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Wideband Extended Range-Doppler Imaging
and Waveform Design in the Presence of

Clutter and Noise
Birsen Yazıcı, Senior Member, IEEE, and Gang Xie

Abstract—This paper presents a group-theoretic approach to
address the wideband extended range-Doppler target imaging and
design of clutter rejecting waveforms. An exact imaging method
based on the inverse Fourier transform of the affine group is
presented. A Wiener filter is designed in the affine group Fourier
transform domain to minimize wideband clutter range-Doppler
reflectivity. The Wiener filter is then used to form an operator
to precondition transmitted waveforms to reject clutter. Alterna-
tively, the imaging and clutter rejection methods are equivalently
re-expressed to perform clutter suppression upon reception. These
methods are coupled with noise suppression upon reception.
Numerical simulations are performed to demonstrate the per-
formance of the proposed approach. Our study shows that the
framework introduced in this paper can address the joint design
of receive and transmit processing, design of clutter rejecting
waveforms, suppression of noise, and reduction of computational
complexity in receive processing.

Index Terms—Affine group, extended range-Doppler reflectivity,
waveform design, wideband, Wiener filter.

I. INTRODUCTION

I N radar and sonar, it is often desirable to image an extended
range-Doppler target. This means that the target environ-

ment is either composed of several objects or consists of a phys-
ically large object corresponding to a continuum of scatterers
and that the scatterers are very close in range-Doppler space.
Examples of such scenarios include terrain imaging using syn-
thetic aperture radar, underwater imaging using synthetic aper-
ture sonar, and imaging a dense collection of moving targets.
An extended range-Doppler target is modeled by a reflectivity
density function in the range-Doppler space. The received echo
from an extended range-Doppler target is modeled as a weighted
sum of delayed and scaled replicas of the transmitted wave-
form

(1)
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where is the round-trip time delay, is the Doppler-stretch,
and is called the wideband range-Doppler reflectivity
density function [4], [9], [20], [21], [28], [36]. The Doppler
stretch is given by , where is the speed of
the transmitted signal and is the radial velocity of the scatterer.
When the transmitted signal is narrowband, the echo model in
(1) can be approximated by

(2)

where is called the Doppler-shift and is called the
narrowband range-Doppler reflectivity density function [4],
[20], [21]. In general, (1) is referred to as the wideband echo
model and (2) is referred to as the narrowband echo model.
The narrowband model is sufficient for most radar applications.
However, sonar and ultra-wideband radar require the wideband
model [6], [29]. In this paper, we will focus on the imaging
applications in which the wideband model (1) is required.

Typically in radar and sonar, the echo from a target, such as
a moving vehicle, is corrupted with clutter and additive noise.
Therefore, the received signal is often processed by matched
filtering. When the signal of interest is embedded in white
Gaussian noise, matched filtering amounts to matching the
received signal to the delayed and scaled replicas of the trans-
mitted signal. This leads to the following wideband imaging
equation [5]:

(3)
where is the wideband cross-ambiguity function of the
transmitted waveform and the received echo and is the
wideband auto-ambiguity function of the transmitted wave-
form. Note that the wideband cross-ambiguity function in (3)
is the convolution of the wideband target reflectivity density
function and the auto-ambiguity function over the affine group.

The imaging equation (3) shows that the resolution of the
matched filter output is limited by the auto-ambiguity func-
tion of the transmitted waveform, which plays the role of a
point-spread function for the range-Doppler imaging system.
Since the auto-ambiguity function is formed by the transmitted
waveform, one can attempt to design a waveform to improve the
resolution of reconstructed images. However, fairly strong con-
straints on the mathematical form of the auto-ambiguity func-
tion precludes synthesis of an ideal auto-ambiguity function,
i.e., a Dirac-delta function located at the origin of the range-
Doppler space.
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In this paper, we present a mathematical framework based
on the Fourier theory of the affine group to address the joint
design of image reconstruction and waveform design for clutter
rejection to recover the wideband range-Doppler target reflec-
tivity density in the presence of noise and waveform-dependent
clutter. We observe that the forward map in (1) is a bilinear
operator that acts on both the transmitted waveform and the
target reflectivity density function. In particular, this operator
maps the target reflectivity density function to an operator
by the Fourier transform of the affine group, which in turn
acts on the transmitted waveform to produce the echo signal.
Therefore, our imaging equation is based on inverting the affine
group Fourier transform of the wideband reflectivity density
function. Unlike the standard Fourier transform, the affine
group Fourier transform of a function is operator valued, i.e.,
each Fourier component is an operator. Therefore, transmitting
a single waveform allows only one of the matrix coefficients
of the spectral operator to be measured in received echo. How-
ever, affine group Fourier inversion shows that all the matrix
coefficients of the spectral operator over which the target lies
have to be measured in received echo. Therefore, our approach
shows that if multiple pulses are transmitted, the target can
be reconstructed exactly, leading to Dirac-delta point-spread
function for the imaging equation in range-Doppler domain.
When the echo from the target is embedded in unwanted clutter
echo, we design a Wiener operator in the affine group Fourier
transform domain based on the minimum mean-square error
criteria to minimize the clutter. We show that if the target
and clutter random fields exhibit stationarity under the affine
group translations, the Wiener operator becomes a convolution
filter over the affine group. Using the Wiener filter and the
discrepancy operator of the affine group Fourier transform, we
form another operator, which we refer to as the preconditioning
operator, to condition the transmitted waveforms to reject
clutter. We present two algorithms for imaging and clutter
rejection/suppression: one for clutter rejection in transmit by
means of the preconditioning operator, and one for clutter sup-
pression upon reception by implementing the preconditioning
operator in receive. These two algorithms are equivalent in the
mean-square error sense; however, clutter rejection in transmit
is computationally more efficient than the clutter suppression
in receive. We also provide a third algorithm that combines
clutter rejection in transmit and additive noise suppression in
receive. The image reconstruction method introduced in this
paper can be also viewed as a data fusion method to synthesize
high-resolution range-Doppler images from multiple coherent
narrowband radars.

