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SUMMARY

This paper considers Synthetic Aperture Radar and other
synthetic aperture imaging systems from an arbitrary (known)
flight path. We assume a single-scattering model for the radar
data, and we assume that the ground topography is known but
not necessarily flat.

We focus on cases in which the antenna footprint is
so large that the standard narrow-beam algorithms are not
useful. For this case, [21] gave an explicit backprojection
imaging formula that corrects for the ground topography,
flight path, antenna beam pattern, source waveform, and other
geometrical factors. In this paper, we show how to modify the
backprojection algorithm to account for statistical information
about noise and clutter.

I. INTRODUCTION

In Synthetic Aperture Radar (SAR) imaging [7] [10] [12]
[14][25][31], a plane or satellite carrying an antenna moves
along a flight path. The antenna emits pulses of electromag-
netic radiation, which scatter off the terrain, and the scattered
waves are measured with the same antenna. The received
signals are then used to produce an image of the terrain. (See
Figure 1)

The nature of the imaging problem depends on the direc-
tivity of the antenna. We are interested particularly in the case
of antennas with poor directivity, where the antenna footprint
is large and standard narrow-beam imaging methods are not
useful. This is typically the case for foliage-penetrating radar
[30] [31], whose low frequencies do not allow for much beam
focusing.

There are two main classes of imaging algorithms, one
statistical and the other deterministic. Both approaches en-
compass many specialized techniques, however, deterministic
approaches do not have an explicit mechanism to incorporate
statistical information about the scene, noise, or clutter.

Some attempts have been made to develop edge-
preserving reconstruction algorithms for SAR [5], [6]. These
approaches are typically very computationally intensive. In this
paper, we show how statistical information can be incorporated
into a class of deterministic imaging algorithms relevant for
radar imaging. Our approach has the advantage of providing
an algorithm whose computational burden is less severe than
that of some other approaches.

The methods we use in this paper are based on microlocal
analysis [11] [16] [29], which is a theory for dealing with os-
cillatory integrals and singularities. These microlocal methods

Fig. 1. Acquisition geometry for SAR with an antenna with poor directivity

enable us to reconstruct edges and boundaries between differ-
ent materials in the scattering region [2], [1], [4], [19], [23],
[24]. These edges and boundaries correspond mathematically
to singularities in the reflectivity function; an image of these
singularities gives us an image of structures such as walls
and vehicles. The microlocal approach has the advantage of
providing reconstruction formulas even in the case when the
data are incomplete and non-ideal. In addition, these methods
can accommodate the varying antenna beam patterns that
arise in the cases of non-ideal antenna motion and gain, and
with appropriate adjustments the same reconstruction formulas
apply to both spotlight-mode [8] and stripmap-mode radar [12]
[14]. Microlocal reconstruction techniques have been used to
advantage in the geophysics community, where the resulting
algorithms have been found to be fast and robust [2] [4].

Microlocal methods have the limitation that they can only
be expected to provide a reconstruction of singularities and
their strengths. However, in practice they often reduce to the
exact inversion formulas that are known for idealized cases.
This is the case here: our reconstruction formula reduces to
the exact inversion formula of [13] [17] [20] for the case of
a perfect point source moving along a single straight flight
track above a flat earth. Furthermore, when there is no noise
and clutter; and no statistical information on the target is
available, our inversion formula reduces to the deterministic
one presented in [21].

The microlocal aapproach leads to generalized filtered
backprojection algorithms for image reconstruction. In this
paper, we show how the filter can be designed to incorporate
statistical information about the target, noise and clutter.

The paper is organized as follows. Section 2 introduces the
mathematical model and relevant notation. Section 3 develops
the image formation algorithm, explains how the filter should
be chosen in the generalized filtered backprojection algorithms.
Section 4 summarizes our results and conclusion.

We use the capital letters X and Y for spatial variables
in R3, when there is danger of confusion between two-
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dimensional and three-dimensional vectors; the corresponding
x and y denote the projections of X and Y onto R2.

II. THE MATHEMATICAL MODEL

For SAR, the correct model is of course Maxwell’s
equations, but the simpler scalar wave equation is commonly
used: (

∇2 − 1
c2(X)

∂2
t

)
u(t,X) = 0, (1)

where c is the wave propagation speed. Each component of the
electric and magnetic fields in free space satisfies (1); thus it
is a good model for the propagation of electromagnetic waves
in dry air.

