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Abstract—In [28], we presented a synthetic aperture radar algorithm whose computational burden is less severe than th
(SAR) inversion method in which the backscatter measuremes  of some other approaches.
are collected from known but arbitrary flight path and non-flat The methods we use in this paper are based on microlo-

topography corrupted with clutter and noise. The objectiveof the - . . .
current work is to design transmit waveforms and receive filers cal analysis [9], [13], [25], which is a theory for dealing

jointly to perform clutter suppression by adaptive transmit. Our ~ With oscillatory integrals and singularities. These micfo
approach starts with the development of a physics based forard cal methods enable us to reconstruct edges and boundaries

model for SAR. Next, we formulate design of clutter rejectiy petween different materials in the scattering region [2], [
waveforms as a variational problem using the minimum mean [3], [17], [20], [21]. These edges and boundaries corregpon

square error criteria. The resulting waveforms lead to an adptive th ticallv to si larities in th flectivity furaii
linear least squares transmit scheme in which waveforms vgr Mathématically to singuianties in the retiectivity turaii an

at every point on the flight path based on the clutter and targe image of these singularities gives us an image of structures
spectral density functions. such as walls and vehicles. The microlocal approach has the

advantage of providing reconstruction formulas even in the
|. INTRODUCTION case when the data are incomplete and non-ideal. In addition
these methods can accommodate the varying antenna beam

In Synthetic Aperture Radar (SAR) imaging [6], [8], [10]patterns that arise in the cases of non-ideal antenna marion
[12], [22], [27], a plane or satellite carrying an antennave® gain, and with appropriate adjustments the same recotisinuc
along a flight path. The antenna emits pulses of electromagrmulas apply to both spotlight-mode [7] and stripmap-mod
netic radiation, which scatter off the terrain, and the tecad radar [10], [12] Microlocal reconstruction techniques,@a
waves are measured with the same antenna. The receigedn used to advantage in the geophysics community, where
signals are then used to produce an image of the terrain. the resulting algorithms have been found to be fast and tobus

The nature of the imaging problem depends on the dirggy, [3].
tivity of the antenna. We are interested particularly in¢ase  Microlocal methods have the limitation that they can only be
of antennas with poor directivity, where the antenna fdatpr expected to provide a reconstruction of singularities dreirt
is large and standard narrow-beam imaging methods are sg@kngths. However, in practice they often reduce to thetexa
useful. This is typically the case for foliage-penetratiagar inversion formulas that are known for idealized cases. ®his
[26], [27], whose low frequencies do not allow for much bearhe case here: our reconstruction formula reduces to thet exa
focusing. inversion formula of [11], [14], [18] for the case of a perfec

There are two main classes of imaging algorithms, om®int source moving along a single straight flight track abov
statistical and the other deterministic. Both approaches e flat earth. Furthermore, when there is no noise and clutter;
compass many specialized techniques, however, detetmminiand no statistical information on the target is available; o
approaches do not have an explicit mechanism to incorporateersion formula reduces to the deterministic one preskent
statistical information about the scene, noise, or clutter  in [19].

Some attempts have been made to develop edge-preservinbhe microlocal aapproach leads to generalifétered
reconstruction algorithms for SAR [4], [5]. These appraesh backprojectionalgorithms for image reconstruction. In this
are typically very computationally intensive. In this pgpee paper, we show how the filter can be designed to incorporate
show how statistical information can be incorporated into statistical information about the target, noise and ciuttéo
class of deterministic imaging algorithms relevant foramad the transmitted waveform.
imaging. Our approach has the advantage of providing anThe paper is organized as follows. Section Il introduces



the mathematical model and relevant notation. Section Bh the right side of (1) by the incident field™. Solving the
develops the image formation algorithm, explains how thesulting differential equation leads to

transmitted waveform and the filter should be chosen in ‘

the image formation and generalized filtered backprojectio «*(t,x) ~ —/go(t —1,@ — 2)V(2)07u™ (7, z)drdz
algorithm. Section IV presents numerical simulations.aiin V(z)
Section V summarizes our results and conclusion. =— / m