The rest of the paper is organized as follows: Section II
provides a review of the related work. Section III introduces
the Fourier theory of the affine group. Section IV provides
the problem formulation. Section V presents the derivation
of the preconditioning operator for the design of clutter re-
jecting waveforms. Section VI presents the estimation of the
range-Doppler reflectivity in the presence of noise and clutter
and the design of clutter rejecting waveforms. Section VII
presents numerical experiments to validate our approach. Sec-
tion VIII summarizes our results and draws conclusions based
on these results. The paper concludes with four appendices.

The first provides a review of the basic concepts from the group
representation theory and a review of the Fourier transforms
over groups. The second provides a lemma which is used re-
peatedly in the paper. The third and fourth appendices provide
derivations of the results stated in Section VI.

II. RELATED WORK

The wideband echo model has been studied by many re-
searchers [19], [21], [24], [36]. In [21], affine group Fourier
theory was utilized and a method of waveform design and
wideband range-Doppler target reflectivity reconstruction was
introduced. A similar approach was also noted in [19]. In [24],
the approach in [21] was extended to include frames as a set of
transmitted waveforms. In [36], the use the wavelet transform
for the image recovery problem was proposed in a deterministic
setting. However, this approach requires the target reflectivity
function to be in the reproducing kernel Hilbert space of the
transmitted mother wavelet. In all of these studies, [19], [21],
[24], and [36], the received echo is modeled in a deterministic
setting without any consideration of noise and clutter in sensor
measurements. Our study is closest in spirit to [21], however,
our problem is to design clutter rejecting waveforms and to
estimate the wideband range-Doppler target reflectivity density
function embedded in clutter using a priori statistical informa-
tion.

In the area of waveform design, there is a large body of liter-
ature based on the classical concept of ambiguity and matched
filtering for the narrowband echo model [2], [7], [8], [11], [16],
[17], [25], [26], [37]. These studies address the design of se-
quence of waveforms having an ambiguity function with narrow
central main lobe surrounded by uniform low-level sidelobes
to approximate the ideal Dirac-delta like ambiguity function in
range-Doppler space. However, a number of researchers argued
that it may not be possible to achieve the desired resolution
or discrimination capability using a single-pulse echo system
based on classical matched filtering [18], [25], [26]. In [18] and
[25], the concept of composite or combined ambiguity function
derived from the coherent sum of multiple classical matched fil-
tering was introduced and diversity phase-, frequency-, and joint
phase–frequency-coded waveforms were presented for narrow-
band echo model.

In [3], [12]–[15], [23], and [27], the classical concept of
matched filtering was further developed to address the joint
design of optimum waveforms and receive processing for
target detection and classification applications. In [3], [12],
[13], and [23], methods of waveform/receiver design have
been developed for target detection based on maximizing the
signal-to-noise or signal-to-interference ratios. These studies
assume that the target is range-only extended target and the im-
pulse response function of the target is known and deterministic.
In [12], [23] was extended to target identification problem. In
[3], design of optimal waveforms for target classification based
on mutual information criteria for range-only extended statis-
tical target model was studied. In [27], a discretized version of
the wideband target reflectivity model was used, and a method
of waveform design for target detection and classification was
introduced based on the Kullback–Leibler measure. Note that
while the studies cited above are close in spirit to our work in
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that they both address the joint design of transmit and receive
processing, our problem is focused primarily on the design
of imaging waveforms rather than detection or classification
waveforms. Therefore, we use the mean-square error criterion
as a figure of merit for optimality instead of the measures
designed for the output of a discriminant functional used in a
detector or classifier. Additionally, the aforementioned studies
assume that the target reflectivity density function is known
and deterministic. However, in our problem the range-Doppler
target reflectivity density function is unknown and our objective
is to estimate this function embedded in clutter by designing
clutter rejecting transmit waveforms and receive processing
with respect to the mean-square error criteria. Therefore, we
use statistical a priori information on the unknown wideband
range-Doppler target and clutter reflectivity density functions.

III. FOURIER THEORY OF THE AFFINE GROUP

In Appendix I, we provide a brief overview of the Fourier
analysis over groups and definitions of basic concepts. In this
section, we will introduce the affine group and summarize the
Fourier analysis over the affine group from a perspective rele-
vant to the rest of our discussion. A detailed discussion on the
Fourier theory of the affine group can be found in [30].

