
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING 1

Advisory Temporal Logic Inference and Controller
Design for Semiautonomous Robots

Zhe Xu , Student Member, IEEE, Sayan Saha , Student Member, IEEE,

Botao Hu , Student Member, IEEE, Sandipan Mishra, Member, IEEE,

and A. Agung Julius , Member, IEEE

Abstract— In this paper, we present a method to learn (infer)
and refine a set of advices from the trajectories generated in the
successful and failed attempts in a task or game, in the form
of advisory signal temporal logic (STL) formulas. Each advice
consists of an advisory motion STL formula that characterizes the
spatial–temporal pattern of the motion as a feature of success
and an advisory selection STL formula as a criterion for the
environment to select the advice. For the inference of advisory
STL formulas, we provide a theoretical framework of perfect
classification with a labeled set of trajectories with different
time lengths. We design an advisory controller that can drive
the robots to satisfy an advisory motion STL formula based
on the advice selected according to the advisory selection STL
formula. The advisory controller can advise or guide the human
operators or the robots for better performance with the shared
autonomy between the human operator and the controller. We
provide two case studies to test the effectiveness of the advisory
controller, one with a Baxter-On-Wheels simulator and the other
with two quadrotors in an experimental testbed in iteratively
improving the success rates of completing the tasks with the
help of the designed advisory controller.

Note to Practitioners—The method described in this paper
can be used to obtain knowledge or patterns of the
environment based on the trajectories generated by the
human operators/demonstrators and utilize the obtained knowl-
edge or patterns for improving the performance of the future
operators. The obtained information is the logical statements
about the waypoints or subgoals to be reached, and obsta-
cles or dangerous regions to be avoided during certain time
intervals, when the environment satisfies certain conditions also
expressed in the form of logical statements. The methodology of
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inferring knowledge from data and designing advisory controllers
for guiding or helping future practices is potentially useful in
many applications where the dynamic mathematical model of
the external environment is unknown.

Index Terms— Advisory controller, advisory signal temporal
logic (STL), shared autonomy.

I. INTRODUCTION

W ITH the increasing technological advances in robotic
autonomy and the improved interaction platforms

between humans and the environments, the paradigm of
human operators operating the robots is gradually shifting
to the new paradigm of robotic autonomy or human–robot
collaboration [1]–[3]. In uncertain or adversarial environment,
autonomous or semiautonomous robots with all the necessary
sensors may still fail to complete tasks within specified
time when wrong strategies are employed. To improve the
performance of the robots in these situations, we can utilize
the trajectories of the robots generated in successful or failed
attempts to provide valuable information or knowledge for
advising or guiding the future operations. For example,
as shown in Fig. 1, the robot aims to reach the goal region
within 10 s while avoiding a moving obstacle with the initial
position randomly generated in the entire space. The robot
has sensors for the position of the moving obstacle, but
the dynamic mathematical model of the moving obstacle is
unknown. In this case, we can record the trajectories in a
few attempts and infer green regions 1 and 2 as waypoints
to be reached during certain time intervals, and blue regions
1 and 2 as criterion regions for the moving obstacle to select
the waypoint. With such inferred knowledge, the robot can
increase the success rate of completing the task by first going
to the inferred green region 1 when the moving obstacle
is in the inferred blue region 1 at the starting time, and
first going to the inferred green region 2 when the moving
obstacle is in the inferred blue region 2 at the starting
time while avoiding the moving obstacle during the whole
time.

One challenge in the learning-based approaches [4], [5]
in robotic autonomy or human–robot collaborations is that
the knowledge learned in the training process should be more
comprehensible to the human operators to enable better moni-
toring and collaboration. Temporal logics can express complex
high-level time-related control specifications such as “Go to

1545-5955 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

https://orcid.org/0000-0002-0440-0912
https://orcid.org/0000-0002-9028-3600
https://orcid.org/0000-0003-2972-3459
https://orcid.org/0000-0002-0970-3226


This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

2 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

Fig. 1. With a certain number of successful and failed attempts (five of them
drawn in the picture), the robot can increase the success rate of completing the
task of reaching the goal safely within the specified time (10 s), if the robot
can learn the knowledge of first going to the inferred green region 1 when
the moving obstacle is in the inferred blue region 1 at the starting time, and
first going to the inferred green region 2 when the moving obstacle is in the
inferred blue region 2 at the starting time while avoiding the moving obstacle
during the whole time.

the green region and the goal region in different time intervals
while avoiding the red region in certain time intervals.” These
temporal logic formulas can capture the feature of success in
a form that resembles natural languages [6] and thus improve
the comprehensibility of the inferred knowledge.