Il. THE MATHEMATICAL MODEL For the incident field (3), (8) becomes
We model the antenna as a time-varying current density _
~ o : ; . e~ w(t—(|lz—z|+|z—yl)/co)
j(t,x) over an aperture. This is appropriate for a wide variety Wt 2, y) ~ /
of antennas. For the rest of the paper, we will focus to o (4m)? |z — 2[|z — y
the modelj(t,z) = p(t)ji-(x), wherep(t) is the transmit- x WQP(w)JtT(w/co(z/—\y),y)V(z)dwdz. 9)
ted waveform, referred to as the pulse, apd(x) is the ) ) )
waveguide. For this case, the field emanating from the aaterfiy A Model for the ideal received signal

OPu'™(t, z)dz. (8)

satisfies the scalar wave equation The field is measured by the receiving antenna; the re-
5 9.9\ in ) ception process results in a beam pattern for reception
(V" =g "0, )u™ (t, x) = —p(t)jer (@), @) J.(w/co(z—=2),2). Thus a model for the signal received

wherecy is the speed of light in dry air. atz from a source ay is

From (1), we use the Green'’s function [24] to obtain e—iw(t—(lz—2[+|z—yl)/co)

—iw(t—|@—yl/co) w(t, z, y) %/ 5 w?P(w)

; . & . — —

u'(t, ) = go * (Pjer) = / 4—P(w)jw(y)dwdy, /\(477) ks ZHz/ﬂ
7T|iL‘ - y| X Jrc(w/CO(z - .’13), m)Jtr(w/CO(z - y)v y)V(Z)dde

) (10)

where P(w) = 5= [p(t)e™dt. Next we assume that theFor monostatic SARJ,. = J;. andx = y since the transmit

antenna (or sensor array) is small compared with the distangd receive antenna is the same. Thus, the ideal receiveal sig
to the scatterers. In the far field, we can express the intidgacomes

field
. —iw(t—|@—yl/co) @t y) ~ /e*iw@*?ly*zl/%)mm y,w)V(z)dwdz
e — ) y I 9
u"(te,y)~ | ———— P(w)Jp(w/co(x — y),y)dw,
(hay)~ [ e P/ al@ =) ) "
3
3 where
Where:c/—\y denotes a unit vector in the same direction as 2PN T2 (w/en(z —a
x — y, y now denotes the center of the antenna and Wz, y,w) = W) ir(w/colz ), y) (12)

(4m)?y — =z|?

Ji(w/co(® —y),y) = ei“/00<ﬂ>-y/e*iw/«:o(ﬂ)-vjtr(v)dv_ We assume the earth’s surface is located at the position
given by z = 9(x), wherey : R? — R3 is known. Because

() electromagnetic waves are rapidly attenuated in the eaxh,
A. A model for the scattering field assume that the scattering takes place in a thin region hear t
The model we use for wave propagation, including th@rface; thus we assume that the perturbation in wave speed
source, is c is of the forme=2(z) — ¢;? = V(2)d(z — (x)). Herecy
is the speed of light in dry air, and, the ground reflectivity
(V2 = ¢ 2(@)})ul(t, @) = —p(t)jir (). (5) function is the quantity we wish to image. Then the received

where ¢(z) is the speed of light in the medium. We Writeﬁeld at sensor locatioy and timet can be approximated by

u = u™ + u*¢ in (5) and use (1) to obtain the expression [19]

(V2 = g 20)u(t, @) = V(@)0Ru(t, @), @ T(.t) = [[ IO WO @,y 0)V (@) doe,
where ) (13)
1 1 wherew denotes the angular frequency. Because this waveform
Vi) = 2@ 2 (7) is bandlimited, ultimately we reconstruct band-limitegbegx-
ce(x C,

imations to singularities rather than the actual singtiési
The reflectivity functionV contains all the information about We modify the model (13) in two ways. First, we assume
how the scattering medium differs from free space. Wisor thatV is composed of two pieced! = pr + pc, wherepr
at least its discontinuities and other singularities, thatwant corresponds to a target in which we are interested, @nd
to recover. corresponds to other scatterers in which we are not inedest
The Born or single-scatteringapproximation [15], [16] to referred to as clutter. Second, we include additive neise
the scattered field*c is obtained by replacing the full field which models thermal fluctuations in the receiver.