Below we provide an index of notation used throughout the
paper. We use upper case letters, , etc., for functions defined
on the affine group and lower case letter , etc., for functions
defined on . The operators are denoted by upper case Greek or
caligraphic letters, e.g., .

NOMENCLATURE

Elements of the affine group.

Affine group operation .

Affine group .

Space of square summable functions
on .

Space of absolutely summable
functions on .

Left-Haar measure of .

Right-Haar measure of .

Unitary irreducible group
representations of .

Space of functions whose
Fourier transform is supported on .

Differentiable orthonormal basis on
.

Affine group Fourier components of
.

Adjoint of .

Discrepancy operators of the affine
group .

Convolution over the affine group.

A. Affine Group

The affine group, or the group, is a two-parameter Lie
group whose elements are given by matrices of the form

(4)

parameterized by the scale parameter and the translation pa-
rameter .

Let denote , the elements of the affine group. The
affine group operation is given by the usual matrix multi-
plication, i.e., ;
and the inverse elements are given by the matrix inversion

. This defines the affine group as
a semidirect product of the additive group and the
multiplicative group , i.e., . For the rest of the
paper, we shall denote the affine group by . Note that the
affine group is noncommutative.

Let and denote the space of square sum-
mable and absolutely summable functions over , respectively,
i.e.,

(5)

where is the left-Haar measure of the affine
group. The inner product of two functions and in

is defined as

(6)

Note that the affine group is a nonunimodular group. There-
fore, the right-Haar measure is given by . The
right- and left-Haar measures of a locally compact group are re-
lated by , where is the modular func-
tion of the group. For the affine group . In the rest
of the paper, we shall use the left-Haar measure and denote it by

to simplify our notation.

B. Fourier Transform Over the Affine Group

The standard Fourier transform, which is defined with respect
to the additive group , projects functions in
onto complex exponentials . In the general theory
of Fourier analysis over groups, square summable functions de-
fined on the group are projected onto the unitary irreducible rep-
resentations of the group. For commutative groups, unitary irre-
ducible representations are one-dimensional scalar-valued op-
erators; however, for noncommutative groups, they are either fi-
nite-dimensional matrices or infinite-dimensional operators. As
a result, the Fourier components of a function defined on a non-
commutative group are either matrix or operator valued. In the
case of the affine group, there are two nonequivalent, infinite-di-
mensional, irreducible, unitary representations. Hence, there are
two Fourier components; each, however, can be viewed as an
infinite-dimensional matrix. As we will show, each transmitted
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waveform provides information about one of the matrix ele-
ments of the Fourier components.

C. Irreducible Unitary Representations of the Affine Group

Let and , denote the two irreducible,
unitary representations of the affine group. In one realization,
for each element of the affine group, the linear operator

acts on the Hilbert space , which consists of func-
tions whose Fourier transforms are supported on the posi-
tive real line. Similarly, acts on , the orthogonal com-
plement of , which consists of functions whose Fourier
transforms are supported on the negative real line.

Note that is a direct sum of and , i.e.,
. The linear operators

(7)

are unitary, nonequivalent, and irreducible in the spaces and
, respectively.

D. The Fourier Transform of the Affine Group

The affine Fourier transform of a function is
defined as

(8)

Note that the Fourier components are operators. For a
given orthonormal basis of , the th matrix co-
efficients of is given by

(9)

E. The Inverse Fourier Transform of the Affine Group

The inverse affine Fourier transform is given by

(10)
where denotes the adjoint of ; and are
linear, self-adjoint, positive-definite operators defined as

(11)

Note that the inverse Fourier transform with respect to the
affine group is a filtered backprojection operator. It requires
the Fourier components to be filtered by the operators

first; and then maps the result back to by the
adjoint of the forward Fourier transform to synthesize
the function . The filtering in the inverse Fourier transform
of the affine group arises due to the non-unimodular nature of
the affine group. The standard inverse Fourier transform, on

the other hand, is given by a backprojection operator only due
to the commutative (hence, unimodular) nature of the additive
group. We will use the operators repeatedly for the rest of
the paper. For ease of referencing, we shall refer to them as
the discrepancy operators of the affine Fourier transform. The
term discrepancy alludes to the difference between the forward
Fourier transform and its adjoint, i.e, the backprojection oper-
ator.

For a given set of orthonormal, differentiable basis
for , the inverse affine Fourier transform can be alternatively
expressed as

(12)

F. Sum of the Affine Fourier Components

For ease of notation, we define the following operators:

(13)

Then, we can express the sum of the two Fourier components
given in (8) as follows:

(14)

The inverse Fourier transform given in (10) and (12) can be re-
expressed as

(15)

where , and are orthonormal,
differentiable basis for .

G. Convolution Over the Affine Group

The convolution of two functions over the affine group
is given by

(16)

Analogous to the standard Fourier transform, under the affine
group Fourier transform, the convolution of two functions over
the affine group becomes operator multiplication. More specif-
ically

(17)

In the following sections, we will use the convolution prop-
erty (17) of the affine group to design appropriate filters in the
Fourier domain to suppress clutter and noise.
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IV. PROBLEM FORMULATION

A. Deterministic Formulation

We model the echo signal from the target as the sum of the
affine Fourier components of the target reflectivity density func-
tion evaluated at the transmitted waveform, i.e.,

(18)

where is the transmitted pulse and is the wideband target
reflectivity density function.