A. Related Works

Recently, there has been a growing interest in inferring
dense-time temporal logic formulas from system trajecto-
ries [6]–[13]. Algorithms for this purpose are enabled by the
robust semantics of dense-time temporal logics. For example,
Fainekos and Pappas [14] introduced a robust semantics for
metric temporal logic based on how far a given trajectory
stands, in space and time, from satisfying or violating a
temporal logic property. With signal temporal logic (STL),
Donzé and Maler [15] also defined several variants of robust-
ness measures (more details are in Section II). Kong et al. [6]
showed that the formulas admit a partial order of com-
plexity, based on which the structure can be chosen and
the STL formula that best classifies the trajectories in a
desired set and an undesired set can be automatically inferred.
Bombara et al. [7] proposed a decision tree approach to infer
STL formulas for classification that can decrease both the
misclassification rate and the computational cost. However,
the trajectories to be classified all have the same time length
in these papers, while this condition may not hold in actual
applications when some trajectories end earlier than others.
Besides, very few researches [11] utilize the temporal logic
inference approaches in improving the performances of robotic
autonomy or human–robot collaboration, and none of the
existing works utilize the inferred temporal logic formulas
as features of the desired set for iteratively improving the
performance of the future generated trajectories.

B. Contributions and Advantages

1) We Provide a Method to Iteratively Learn (Infer) and
Refine a Set of Advices from the Trajectories Generated in
the Successful and Failed Attempts in a Task, with Each
Advice in the Form of an Advisory Motion STL Formula and

an Advisory Selection STL Formula: We use the decision
tree approach to infer a set of advices, with each inferred
advice consisting of an advisory motion STL formula that
characterizes the spatial–temporal pattern of the motion of
the robot as a feature of success and an advisory selection
STL formula as the criterion for the environment to select
the advice. The inferred set of advices need to satisfy the
coverage, soundness, and uniqueness properties (see Problem 1
in Section IV-A). We have developed a refinement procedure
to refine the set of advices by conditionally modifying either
the advisory motion STL subformula or the advisory selection
STL subformula at each node of the decision tree when newly
generated trajectories are added.

2) We Provide a Theoretical Framework of Perfect Classifi-
cation with a Labeled Set of Trajectories with Different Time
Lengths: We present some sufficient and necessary conditions
for perfect classification (i.e., with zero misclassification rate)
of observed trajectories with different lengths using STL
formulas. We treat each observed trajectory as a prefix and
it can be inversely projected to the set of all possible virtual
completed trajectories with the same prefix. In the literature
of temporal logic model checking and monitoring [16]–[18],
there are different views of temporal logic satisfaction or vio-
lation for trajectories of different lengths, such as the strong
and the weak views. We present the Boolean semantics of STL
formulas for prefixes in the strong and weak views and utilize
them for providing a necessary condition for the parameters
of the STL formulas for perfect classification.

3) We Design an Advisory Controller that Can
Advise or Guide the Human Operators or the Robots
for Better Performance with the Shared Autonomy Between
the Human Operator and the Controller: We design an
advisory controller based on the inferred set of advices
[19]–[21]. The human operator can decide whether to switch
ON or switch OFF the advisory controller at any time, and
whenever the advisory controller is turned ON, the controller
generates a trajectory that satisfies the advisory motion
STL formula based on the advice selected according to the
advisory selection STL formula.

Our approach is different from the shared control of the
human and semiautonomous robots in [1]–[3] as both the
motion specifications and the selection of motions are learned
from the trajectory data generated from human demonstrators.
Our proposed approach is applicable in the scenarios where the
followings are both true: 1) there could be known information
about the environment (e.g., the robots may have sensors
for the positions of the moving obstacles), but the dynamic
mathematical model of the environment is unknown and 2) the
dynamic mathematical model of the environment remains
the same, and knowledge or patterns can be learned from the
attempts or experiences of the human demonstrators or oper-
ators. We designed a game with a Baxter-On-Wheels (BOW)
simulator and a reach-avoid game with two quadrotors in an
experimental testbed to test the effectiveness of the advisory
controller in iteratively improving the success rates.

The rest of this paper is structured as follows. Section II
reviews the framework of STL and the corresponding nota-
tions. Section III describes the theory of temporal logic
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inference for classification with trajectories of different
lengths. Section IV outlines the algorithms of the advi-
sory STL formula inference, advisory controller synthesis
for shared autonomy, and advisory STL formula refinement.
Section V describes the implementation of the algorithms on
a game that we designed on a BOW simulator and Section VI
describes the implementation of the algorithms on a reach-
avoid game with two quadrotors in an experimental testbed.
Finally, some conclusions are presented in Section VII.