We assume the earth’s surface is located at the position
given by X = ψ(x), where ψ : R2 → R3 is known. Because
electromagnetic waves are rapidly attenuated in the earth, we
assume that the scattering takes place in a thin region near the
surface; thus we assume that the perturbation in wave speed c
is of the form c−2(X) − c−2

0 = V (x)δ(X −ψ(x)). Here c0
is the speed of light in dry air, and V , the ground reflectivity
function, is the quantity we wish to image.

We show in [22], for the noiseless case, that the received
field at sensor location Y and time t can be approximated by
the expression

S(Y , t) =
∫∫

e−iω(t−2|ψ(x)−Y |/c0)W (x,Y , ω)V (x)dωd2x,

(2)
where ω denotes the angular frequency; W contains geomet-
rical factors such as the antenna beam pattern and the r−2

attenuation from geometrical spreading, and includes also the
Fourier transform of the time-domain waveform sent to the
sensor. Because this waveform is bandlimited, ultimately we
reconstruct band-limited approximations to singularities rather
than the actual singularities.

We modify the model (2) in two ways. First, we assume
that V is composed of two pieces: V = ρT + ρC , where ρT
corresponds to a target in which we are interested, and ρC
corresponds to other scatterers in which we are not interested.
Second, we include additive noise n, which models thermal
fluctuations in the receiver.

The idealized inverse problem is to determine ρT from
knowledge of S+n for t ∈ (T1, T2) and for Y on a curve. This
curve we parametrize by γ := { γ(s) : smin < s < smax }.
We will write Rs,x = ψ(x) − γ(s).

The data is d = S + n:

d(t, s) = F [V ](t, s) + n(t, s), (3)

where

F [V ](t, s) =
∫
e−iω[t−2|Rs,x|/c]A(x, s, ω)V (x) d2x. (4)

Here A(x, s, ω) = W (x,γ(s), ω) and n(t, s) denotes the
receiver noise.

We make the following assumptions about the statistics.
First, we assume that the noise is stationary in the fast time

component t and statistically uncorrelated in the slow time
component s, so that

∫
e−iωte−iω

′t′E[n(t, s)n(t′, s′)]dtdt′ =

SN (ω, s)δ(ω + ω′)δ(s− s′), (5)

where E denotes the expected value. Similarly we write

E[ρT (x)ρT (x′)] = RT (x,x′) (6)

E[ρC(x)ρC(x′)] = RC(x,x′) (7)

where we assume

RT (x,x′) =
∫∫

e−ix·ηeix
′·η′

ST (η,η′)dηdη′ (8)

RC(x,x′) =
∫∫

e−ix·ηeix
′·η′

SC(η,η′)dηdη′. (9)

In addition, we asssume that the amplitude A of (4)
satisfies

sup
(s,t,x)∈K

| ∂αω∂βs ∂ρ1x1
∂ρ2x2

A(x, s, ω) | ≤ C (1 + ω2)(2−|α|)/2

(10)
where K is any compact subset of Rs×R2

x, and the constant
C depends on K,β, δ, ρ1, and ρ2. This assumption is needed
in order to make various stationary phase calculations hold; in
fact this assumption makes the “forward” operator F a Fourier
Integral Operator [11], [29], [16]. This assumption is valid,
for example, when the source waveform p is a short pulse
and the antenna is sufficiently broadband. We note that A can
be complex; it can thus be used to model non-ideal antenna
behavior such as phase aberrations and frequency-dependent
changes in the beam pattern.

III. IMAGE FORMATION

We form the image ρ̃T by means of a filtered backprojec-
tion operator B: we write ρ̃T (z) := Bd(z), where

Bd(z) :=
∫∫

Q(z, s, ω)eiω[t−2|Rs,z|/c]d(t, s) dtds, (11)

where Q is determined below.
To determine Q, we examine below the degree to which

the image ρ̃T reproduces the true ρT , or at least the best
approximation to ρT we could hope to obtain from our limited
data.