The ideal imaging problem involves recovering the target re-
flectivity density function given the transmitted waveform
and the received echo . Following the conventional range-
Doppler image formation approach, the received echo can
be affine matched filtered with the transmitted waveform to
obtain an estimate of , i.e.,

(19)

Using the notation introduced in Section III, (19) can be ex-
pressed as

(20)

Note that (20) is equivalent to backprojection by .
Instead of the conventional image formation approach in (20),
we can use the Fourier theory of the affine group and recover
a band-limited version of the target reflectivity density function

as follows:

(21)

where denotes the inverse of the operator . (Note that
exists since is a positive definite operator.) Equation

(21) shows that the affine matched filtering has to be performed
not with the transmitted waveform but a filtered version of

, namely, with . Alternatively, we can choose a baseline
signal and precondition it with the operator to form the
transmitted waveform and perform the affine matched
filtering with at receive to recover the band-limited version of
the target image, i.e.,

(22)

Note that in (21) the transmitted waveform is filtered at re-
ceive and the resulting waveform is then used to perform affine
matched filtering with the received echo. In (22), on the other
hand, a baseline signal is chosen and filtered at transmit to form
the transmitted waveform and the affine matched filtering is per-
formed with the baseline signal at receive. In both cases, unlike
the conventional image formation approach, the received echo
is matched not to the transmitted waveform, but to a filtered ver-
sion of it. Clearly, in both schemes the transmitted waveform has
to be chosen in the orthogonal complement of the null space of
the operator , i.e., the transmitted waveform has to illumi-
nate the spectral modes of .

For an exact reconstruction of the target reflectivity density
function , the Fourier theory of the affine group shows that
multiple waveforms need to be transmitted. Extending on (22),
we could choose an orthonormal, differentiable basis
for and form the transmitted waveforms from the filtered
versions of by , where .
Then, the target image can be formed by using (15)

(23)

which amounts to the affine matched filtering at the receiver
with the baseline signals and coherently summing over all
the affine matched filter outputs. Clearly, transmitting multiple
waveforms facilitates illumination of all the matrix elements of
the spectral operator over which the target lies.

Unlike the conventional imaging approach, when (23) is used
for image formation, the point spread function of the imaging
equation is a Dirac-delta function located at the origin of the
affine group. This is due to the additional filtering required by
the operator for the inverse Fourier transform of the affine
group. As shown in (21) and (22), the filtering can be performed
either in transmit or in receive. In the statistical formulation of
the problem, this filter will be replaced with the one designed to
suppress clutter based on the second-order statistics of clutter
and target fields.

B. Statistical Formulation

We model all unwanted, spurious background reflections
as clutter/interference. It is well known that the echo from
the clutter/interference is waveform dependent [23]. Thus, we
model the clutter echo as the affine Fourier transform of the
clutter reflectivity density function evaluated at the transmitted
waveform, i.e.,

(24)

where is the clutter reflectivity density function. We also as-
sume that the measurements are contaminated with zero mean
additive white noise process. As a result, the received signal
model is

(25)

where is the zero mean additive white noise with autocor-
relation function .

We assume that the target and clutter reflectivity fields are
uncorrelated, i.e.,

for all
(26)

Additionally, we assume that the target and clutter echo are un-
correlated with the additive white noise, i.e.,

(27)

(28)

Fig. 1 displays the components of the range-Doppler echo
model.
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Fig. 1. A block diagram of the range-Doppler echo model.

For simplicity, let us assume that the received echo is due to
target and clutter random fields only, i.e.,

(29)

If we perform the inverse Fourier transform over the affine
group, we obtain

(30)

where are orthonormal, differentiable basis for and
. Ideally, we want to design a filter/

operator in the Fourier domain of the affine group so that

(31)

Equivalently, in range-Doppler scale domain

(32)

Therefore, the idea is to precondition the set of baseline signals
by the filter to design clutter rejecting waveforms
where

(33)

We shall call the operator , the preconditioning operator.
Note that the operator of the preconditioning operator is for
clutter rejection and the operator is for the exact reconstruc-
tion. Therefore, we shall use the term preconditioning operator
interchangeably for both and . In the following section,
we will discuss the design of such an operator based on the min-
imum mean-square error criteria.

V. DESIGN OF PRECONDITIONING OPERATOR FOR

CLUTTER REJECTION

In this section, we shall first develop a preconditioning op-
erator for nonstationary target and clutter fields based on the
minimum mean-square error criteria. Next, we will show that
when target and clutter fields exhibit stationarity with respect
to the left translations of the affine group, the preconditioning
operator becomes a convolution filter over the affine group. Fur-
thermore, the Fourier transform of the preconditioning operator
can be expressed in terms of the spectral density operators of
target and clutter fields.

A. Nonstationary Target and Clutter Fields

Let denote the Hilbert space of
Hilbert–Schmidt operators from to ,
equipped with the norm

(34)

where and .
Let denote the Hilbert space of bounded

random operators from to , i.e.,
, , and

(35)

and .

