high-Doppler and good-range resolution waveform
described above.

We define the SNR of the received signal, SNR,,, as follows:

(6.1) SNR,,, = 20log;, |Ea[m] |,

n

where o,, denotes the standard deviation of the additive thermal noise.

We use the target-to-background ratio (TBR) as a figure of merit to evaluate the quality
of the reconstructed position- and velocity-images. We define the TBR of the position-image
and velocity-image, TBR,, and TBR,, as follows:

|E [Ty H1] — E [Ty Ho] |

\/Var[lp(v) |H1] + Var[Ip(v) |H0]

where I,,.,) denotes the reconstructed position-image or velocity-image. Note that TBR rep-
resents the contrast-to-noise ratio of reconstructed images and is consistent with the figure of
merit we use in designing the optimal template for the image formation.

We estimated the TBR,,, using 20 images, each reconstructed using a different realization
of the received signal at a fixed SNR,,,. We estimated the E [Ip(v) |H1] by taking a small square
area around the target location or target velocity and averaging the values over all the pixels in
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the square and over 20 different reconstructions. Similarly, we estimated E [Ip(v) |H0] by taking
a small square area of the background where no target was present. The same method was
used to estimate the variances. We computed the TBR for different noise levels corresponding
to the SNR,,, value ranging from —5dB to 12dB.

6.2. Results using the high-Doppler resolution waveform. We used the high-Doppler
resolution waveform described in section 6.1.1 in the simulation experiment. The reconstructed
images of the moving point target using a single transmitter and three, five, and ten receivers
are shown in Figures 7, 8, and 9, respectively.

Figures 7(a), 8(a), and 9(a) show the peak-value images formed using three, five, and
ten receivers, respectively. The maximum value of the peak-value image, which corresponds
to the estimated velocity, v, is indicated by a circle. Figures 7(b), 8(b), and 9(b) show the
corresponding position-images (cross-section of the four-dimensional image) when v = ©. The
maximum value of the position-image, which corresponds to the estimated position, g, is
indicated by a red circle. For ease of comparison, the true position of the target is indicated
by a solid red dot. Figures 7(c), 8(c), and 9(c¢) show the corresponding velocity-images (cross-
section of the four-dimensional image) when y = y. The maximum value of the velocity-image,
i.e., the estimated velocity, is indicated by a blue circle. The true velocity is indicated by a
solid blue dot. Note that if the estimated value is almost equal to the true value, only the
marker for true value is shown.

Figure 7(a) shows that, with three receivers, ambiguities are present in the peak-value
image, indicated by the brightest (dark red) region in the image that spreads in the range of
[—16, —12]m/s in v; and the entire range of vy. Due to the strong ambiguities, the estimated
velocity © = (—13,15)m/s deviates from the correct value as expected. The estimated position
of the target, (2580, 2595)m, has an error as well, as shown by the bright spot in Figure 7(b).

The existence of the ambiguities is related to the velocity resolution of the imaging op-
erator. As can be seen from Figure 7(c), the velocity-image, which is the sum of the two
velocity-related passive-iso-Doppler contours formed by each pair of receivers, is ridge-like.
Note that the velocity-related passive-iso-Doppler contours are straight lines as described in
section 4. The intersection of the two lines contributes to the reconstruction of the target
velocity. However, relatively strong ambiguities are present along the ridges. Comparing Fig-
ure 7(c) with Figure 7(a), we see that the ambiguities in the peak-value image are related to
the ambiguities embedded in the velocity-image.

When the number of receivers increases, additional velocity-related passive-iso-Doppler
contours intersect at the correct target velocity, resulting in increased test-statistic value and,
thus, improved velocity resolution as shown in Figures 8(c) and 9(c). Although the velocity-
images are still ridge-like, the ambiguities along the ridges are much weaker as compared to
those of the three-receiver case. This, in return, weakens the ambiguities in the peak-value
image, as shown in Figures 8(a) and 9(a).

Note that, in addition to the number of the receivers, the location of the receivers (and the
transmitter) also plays a role in the reconstruction performance. For the ten-receiver case,
where the receivers were surrounding the scene, the resolution is significantly improved as
shown in Figure 9 compared to the five- and three-receiver cases. The velocity-image and the
peak-value image are both delta-like, indicating good resolution in both velocity and position.
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Figure 7. The reconstructed images for a moving point target with three receivers and a single transmitter
transmitting a high-Doppler resolution waveform: (a) The peak-value image with the mazimum value indicated
by the circle. The estimated velocity © = (—13,15)m/s. (b) The position-image when v = ©. The estimated
position g = (2580,2595)m. (c) The velocity-image when y = g. Solid dots indicate the true position (or
velocity), and circles indicate the estimated position (or velocity).