The best approximation to ρT we can hope for is deter-
mined by the flight path and the frequency band of the radar
system. In particular, the best mean-square approximation ρΩ

to ρT is

ρΩ(z) = IΩρT (z) = 1
(2π)2

∫
Ωz
ei(z−x)·ξρT (x)d2x

= 1
(2π)2

∫
ei(z−x)·ξχΩz

(x)ρT (x)d2x, (12)

where Ωz denotes the set of ξ determined by the flight path
and frequency band and where χΩz

is the function that is 1
if x is in the set Ωz and zero otherwise. We will see below
that this set consists of those ξ obtained from (23) as s varies
over [smin, smax] and ω varies over the frequency band of the
system

0-7803-8882-8/05/$20.00 (C) 2005 IEEE



A. Determination of the filter Q

We would like to determine the filter Q so that ρ̃ obtained
from (11) is as close as possible to ρΩ. In particular, we want
to determine Q in order to minimize the quantity

∆(Q) = E

[∫
|B (F [V ] + n) (z) − IΩρT (z)|2 d2z

]
, (13)

where E denotes expected value. The z-integral of (13) is
simply the L2-norm, which can be written as the inner product
〈·, ·〉:

∆(Q) = E
〈
(BF − IΩ)ρT +BFρC +Bn,

(BF − IΩ)ρT +BFρC +Bn
〉

= ∆T (Q) + ∆C(Q) + ∆N (Q), (14)

where

∆T (Q) = E〈(BF − IΩ)ρT , (BF − IΩ)ρT 〉 (15)

∆C(Q) = E〈BFρC , BFρC〉 (16)

∆N (Q) = E〈Bn,Bn〉 (17)

We note that the cross terms of (14) disappear because we are
assuming that the statistics of the target, clutter, and noise are
all mutually independent.

1) Simplification of ∆: Since the operators BF−IΩ, BF ,
and B are integral operators, ∆T , ∆C , and ∆N are each of
the form

∆(Q) = E〈Kf,Kf〉 (18)

= E

[∫ ∫
K(z,x)f(x)dx

∫
K(z,x′)f(x′)dx′dz

]

=
∫∫∫

K(z,x)Rf (x,x′)K(z,x′)dzdxdx′

where the bar denotes complex conjugate and Rf is the
autocorrelation function

Rf (x,x′) = E[f(x)f(x′)] (19)

Next we simplify the product BF . The composition of
(4) and (11) results in

BFf(z) = 2π
∫∫∫

e2ik(|Rs,x|−|Rs,z|)Q(z, s, ω)

·A(x, s, ω)f(x)dωdsd2x, (20)

where we have writen k = ω/c0. We assume that the geomet-
rical conditions on the flight path outlined in [21] for avoiding
artifacts are satisfied, so that the leading order contributions
to (20) come from the single critical point x = z. As in [21],
we expand the exponent of the first term of (20) in a Taylor
series about x = z:

2k(|Rs,x| − |Rs,z|) = −2k(z − x) · Ξ(s,x,z) (21)

where for x = z, we have

Ξ(s,z,z) = R̂s,z ·Dψ(z) + . . . , (22)

and make the (Stolt) change of variables

(s, ω) → ξ = −2kR̂s,z ·Dψ(z). (23)

The change of variables (23) transforms the integral (20)
into

BFf(z) = 2π
∫∫

ei(z−x)·ξQ(z, s, ω)A(x, s, ω)

·J(z, s, ω)f(x)d2ξ d2x+ . . .
(24)

where s and ω are understood to refer to s(ξ) and ω(ξ),
respectively, where J(z, s, ω) = |∂(s, ω)/∂ξ|, and where the
dots indicate remainder terms from higher-order terms of the
Taylor expansion. Equation (24) exhibits the operator BF
as a pseudodifferential operator. Pseudodifferential operators
have the pseudolocal property [29], i.e., they do not move
singularities or change their orientation. It is this property that
ensures that in the no-noise case, the image shows all the
visible edges in the scene (i.e., in ρT + ρC).