Theorem 5.1: Let and , denote the
random target and clutter fields, respectively, such that
and are in , where is the Fourier op-
erator of the affine group as defined in (8) and (14). Define a
random operator as follows:

(36)

where . Then, the unique operator
from the orthogonal complement of the null space

of to , minimizing the
norm, , of is given by:

(37)

where

(38)

Proof: See Appendix III.

Note that for any , , for which is a
bounded random operator, is by definition a
self-adjoint operator in . For a given orthonormal
basis for , its matrix elements are given by

(39)

where

(40)
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We define

(41)
Clearly

(42)

The second-order statistics of the error

resulting from the minimum mean-square error filtering can be
calculated from the second-order statistics of and

(43)

B. Left-Affine Stationary Target and Clutter Fields

In this subsection, we shall show that when the target and
clutter fields exhibit invariance with respect to the left trans-
lations of the affine group, the preconditioning operator (37)
becomes a convolution filter over the affine group. We shall
call such random processes, left-affine stationary. Note that al-
though, target and clutter fields may not be strictly left-affine
stationary, under this assumption the implementation of the pre-
conditioning operator can be simplified in return to a suboptimal
solution.

Formally, a left-affine stationary process , can be
defined as follows [31], [32]:

constant (44)

(45)

Equation (45) implies that for all

(46)

where , . We shall refer to
, as the autocorrelation function of the

process , . Note that for fixed Doppler
scale , the autocorrelation function becomes

; and for fixed range , ,
is scale stationary with autocorrelation function .
Scale stationary processes are suitable to model long-term
correlated, self-similar processes [22], [33].

The central fact in the study of stationary processes over
groups is the existence of the spectral decomposition theorem
[31]. The following theorem states the spectral decomposition
of the left-affine stationary processes [31].

Theorem 5.2: A function , is the au-
tocorrelation function of an affine stationary process ,

if and only if it can be represented in the following
form:

(47)

where are bounded, self-adjoint and non-negative definite
operators in .

We shall refer to as the spectral density operators of the
process , . Clearly, if exist, then

.
Let and denote the autocorrelation functions of the

target reflectivity field and clutter reflectivity field , respec-
tively. Assume that both and exist and let

and (48)

denote the spectral density operators of the target and clutter
reflectivity fields, respectively.

The following theorem shows that if the target and clutter
are left-affine stationary, the preconditioning operator becomes
a convolution filter over the affine group; and it can be expressed
in terms of the spectral density operators of the target and clutter
fields in the Fourier domain of the affine group.

Theorem 5.3: Let , , be zero-mean,
uncorrelated, left-affine stationary processes. Let

(49)

Then, the optimal linear filter , minimizing the
mean-square error

(50)

is given by

(51)

The minimum mean-square error estimate of ,
is

(52)

The spectral density of the error between the signal and its esti-
mate is given by

(53)

Proof: The proof can be found in [34].
Note that in [34] and [35], we defined the spectral density

operator as the Fourier transform of the autocorrelation func-
tion without composing it with the discrepancy operators ,
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Fig. 2. Transmit and receive processing of Algorithm 1.

which leads to a representation of the Wiener filter without the
discrepancy operators. Nevertheless, the representations in (53)
and the ones given in [34] are equivalent.

VI. ESTIMATION OF RANGE-DOPPLER TARGET REFLECTIVITY

AND DESIGN OF CLUTTER REJECTING WAVEFORMS

In this section, we shall first consider the case where measure-
ments are contaminated by clutter only and develop methods of
range-Doppler imaging and clutter rejection by transmit and re-
ceive processing. Next, we shall extend our results to the case
where measurements are contaminated by both clutter and ad-
ditive white noise.

A. Estimation of the Target Reflectivity Function and
Waveform Design in the Presence of Clutter Only

1) Clutter Rejection in Transmit: Let the received echo signal
be

(54)

Assume that and satisfy the conditions in Theorem 5.1 and
let

(55)

Applying Theorem 5.1 to (55), the minimum mean-square error
estimate of is given by

(56)

If the target and clutter fields are left-affine stationary, then by
Theorem 5.2

(57)

Equivalently

(58)

The Fourier transform of the Wiener filter in (58) is given
by

(59)

where and are the spectral density operators of the target
and clutter fields, respectively. The error,

, resulting from (58) is given by (53).

It follows from the inverse affine Fourier transform (15) and
(55), (56), (59) that

(60)

where are differentiable orthonormal basis for .
Clearly, if are the transmitted waveform, then

become the received echo signals.
This leads to the following target reflectivity density estimation
algorithm.

Algorithm 1 Clutter rejection in transmit

1: Choose a set of differentiable, orthonormal basis
for , respectively.

2: Transmit waveforms , where
, .

3: At the th channel, match the received echo to as
follows:

4: Coherently sum all matched filter outputs to form the
image, i.e.,

Fig. 2 illustrates the transmit and the receiver structure and
processing of Algorithm 1.

Note that in Algorithm 1, the transmitted waveforms are de-
signed to minimize the clutter reflectivity in the reconstructed
image. While there are no conditions on the orthonormal basis
functions , apart from differentiability, clearly must
be in the orthogonal complement of the null space of the oper-
ator .