The idealized inverse problem is to determipg from In [28], to determin&?), we examined the degree to which
knowledge ofi*“+n for ¢t € (T1,T2) and fory on a curve. We the imagepr reproduces the truer, or at least the best
parameterize this curve by := { y(s) : Smin < $ < Smax }- @pproximation tgr we could hope to obtain from our limited
We will write R, = ¥ (z) — v(s). data. The best approximation g was determined by the

The data isd = 4°¢ + n: flight path and the frequency band of the radar system. In

d(t,s) = FIV](t, s) + n(t, s), particular, the best mean-square approximatigrto pr is

= Iapr(z) = (2%)2 sz =)y () dPx
= ooy [ eFTDExq, (@)pr(x)dP,  (24)

where(), denotes the set f determined by the flight path
and frequency band and wheye, is the function that i if

x is in the set2, and zero otherwise. In [28] we have shown
that this set consists of thogeobtained from (Stolt) change
of variables

(14)

where pa(z)

F[V](t,s):/e—iw[t—2\Rwl/C]A(a;,s,w)V(:c) d*xz. (15)

Here A(x, s,w) = W (x,~(s),w) is given by

LUQP(LA})J,?T(U)/CO(R/S\@)’ 7(s))
(47)2| Ry |2 '

andn(t, s) denotes the receiver noise.

We make the following assumptions about the statistics. ) )
First, we assume that the noise is stationary in the fast tifi@s Varies overls,in, smaz| andw varies over the frequency
componentt and statistically uncorrelated in the slow timg?@nd of the system. Her®1 denotes the3 x 2 Jacobian

Az, s,w) =

(16)

—2w —

(s,w) — &= TRS’Z - D(2). (25)

component, so that

/e_i“’te_i“’/t/E[n(t, s)yn(t', s')]dtdt’
Sn(w, 8)0(w + w')d(s — §'), (17)

where E' denotes the expected value. Similarly we write

Elpr(z)pr(z)] = Rr(z,z’) (18)
Elpc(z)pc(x')] = Ro(x, 2'), (19)

where we assume
Rr(x, ') = // e_im'"em/'"/g:r(n,n')dndn' (20)
Re(z,x) =//e’”'"e“”,'"lgc(mn’)dndn’~ (21)

In addition, we asssume that the amplitude of (15)
satisfies

aaaﬁaplamA(w’ s,w) | <C (1 +w2)(27|a\)/2

w8 Txr1 Tx2
(22)
where K is any compact subset &, x R2, and the constant

sup |
(s,t,x)eK

matrix.

A. Determination of the puls@ and filter Q

We would like to determine the pulsE and filter Q so
that p obtained from (23) is as close as possibleptp In
particular, we want to determini and@ in order to minimize
the quantity

AQ.P) = E [ [1BEVI 0 @) - taprIP 2], 28)

where E denotes expected value. Theintegral of (26) is
simply theL2-norm, which can be written as the inner product

<.7.>:

A(Q,P) = E((BF — Iq)pr + BFpc + Bn,
(BF — Igz)pT + BFpc + BTL>
= Ar(Q)+Ac(Q) + An(Q), (27)
where
Ar(Q, P) = E((BF — Io)pr, (BF — Io)pr) (28)
Ac(Q, P) = E(BFpc, BFpc) (29)
ANn(Q, P) = E{(Bn, Bn) (30)