Since a high-Doppler resolution waveform was used in this set of simulations, the perfor-
mance of the position-image is mainly determined by the spread of the position-related passive-
iso-Doppler curves as expected. As can be seen from the reconstructed position-images in
Figures 7(b), 8(b), and 9(b), the position-images are the superposition of the position-related
passive-iso-Doppler curves, which intersect at the correct target location. This is consistent
with our analysis in section 4. Similar to the reconstructed velocity-images, the strength of the
position-image at the correct target location increases with the increasing number of receivers,
which results in improved position resolution.

Figures 10(a) and 10(b) show the TBR of the reconstructed position- and velocity-images
versus the SNR,, for different numbers of receivers, respectively. We see that both TBR,,
and TBR, increase with the increasing number of receivers. This is consistent with the
improvement observed in the reconstructed images as shown in Figures 7-9.
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Figure 8. The reconstructed images for a moving point target with five receivers and a single transmitter
transmitting a high-Doppler resolution waveform: (a) The peak-value image with the mazimum value indicated
by a circle. The estimated velocity © = (—10,15)m/s. (b) The position-image when v = v. The estimated
position g = (2500,2000)m. (c) The velocity-image when y = g. Solid dots indicate the true position (or
velocity), and circles indicate the estimated position (or velocity).

6.3. Results using the high-Doppler and good-range resolution waveform. We con-
ducted numerical simulations using the high-Doppler and good-range resolution waveform
described above and three, five, and ten receivers. The corresponding reconstructed images
are shown in Figures 11, 12, and 13. As before, we use circles to indicate the estimated
positions (or velocities) and solid dots to indicate the true positions (or velocities).

The peak-value images are shown in Figures 11(a), 12(a), and 13(a) with circles indicating
the estimated velocity ©. The position-images, as shown in Figures 11(b), 12(b), and 13(b),
are the cross-sections of the four-dimensional images for v = ©, while the velocity-images, as
shown in Figures 11(c), 12(c), and 13(c), are the cross-sections of the four-dimensional images
for y = 9.

Figures 11(b)(c), 12(b)(c), and 13(b)(c) show that, similar to the results obtained using a
high-Doppler resolution waveform, both the position and velocity resolutions improve as the
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Figure 9. The reconstructed images for a moving point target with ten receivers and a single transmitter
transmitting a high-Doppler resolution waveform: (a) The peak-value image with the mazimum value indicated
by a circle. The estimated velocity © = (—10,15)m/s. (b) The position-image when v = v. The estimated
position g = (2500,2000)m. (c) The velocity-image when y = g. Solid dots indicate the true position (or
velocity), and circles indicate the estimated position (or velocity).

number of receivers increases. Also, the improvement in the velocity resolution weakens the
ambiguities in the peak-value images, as can be seen in Figures 11(a), 12(a), and 13(a).

Additionally, we observe that the velocity estimates obtained using the two different wave-
forms are almost the same when the images in Figures 11(c), 12(c), and 13(c) are compared
with the images in Figures 7(c), 8(c), and 9(c). This is consistent with our analysis in section
4, which states that the velocity resolution depends only on the Doppler ambiguity of the
transmitted waveform.

Furthermore, comparing the images in Figures 11(b), 12(b), and 13(b) with those in
Figures 7(b), 8(b), and 9(b), we observe that the position-images obtained using the high-
Doppler and good-range resolution waveform are not simply the sum of the position-related
passive-iso-Doppler curves due to the good-range ambiguity provided by the waveform. For
this type of waveform, multiple passive-iso-range manifolds along with multiple passive-iso-
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Figure 10. TBR wversus SNRy, for (a) position-images and (b) wvelocity-images obtained with different
numbers of receivers and a single transmitter transmitting a high-Doppler resolution waveform.

Doppler manifolds contribute to the intersection at the correct target position. As a result, the
projection of the intersection onto the position plane is no longer simply the position-related
passive-iso-Doppler or the position-related passive-iso-range curves, as can be observed in
Figures 11(b), 12(b), and 13(b). This result is consistent with our analysis in section 4.1.3.

The TBR of the position- and velocity-images versus the SNR,,, for different numbers of
receivers is shown in Figures 14(a) and 14(b), respectively. We see that both TBR,, and TBR,
increase with the increasing number of receivers, as expected.

7. Conclusion. In this work, we presented a new passive imaging method for moving tar-
gets in position and velocity spaces using sparsely distributed receivers and noncooperative
transmitters of opportunity. Our imaging method is comprised of a novel passive measure-
ment model for moving targets and an associated image formation method. We defined the
concept of passive-Doppler-scale-factor and developed a passive measurement model to re-
late the Doppler and delay information measured at different receiver locations. We next
formulated the passive image formation problem within a GLRT framework where we set up
a test of binary hypotheses using the passive measurement model for a hypothetical target
located at an unknown position, moving with an unknown velocity. We designed a linear dis-
criminant functional by maximizing the SNR of the test-statistic. The resulting discriminant
functional correlates the filtered, delayed, and scaled (or dilated) averaged measurements from
one receiver location with the measurements at another receiver location where the filtering is
determined by the additive noise statistics, the delay is determined by the hypothetical target
position, and the dilation is determined by the hypothetical passive-Doppler-scale-factor.