2) Clutter Suppression in Receive: For a given set of or-
thonormal basis, the reconstruction formula (60) can be alter-
natively expressed in terms of the matrix elements of the linear
operators and . Let

(61)
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Fig. 3. Transmit and receive processing of Algorithm 2.

and

(62)

Then

(63)

where

(64)

and

(65)

are the matrix elements of the operators and , respec-
tively. Thus, if are chosen as the transmitted waveforms,

becomes the corresponding received echo sig-
nals. This observation leads to the following alternative algo-
rithm:

Algorithm 2 Clutter suppression in receive

1: Choose a set of differentiable, orthonormal basis
for .

2: Transmit waveforms , , where .

3: Match the received echo at the th channel to ,
, i.e., .

4: Compute for all , the matrix elements of
the operator .

5: Multiply the matched filter output with the
weighting factor .

6: Coherently sum to obtain

Fig. 3 illustrates the transmit and the receive structure and
processing of the Algorithm 2.

Remarks on Clutter Rejection/Suppression:
1) Algorithms 1 and 2 differ mainly in the way clutter fil-

tering is performed. Algorithm 1 filters clutter by adaptive
transmit processing, i.e., by transmitting clutter rejecting
waveforms, while Algorithm 2 filters clutter by adaptive
receive processing, i.e., by multiplying matched filter out-
puts with the weighting factors .

2) Algorithm 1 preconditions orthonormal basis with
the filter to form clutter rejecting waveforms. Algo-
rithm 2, on the other hand, transmits as waveforms.

3) For both Algorithms 1 and 2, the basis functions have
to span the orthogonal complement of the null space of the
Wiener filter composed with the discrepancy operator, i.e.,

. For Algorithm 1, if , for some , is in
the null space of , the echo signal resulting from
the transmitted waveform becomes .
Similarly, for Algorithm 2, the weighting factor , for
all , are all equal to .

4) Unlike standard matched filtering, where the received echo
is matched to the transmitted waveform, in both Algo-
rithms 1 and 2, the received echo is matched to the basis
functions . Therefore, both Algorithms 1 and 2 do
not utilize the concept of auto-ambiguity, but rather the
cross-ambiguity function between the transmitted wave-
forms and the basis functions .

5) Algorithm 1 is a filtered backprojection type of recon-
struction formula and Algorithm 2 is a backprojection fil-
tering type reconstruction formula. In Algorithm 1, fil-
tering is performed in transmit and backprojection in re-
ceive, whereas in Algorithm 2 both backprojection and fil-
tering are performed in receive.

6) While both Algorithms 1 and 2 yield the same minimum
mean-square error given in (43) or (53), the computational
complexity of Algorithm 1 is significantly less than that
of Algorithm 2. Note that for transmitted pulses, Algo-
rithm 1 performs matched filtering or backprojection op-
erations, while Algorithm 2 performs backprojection
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operations. Similarly, the computation of the weighting
factors require times more integration than pre-
conditioning the waveforms in Algorithm 1.

7) Note that the orthonormal basis functions do not
need to be wideband signals. Therefore, the reconstruc-
tion formula (60) is applicable to a scenario where there
are multiple colocated antennas operating independently,
each with a limited low-resolution aperture, i.e., narrow-
band transmission. Nevertheless, the reconstruction for-
mulas described in Algorithms 1 and 2 provide effective
fusion of information from multiple antennas to obtain a
synthetic high-resolution range-Doppler image.

B. Estimation of the Range-Doppler Reflectivity Density
Function in the Presence of Noise and Clutter

It is not meaningful to design waveforms to reject/suppress
additive thermal noise. We will therefore extend Algorithm 1
and address the suppression of additive noise in receive. Assume
that multiple waveforms are transmitted and multiple echo sig-
nals are received as shown in Fig. 2.

(66)

where is the th transmitted waveform and is the
zero mean white noise process with variance for the th
channel.

Assume that , are uncorrelated for and
that . Let be differentiable, orthonormal
basis for and , ; and let

be the transmitted waveforms. Using Algorithm 1,
we obtain the following image:

(67)

where

(68)

is the residual error induced by the additive white noise and is
the minimum mean-square error estimate of . We shall show
in Appendix IV that is a left-affine stationary process
with spectral density

if
otherwise.

(69)

It is straightforward to show that if the target and clutter fields
are left-affine stationary, the minimum mean-square error es-
timate is also left-affine stationary. Thus, one can use the
second-order statistics of the error resulting from clutter rejec-
tion and Theorem 5.2, to design a minimum mean-square error
convolution filter to clean residual error, , , in
the reconstructed image. However, if the target and clutter fields
are not left-affine stationary, the resulting estimate is not nec-
essarily left-affine stationary. As a results, the minimum mean-
square error filter designed to clean the residual error ,

is not necessarily a convolution filter. To simplify

our argument, we assume that the target and clutter fields are
left-affine stationary.

The estimate (67) resulting from Algorithm 1 can be ex-
pressed as

(70)

where is the mean-square error with spectral density

(71)

Thus, using Theorem 5.2, the minimum mean-square error esti-

mate of can be obtained as follows:

(72)

where is the Wiener filter given by

(73)

This method is summarized in the following algorithm.