C depends on¥, 3, 0, p1, andpo. This assumption is needed _
in order to make various stationary phase calculations;iold We note that the cross terms of (27) disappear because we are
fact this assumption makes the “forward” Operaﬁba Fourier a.SSUming that the statistics of the target, CIUtter, andenare
Integral Operator [9], [25], [13]. This assumption is validr ~all mutually independent. _
example, when the source wavefopmis a short pulse and [N [28], under the stationarity assumption
tbhe anterlma} .|ts suff;:]lentLy broa(;jtt)and. c\j/V(le notgdtklallt:arl NSYT(S"?/) — Sr(n)5(€ — E/')

e complex; it can thus be used to model non-ideal antenna Sc(&,€) = Sc(n)i€—¢),

behavior such as phase aberrations and frequency-degenden -
changes in the beam pattern. (28), (29) and (30) were simplified to

. 1 MAGE FORMATION 8r(Q.P) = [[ 0= 4(2.8)(=.) - xa. (€)" dzde
We form the imageér by means of a filtered backprojection )
80(Q.P) = [[ 16z )7z, €) azae

operatorB: we write pr(z) := Bd(z), where
Bi(e) = [[ Qs ) e ) s @) Ay(@,P) = [[ 106, €0 5w (E)azde,

where( is determined below.

(31)

(32)



where J(z,s,w) = |9(s,w)/0€| is the determinant of the IV. NUMERICAL SIMULATIONS
Jacobian that comes from the change of variables (25). SubWe performed numerical simulations to demonstrate the

stituting (32) in (27), we obtained performance of transmitted pulsB and the reconstruction
—= filter @ when chosen as in (40) and (41), respectively.
= xaSr4 33)  We make the followi tions | ical si
= TARJSr 1 5ol 7 5 (33) /e make the following assumptions in our numerical sim-
| rree N ulations. We assume the earth surface is flat. We assume

by calculating the variation oi with respect toQ [28]. that there are no noise in the measurements,d¢.= 0.

Similarly, in order to determiné we calculate the variation "€ @ssume thatl/P = 1, hence choos€ = xq/J. The
of A with respect toP: region of reconstruction lies with in the circle centered at

(25km, 25km) with radius25km where we denote the origin
by (0,0). We normalize all the distances with respect to origin

Q

d -
0= — A(Q,P +€P,.) ~ 2Re/ QAJ by 10km, i.e. if H denotes the height of the flight path then
“le=0 H = 1.5 implies that the height i$5km.
« (/eiz-(sﬁ’)Q/A/J/(gT_,_gc) —gTX/dﬁl)dﬁdz- We set the flight trajectory to be a circle centered at
(25km, 25km) with radius equal t30km at 15km above the
(34) ground (see Figure 1), i.e.
Here we used the shorthand notatiQh := Q(z,§), A" :==  ~(s) = (2.5 +3coss,2.5+ 3sins, 1.5), s € [0,27). (42)

A(z,€), X' = x(2,€), J' = J(2,€) and

_ WP W) R w/co(Rua) (s))
Az, s,w) = (47T)2|f§s,:c|2 ;

(35)

where s and w are understood to refer te(¢) and w(§),
respectively.

It follows from the right hand side of (34) to b for all
Q., we must have

/eiz'(ﬁfﬁ’)Q/A’J’(gT +S¢) — Srx/'dg’ = 0. (36)

Under the stationarity assumption (31), (36) reduces to

QAJST — xSt + QAJSc =0, (37)

Fig. 1. Acquisition geometry used in the numerical simolasi. The flight
which can be solved explicitly for as trajectory is a circle with radiugOkm at 15km altitude. The illuminated
region is the disc with diameteiOkm.

xa(x, s,w)Sr(s,w)

A, s,w) = Qx, s,w)J(x, s,w)[ST(s,w) + Sc(s,w)]

. (38)

For ease of numerical simulations, and to generate realisti
_ looking targets, we choose analytic functions to repreieat
Multiplying (38) by A and substituting into (33), we obtaintarget scend” and estimate its power spectral density function

QS, =0and by
2
Qz, s,w)P(w) = Sr(¢) = ‘/em'CT(m)dm (43)
xa(x, s,w)(47)%| Rs o | St(s,w) _ _ _ _ _ _
wQJfT(w/co(@),’y(s))J(cc,s,w) [S7(s,w) + Sc(s,w)]’ Target is then discretized on a grid and its mean and vari-