We presented the resolution analysis of our passive imaging algorithm in position and
velocity spaces. Our analysis shows that the resolution in position and velocity spaces is de-
termined by the intersection of the passive-iso-Doppler and passive-iso-range manifolds whose
spread is associated with the underlying Doppler and range ambiguity functions of the wave-
forms of opportunity.

We presented computational complexity of our imaging algorithm and extensive simulation
results to verify our analysis and to demonstrate the performance of our passive imaging
method using different waveforms of opportunity available in the real world.
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Figure 11. The reconstructed images for a moving point target with three receivers and a single transmitter
transmitting a high-Doppler and good-range resolution waveform. (a) The peak-value image with the mazimum
value indicated by a circle. The estimated velocity © = (—10,16)m/s. (b) The position-image with v = v. The
estimated position g = (2520, 1965)m. (c) The velocity-image with y = g. Solid dots indicate the true position
(or velocity), and circles indicate the estimated position (or velocity).

Unlike the existing passive moving target detection methods, our imaging method can de-
termine the two- or three-dimensional velocity vector as well as the two- or three-dimensional
position vector of a moving target, as opposed to only the radial position and velocity esti-
mates. Our passive moving target imaging model can be utilized for target tracking when
combined with a dynamic a priori model. Additionally, our passive measurement model can
be extended to sparse apertures operating in multiple-scattering environments.

Our method assumes that the receivers are synchronized with respect to a common refer-
ence clock and that the locations of the receivers are known. Any error in the synchronization
of receivers or lack of full knowledge of their location will result in a lack of focus in the
reconstructed position and velocity space images, similar to the type that arises in the well-
known autofocus problem [5, 21]. This problem may be addressed by adapting the autofocus
techniques to the passive imaging problems.
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Figure 12. The reconstructed images for a moving point target with five receivers and a single transmitter
transmitting a high-Doppler and good-range resolution waveform. (a) The peak-value image with the mazimum
value indicated by a circle. The estimated velocity © = (—10,15)m/s. (b) The position-image with v =v. The
estimated position g = (2500, 2000)m. (c) The velocity-image with y = g. Solid dots indicate the true position
(or velocity), and circles indicate the estimated position (or velocity).

Finally, we note that the passive moving target imaging method introduced in this paper
is not limited to radar and can be easily adapted to similar passive moving object imaging
problems in acoustics, geophysics, or microwave imaging.

Appendix A. Derivation of the optimal linear template. We begin with the objective
functional in (3.18). The numerator of (3.18) can be expressed as

(A1) ’<Py,'vmr7w>‘2 = (Pyoly, W) (W, Py ,0;)
(A.2) = /W Pyvmrm PH wdwdw'
(A.3) =: (Ragw,w),

where R is a nonnegative definite symmetric operator with kernel Rg. J(w) is maximized
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Figure 13. The reconstructed images for a moving point target with ten receivers and a single transmitter
transmitting a high-Doppler and good-range resolution waveform. (a) The peak-value image with the mazimum
value indicated by a circle. The estimated velocity © = (—10,15)m/s. (b) The position-image with v =v. The
estimated position g = (2500, 2000)m. (c) The velocity-image with y = g. Solid dots indicate the true position
(or velocity), and circles indicate the estimated position (or velocity).

by taking the Fréchet derivative of (3.18) with respect to w. To do so we apply the chain rule.
The Fréchet derivative of (Rw, w), where R is some symmetric nonnegative definite bounded
linear operator, can be obtained by straightforward application of the Gateaux derivative:

(R(w + th),w + th) — (Rw,w)

(A1) Df(w) = lim t
(A.5) = (Rw,h) + (Rh,w) = (Rw,h) + (Rw, h)
(A.6) = 2Re{(Rw,h)}.

The above holds for all h € L? x RM and thus by the RieszFréchet theorem, Df(w) =
2R{(Rw,-)} is a linear functional on the function space L? x RM. For notational simplicity,
we denote (Rw, -) with Rw.
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Figure 14. TBR wversus SNRy, for (a) position-images and (b) wvelocity-images obtained with different
numbers of receivers and a single transmitter transmitting a high-Doppler and good-range resolution waveform.

Using (A.4), the Fréchet derivative of (3.18) is given by

_ 2Re{Rew} 2Re{Rw} (Rew,w)

AT DJ(w) = —=

) M ) (R’
2Re{Rew} — 2Re{Rw}J(W)

A8 = — .