Algorithm 3 Clutter rejection in transmit, noise
suppression in receive

1: Choose a set of differentiable, orthonormal basis
for , , where .

2: Transmit waveforms .

3: At the th channel, match the received noisy echo to
as follows:

4: Coherently sum all matched filter outputs

5: Perform Wiener filtering over the affine group
, to suppress residual noise.

Fig. 4 illustrates the transmit and the receive structure and
processing of Algorithm 3.

Note that in Algorithms 1 and 2, the filtering for clutter sup-
pression is performed in the Fourier transform domain of the
affine group. In Algorithm 3, the filtering for noise suppression
is performed in the range-Doppler or affine group domain.

VII. NUMERICAL EXPERIMENTS

We performed numerical experiments to demonstrate the va-
lidity of the proposed methods and algorithms. For ease of com-
putation, the transmitted waveforms are derived from the La-
guerre polynomials [1] and target and clutter fields are assumed
to be left-affine stationary.

Let

(74)
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Fig. 4. Transmit and receive processing of Algorithm 3.

where is the Fourier transform of and ,
are Laguerre polynomials defined by

(75)

(76)

(77)

It is well known that [1]

else.
(78)

Therefore, is an orthonormal basis for . Let
be the standard inverse Fourier transform of . Then,

is an orthonormal basis for . Let ,
. Then , and is an

orthonormal basis for . Fig. 5 shows the first twenty basis
functions, . Note that these are also the
transmitted waveforms used in Algorithm 2. Fig. 6 shows the
transmitted waveforms proposed in [21].

We generated realizations of the target and clutter fields based
on the spectral density operators and with respect to
basis as shown in (79) at the bottom of the page. Fig. 7
(Top) and (Middle) show realizations of the target and clutter
fields with the spectral operators and , respectively. We
will use these target and clutter models to demonstrate the per-
formance of Algorithms 1, 2, and 3.

Experiment 1: We synthesized 10 realizations of the target
and clutter at various signal-to-clutter ratios (SCR) defined as
SCR , where and are the target and

clutter variances, respectively. Each realization is generated ac-
cording to spectral densities and .

The Wiener filter used in Algorithms 1 and 2 is given by

(80)

where is a by identity matrix, is a zero
matrix, and are and matrices determined
by , , and . Fig. 8 shows the Wiener filter in the
range-Doppler scale domain for .

The transmitted waveforms in Algorithm 1 are

Due to the specific structure of the matrix
, for ; ,

, , and for ,
where are waveforms used in [21]; and

are the eighth, nineth, and tenth diagonal
entry of the matrix , respectively.
Fig. 9 shows the difference between the transmitted waveforms
used in Algorithm 2 and those presented in [21].

We compared Algorithms 1 and 2 with the one introduced in
[21]. The results are summarized in Fig. 10. For visual com-
parison, we present the estimated target images in Fig. 11 for
the target and clutter realizations shown in Fig. 7 (Top) and
(Middle). These results show that Algorithms 1 and 2 perform
better than the one introduced in [21]. In principle, Algorithms 1
and 2 should exhibit the same performance, i.e., have the same
mean-square error performance. However, in Algorithm 2 the
operator must be truncated to a finite sized

and

. . .

(79)
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Fig. 5. Basis functions ' .

matrix for numerical implementation. This introduces a negli-
gible degradation in the performance of Algorithm 2 as shown
in Fig. 10.

Experiment 2: We performed numerical experiments to vali-
date the performance of Algorithm 3 at various SNRs. We define
the SNR as SNR , where is the vari-
ance of the echo signal from the target and is the variance of
the additive noise.

Algorithm 3 involves an additional step of Wiener filtering in
the range-Doppler scale or affine group domain. We observed
that Algorithms 1, 2, and the one developed in [21] are all ro-
bust with respect to the additive white noise at high SNR. This
can be explained by the fact that the affine matched filtering
performs integration and hence averaging on the additive white
noise. However, the performance of Algorithms 1, 2, and the
one reported in [21] is expected to degrade for low SNR levels.

Fig. 11 shows the performance of Algorithms 1 and 3 at various
SNR levels. Algorithm 3 exhibits lower performance at high
SNR due to errors in numerical implementation of the Wiener
filter implementation over the affine group. This numerical error
is dominated by noise at low SNR levels. As shown in Fig. 11,
the performance of Algorithm 3 remains unchanged while Al-
gorithm 1 degrades as the SNR decreases.

VIII. CONCLUSION

In this paper, we introduced a group-theoretic approach to
wideband range-Doppler extended target reflectivity estima-
tion and design of clutter rejecting waveforms. This approach
leads to a framework that can achieve multiple objectives
simultaneously, including joint design of receive and transmit
processing, rejection of clutter, suppression of noise, reduction
of comptutational complexity, and use of a priori information.
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Fig. 6. Transmitted pulses used in the algorithm in [21].