(39) ance are estimated by sample mean and variance estimators.
Realization of the clutter process is generated on the etiscr

If we assume thaf) is independent of; and S¢, and P(w) grid from Gaussian white noise process using the Karhunen-
depends on the curveg(s), i.e. P(w) = P(s,w), then we can Loeve transform based on predefined autocovariance or power

factor (39) to obtainP andQ as spectral density functions.
We choose the target scefféx) as
St(s,w)
P = d 40 900
(w,3) [ST(s,w) + Sc(s,w)] (40) T(x1,72) = ml[z,:’,}x[z,:’,}, (44)

2 2
Q(x, s,w) = Xo(®, 5, w)(47)"| Rs o . (41) wherey| 32,3 denotes the characteristic function over the

w2Jj(w/co(Rsz), () (@, 5,w) square([2,3] x [2,3]. The target is discretized on a grid of




51 x 51 which corresponds to the square region of gidkm
with target in its center.
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is
/900 sinw¢y sinmCo \ 2
St(C1,¢2) = <121 2010 > : (45) "
We choose the power spectral density function of clutter 2
Sc(C1,C2)
1 [3]
= 2 (Sr(G £8,6 £ 8) + S(¢1 £8,(5 F 8))
43 [4]
B <900) ? (sinmr)?(sinm(a)? (&° + 64) (Gi° +64)
—\J91 2 2 :
121 ™ (G% = 64)" (&2° - 64) [5]
(46)
We define the signal to clutter ratio (SCR) by
(6]
1 N 2
1 T(x;) —
SCR = 201og X2 L@ =1 4 @47 m

Efl[C]?]

where N is the number of grid points and is the mean 8
value of the target scene. Figure 2 shows the target andttarge
embedded in clutter fo6CR = —12dB scenes. [9]
We performed three sets of numerical experiments: reconyyg;
struction of i) target in the absence of clutter, ile.= 1; ii)
target embedded in clutter witiCR = —12dB and P = 1;
and iii) target embedded in clutter withC R = —12dB and
P is chosen as in (40). The projection data of the target
and the corresponding reconstructed image wken- 1 is
presented in Figures 3. When the target is embedded in clutte
with SCR = —12dB, the projection data and corresponding [14]
reconstructed images fd? = 1 and P chosen as in (40) are
presented in Figures 4 and 5, respectively.

(11]
(12]

(13]

(15]

V. CONCLUSIONS

We have exhibited a filtered backprojection reconstruction[16]

formula for SAR imaging from arbitrary (known) flight paths
and non-flat (known) earth topography, in the presence
noise and clutter. We have shown that under the assumption
stationarity of the statistics of the target, clutter, anisa, the
filter in the backprojection algorithm should be chosen &3.(3
This filter automatically gives less weight to those freqies
at which the noise and clutter have significant energy.

Since the amplitude! involves the power spectral density [19]
of the waveform, the form (33) provides information on how
the waveformp should be chosen. Exploration of this leads to [20]
the waveform (40) and the filter (41). Numerical simulations
presented in

The approach outlined in this paper, in which the backpro-
jection phase is assumed known, is most useful for problems
in which the phase itself is subject to only minimal uncertgi
and it is the noise and clutter that are limiting features:. F@ibute
such problems, making use of accurate phase information

of

'L

(18]

(21]

03-1-0051 and FA9550-04-1-0223.
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Fig. 2. (Left) Target, and (Right) target embedded in clutthen SCR = —12dB.
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Fig. 3. (Left) Projection data of the target and (Right) #sanstruction.

Fig. 4. (Left) Projection data of target embedded in cluttéth SCR = —12dB when P = 1, and (Right) its reconstruction.
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Fig. 5. (Left) Projection data target embedded in clutteewSC R = —12dB when P is chosen as in (40), and (Right) its reconstruction.
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