(4.8) <Rw,w>

By setting DJ(w) = 0 and rearranging the terms, we get the following generalized eigenvalue
problem:

(A.9) Row = J(w)Rw.

By the form of Rg, defined in (A.2), the eigenfunction of R is proportional to Py ,m,, and
so, assuming R is invertible, the optimal linear detector is proportional to

(A.10) Wopt = R Py 0.

Appendix B. Proof of the diagonal approximation of S . Using (3.21) and (3.16), under

the wide-sense stationary assumption of the noise at each receiver, we obtain
— 1

(B.1) S() = 5Py ()R, ()PH, () + R ().
For notational simplicity, we drop the w dependence and the subscripts y and v of P for the
rest of our treatment.

For clarity of exposition, we assume that there are three receivers present in the scene and
take the first as the reference. Then, using (2.43), (3.2), and (3.3), under the assumption that
the noise at different receivers is uncorrelated, we have

(B.2) s_ [ 3PPPSE S gPaPH (PP S,
' SPPI (PP ) SE APyt 2St 488 |
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where S? denotes the power spectral density function of the noise at the ith receiver, i = 1,2, 3,
and [P;P; 2 = PP (PyP; 1) for i = 2,3 and j = 1.
The inverse of S has the form
<1 1 [ Hpyprtpst 483 —LIpaprt(PyPrt) Sk
(B-?’) S ==11 -1 —1yx Ql 1 -112¢1 2 )
S| [ gPsPy (P2Py)*Sy 3|PePy S, + 55

where |S| denotes the determinant of S.
Substituting (B.3) into (3.22), we obtain

; [ 2 PaPy T o _%5317’2771_1(7737?1_1)*}

Wert U5 | LSipy P (PP ISLPPT YR + 52
PPt 0 i
0 PPt ||
B4 = L[ GSIPPUEPP - SIPaPr — o SuPoPy PPy ) riu
’ S| L (=3SiPsP PP P + S SHP P PPsPr + S2PsPr ) i |
Note that if
(B.5) PPy PP Py = PP PP,

where j =1, i,m = 2,3, and m # i, (B.4) becomes

3. p—1%

IS| | S2PsPy g
which shows that S~ is a diagonal matrix given by

—1 178 0
o 1% 8]

Similar to the derivation above, it can be shown that S can be reduced to a diagonal
matrix for the case of N > 3 receivers as long as (B.5) holds for i,m = 1,...,N, and
i,m # j, ¢ # m, where the jth receiver is used as the reference.

Let

(B8) Qn,i,m = (,Pnlpj_l)(,Plpj_l)*(,Pm,PJ_l) ’

Thus, (B.5) can be written as

(B.9) Qiiim = Qmii-
Using (2.35), (2.36), and (2.21), we obtain
N — X N . M X .
(BlO) 'Pn'Pj_l[f](w) = |y X]| &f <&w> e kly J|e—1k|y—xi\‘
ly =il g \py
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Letting f = PnPj_l[f](w), we obtain (PnPJ_I)*[f] = f*. In (B.10) u is as defined in (2.17).
(We drop the subscripts y and v from p for notational simplicity.)
Using (B.10), we express (B.8) as

Qnimlf(w) = (PuP; (PP (PP H)[f](w)

= ‘y _ xj’3 :un:ui:umf Iun,ui:umw ei“"‘;%“mkly_le
Yy = Xnlly = xilly —xm|  p 3
N I S 1y R R R T R
(B.ll) o l_uf-_ ly—x |e I_M?_ ly x]‘el’;j kly xl\el’;j kly xj\e_lk‘y_xnl‘
Thus, the left-hand side of (B.9) becomes
2
.3 2 2 '“i“mk| —x;]
¢ X i 2 ; 1= 3 Ry =X
Qs imlfl(w) = ly ! Jl it ((Hattm ) s
Y = xil2ly = Xm| w3

_ik<um(w2uj) |y_xj|+ll«m(ui2*k‘j) |y—xi|+y—xm|>,
1% W
X e 7 7

(B.12)

and the right-hand side of (B.9) becomes

2
- —x;3 2 o 42 PP gy x|
y —Xx VYT
Qm,i,i[fl(w) = _’ = ]’_ Rillm j( Billm ) o

ly — xi2ly — X M5 H;

o mi(pg—pg) (g —Hq) 2
—ik | B |y — x|+ L [y x4+ S [y =X
I K I
X e J J

(B.13)

Recall that in the slow-mover case, where the target speed is much slower than the speed
of light, the scaling factor u is very close to 1. We can then approximate

2
pipi — p B — p 1
i i) e W)
M j M
(B.14) Ll )y g 4 Py ly
J J

Thus, (B.13) is approximately equal to (B.12), and therefore (B.5) holds. As a result, s
can be reduced to a diagonal matrix.
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