We treated the affine group Fourier transform of the wideband
range-Doppler extended target as an operator acting on the
transmitted waveform. This leads to an exact imaging method
based on the inverse Fourier transform of the affine group.
Unlike the standard matched filtering approach, which is based
on the backprojection of the forward map, the affine Fourier
transform based approach is a filtered backprojection type
reconstruction. The exactness of the reconstruction is due to the
filtering operation (due the discrepancy operator) performed
prior to backprojection. We designed a novel Wiener filtering
method in the affine group Fourier domain and combined that
with the discrepancy operator, which leads to an operator to
precondition the transmit waveforms to reject clutter. We took
advantage of the structure of the filtered backprojection type
reconstruction and distributed processing between transmit and
receive, i.e., filtering performed in transmit and backprojection
performed in receive. This scheme leads to Algorithm 1, which

transmits preconditioned basis functions and matches them to
the basis functions. Alternatively, we re-expressed Algorithm
1 as a backprojection filtering operator to obtain Algorithm
2, which transmits orthonormal waveforms, matches them
to the same orthonormal basis, and filters out clutter upon
reception. We showed that Algorithm 1 provides reduced
computational complexity and better utilization of the transmit
power as compared to Algorithm 2. Additionally, we extended
Algorithm 1 to suppress additive white noise in receive. This
algorithm can be further extended to accommodate a class of
strongly correlated additive noise models. The methods and
algorithms introduced can be viewed as a data fusion method to
form synthetic wideband images using multiple closely spaced
narrowband antennas. The methodology presented in this paper
can be extended to multiple distributed apertures operating
in multipath environment. This study is on-going and will be
reported in the near future.
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Fig. 7. Top: Target field. Middle: Clutter field. Bottom: Estimated range-Doppler target field.

Fig. 8. Wiener filter used in Algorithms 1 and 2 shown in range-Doppler space.
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Fig. 9. Difference between the waveforms used in Algorithm 1 and the algorithm in [21] for 10-dB SCR.

APPENDIX I
FOURIER ANALYSIS OVER GROUPS

Fourier analysis on groups is closely related to the theory
of group representations. A unitary representation of a locally
compact group is a homomorphism from into the group

of unitary operators on some nonzero Hilbert space ,
i.e.,

(81)

(82)

and is a unitary operator on some Hilbert space
. If is invariant on a nontrivial subspace of , i.e.,

for all , then is called reducible, other-
wise is irreducible. For example, for each

(83)

acting by scalar multiplication on , is an irreducible
unitary representation of the additive group .

For locally compact groups of Type I, any unitary represen-
tation can be decomposed into a direct integral of irreducible
unitary representations. As a result, the space is decom-
posed into its invariant subspaces.

The Fourier transform of a function , where
is a locally compact group and is the left-Haar measure on

, associated with a unitary representation of is defined as
a bounded operator on . More specifically

(84)

where the operator-valued integral is interpreted as

for all

(85)

Under this definition, the Fourier transform of
associated with the representation defined in (83) is given by

(86)

which is the same as the classical Fourier transform on .
For a locally compact group with left-Haar measure , the

convolution of is defined as

(87)

An important property of the Fourier transforms over groups
is that the group convolution becomes operator composition in
Fourier space. More specifically

(88)

For two unitary representations of , if there ex-
ists a unitary operator such that

for all , then and are called equivalent
representations. The collection of all nonequivalent irreducible
representation classes of is denoted by and is called the
dual of group . The collection of Fourier transforms
for all is called the spectrum of the function . For a sep-
arable locally compact group of Type I, the Fourier synthesis
formula exists. More specifically

(89)

where is the Plancherel measure of the dual group and
is a self-adjoint, positive-definite operator defined on

satisfying

for all (90)

where is the modular function on .
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Fig. 10. Comparison of Algorithms 1, 2 and the algorithm in [21].

Fig. 11. Comparison of Algorithm 1 and 3 for different SNR levels.

APPENDIX II

The following lemma is used repeatedly throughout the
paper. The proof is straightforward and can be found in many
books. See, for example [10, Ch. 2].

Lemma: Let , , then the fol-
lowing identity holds if all the integrals exist:

(91)

where , are the orthogonal components of
in .

APPENDIX III

Proof of Theorem 5.1: Let

(92)

We will use calculus of variations to calculate the variational
derivative of the functional with respect to the operator .
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Let be an orthonormal basis for . Then, can
be alternatively expressed as

(93)

attains its minimum at , if

(94)

for all and . Equation (94) implies that for all
and

(95)
Equivalently

(96)

Since and are statistically independent

(97)

APPENDIX IV

Let be the zero-mean white noise process with variance
. It is straightforward to show that for any , the

process , is a zero mean,
stationary process over the affine group with the following au-
tocorrelation function:

(98)

For a given orthonormal differentiable basis of , using
the lemma in Appendix II, we can show that the matrix elements
of the spectral density operators of , can
be written as

(99)

where are the orthogonal components of in .
Let . Then, , are

zero mean, affine stationary processes with the autocorrelation
function

(100)

and the spectral density operators

if
otherwise.

(101)

Since , are uncorrelated, , are also
uncorrelated. It follows from that
converges in the mean square sense. Let

(102)

Then, is a zero mean, affine stationary process with the spec-
tral density operators

(103)

Hence,

if
otherwise.

(104)
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