We apply the above change of variables to the terms ∆T

and ∆C :

∆T (Q) = (2π)2
∫ [ ∫∫

e−i(z−x)·ξ[Q(z, s, ω)A(x, s, ω)

·J(z, s, ω) − χΩz
(ξ)]RT (x,x′)d2ξ d2x∫∫

ei(z−x
′)·ξ′ [Q(z, s′, ω′)A(x′, s′, ω′)

·J(z, s′, ω′) − χΩz
(ξ′)]d2ξ′ d2x′

]
d2z (25)

∆C(Q) = (2π)2
∫ [ ∫∫

e−i(z−x)·ξ[Q(z, s, ω)A(x, s, ω)

·J(z, s, ω)]RC(x,x′)d2ξ d2x∫∫
ei(z−x

′)·ξ′ [Q(z, s′, ω′)A(x′, s′, ω′)

·J(z, s′, ω′)]d2ξ′ d2x′
]
d2z. (26)

In ∆N we simply use (5):

∆N (Q) =
∫
e−iωt+2ik|Rs,z|Q(z, s, ω)RN (t, s, t′, s′)

·eiω′t′−2ik′|Rs′,z|Q(z, s′, ω′)dt′dω′ds′dtdωdsd2z

=
∫

|Q(z, s, ω)|2SN (ω, s)dsdωd2z. (27)

We use (8) and (9) in (25) and (26) and then apply the
method of stationary phase in the variables x′, ξ′, x, and ξ.
The phase in question is

φ = x · (ξ − η) + z · (ξ′ − ξ) + x′ · (η′ − ξ′) (28)

so the critical conditions are

0 = ∇x′φ = η′ − ξ′
0 = ∇ξ′φ = z − x′

0 = ∇xφ = ξ − η
0 = ∇ξφ = x− z (29)

The leading order term of (25) is then

∆T (Q) ≈
∫∫∫

eiz·(η
′−η)[Q(z,η)A(z,η)J(z,η) − χΩz

(η)]

ST (η,η′)[Q(z,η′)A(z,η′)J(z,η′) − χΩz
(η)]dηdη′dz (30)
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where it is understood that Q(z,η) = Q(z, s(η), ω(η)), etc.
Similarly, the leading order term of (26) is

∆C(Q) ≈
∫∫∫

eiz·(η
′−η)[Q(z,η)A(z,η)J(z,η)]

SC(η,η′)[Q(z,η′)A(z,η′)J(z,η′)]dηdη′dz (31)

We now assume stationarity:

ST (η,η′) = ST (η)δ(η − η′)
SC(η,η′) = SC(η)δ(η − η′). (32)

This transforms (30) and (31) into

∆T (Q) =
∫∫

|[Q(z,η)A(z,η)J(z,η) − χΩz
(η)|2 dzdη,

∆C(Q) =
∫∫

|Q(z,η)A(z,η)J(z,η)|2 dzdη (33)

We make the change of variables (23) in (27), which gives us

∆N (Q) =
∫∫

|Q(z,η)|2J(z,η)SN (η)dzdη (34)

2) Variational Analysis: We next calculate the variation
of ∆ with respect to Q:

0 =
d

dε

∣∣∣∣
ε=0

∆(Q+ εq)

= 2Re
∫∫ (

qAJ [QAJ − χΩ]ST

+qAJ [QAJ ]SC + qQJSN

)
dηdz (35)

If the right side of (35) is to be zero for all q, we must have

AJ [QAJ − χΩ]ST +AJQAJSC +QJSN = 0 (36)

which we can solve for Q:

Q =
χΩSTAJ

|A|2|J |2[ST + SC ] + JSN
(37)

This is the filter that should be used in (11).

IV. CONCLUSIONS

We have exhibited a filtered backprojection reconstruction
formula for SAR imaging from arbitrary (known) flight paths
and non-flat (known) earth topography, in the presence of
noise and clutter. We have shown that under the assumption of
stationarity of the statistics of the target, clutter, and noise, the
filter in the backprojection algorithm should be chosen as (37).
This filter automatically gives less weight to those frequencies
at which the noise and clutter have significant energy.

Since the amplitude A involves the power spectral density
of the waveform, the form (37) provides information on how
the waveform should be chosen. Exploration of this we leave
for the future.

The approach outlined in this paper, in which the backpro-
jection phase is assumed known, is most useful for problems
in which the phase itself is subject to only minimal uncertainty
and it is the noise and clutter that are limiting features. For such
problems, making use of accurate phase information allows
us to avoid smoothing in the image; moreover, the visible
singularities appear in the correct locations and orientations.
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