II. SIGNAL TEMPORAL LOGIC

In this section, we briefly review the STL [15]. We start with
the Boolean semantics of STL. The state of the system that
we are studying is described by a set of n variables that can be
written as a vector x = [x1, x2, . . . , xn]T . The domain of x is
denoted by X = X1×X2×· · ·×Xn (Xi is a subset of R). The
domain B = {True,False} is the Boolean domain and the time
set is T = R�0. With a slight abuse of notation, we define
trajectory (or signal or behavior) x describing an evolution of
the system as a function from T to X. Therefore, xi refers to
both the name of the i th state variable and its valuation in X.
A set Π = {π1, π2, . . . πn} is a set of atomic predicates, each
of which can be either true or false. The atomic predicates
can express properties such as “the robot base is inside the
goal region,” or “the robot end-effector is above 5 m.” The
syntax of the (F, G)-fragment of STL is defined recursively as
follows1:

φ = � | π | ¬φ | φ1 ∧ φ2 | φ1 ∨ φ2 | FIφ | GIφ

where� stands for the Boolean constant (True), π is an atomic
predicate in the form of an inequality f (x(t)) > 0 where f is
some real-valued function, ¬ (negation), ∧ (conjunction), and
∨ (disjunction) are the standard Boolean connectives, “F” and
“G” are the temporal operators representing “eventually” and
“always,” and I is an interval of the form I = [i1, i2)
(i1 < i2, i1, i2 ∈ T).

For an STL formula φ, the necessary length ‖φ‖ is defined
recursively as follows [23]:

‖π‖ = 0, ‖¬φ‖ = ‖φ‖
‖φ1 ∧ φ2‖ = max(‖φ1‖ , ‖φ2‖)
∥
∥F[t1,t2)φ

∥
∥ = ∥

∥G[t1,t2)φ
∥
∥ = ‖φ‖ + t2.

For example, for the STL formula φ = F[0,20)(x < 3) ∧
F[30,100)(G[0,10)(x > 20)), ‖φ‖ = max(20, 100+ 10) = 110.

In the following definitions of STL in this section, the tra-
jectories are assumed to have the same length H ≥ ‖φ‖.

Definition 1: We use (x, t) to represent the trajectory x at
time t . (x, t) |� φ means the trajectory x satisfies φ at time t ,
and the Boolean semantics of the (F, G)-fragment of STL are

1Although other temporal operators such as “Until ” (U ) and “Since ” (S)
may also appear in the full syntax of STL, they are omitted from the syntax
here (following [6]) as they can be hard to interpret and are not often used
for the inference of STL formulas. Similar terms can be found in [22] for the
(F, G)-fragment of linear temporal logic.

Fig. 2. Two sets of virtual completed trajectories �−1
H (x̂1

H1
) and �−1

H (x̂2
H2
)

with the observed trajectories (prefixes) x̂1
H1

and x̂2
H2

(solid lines), respectively
(dotted lines: virtual parts of the infinite virtual completed trajectories).

defined recursively as follows:
(x, t) |� π iff f (x(t)) > 0

(x, t) |� ¬φ iff (x, t) � φ

(x, t) |� φ1 ∧ φ2 iff (x, t) |� φ1 and (x, t) |� φ2

(x, t) |� F[t1,t2)φ iff ∃t ′ ∈ [t + t1, t + t2)

s.t. (x, t ′) |� φ
(x, t) |� G[t1,t2)φ iff (x, t ′) |� φ

∀t ′ ∈ [t + t1, t + t2).

The robustness degree of a trajectory x with respect to an
STL formula φ at time t is given as r(x, φ, t), where r can
be calculated recursively via the quantitative semantics [15]

r(x, π, t) = f (x(t))

r(x,¬φ, t) = −r(x, φ, t)

r(x, φ1 ∧ φ2, t) = min(r(x, φ1, t), r(x, φ2, t))

r(x, F[τ1,τ2)φ, t) = max
t+τ1≤t ′<t+τ2

r(x, φ, t ′)

r(x,G[τ1,τ2)φ, t) = min
t+τ1≤t ′<t+τ2

r(x, φ, t ′).

In Section III, we will deal with trajectories that can have
different lengths possibly shorter than ‖φ‖ to evaluate the truth
value of φ.

III. TEMPORAL LOGIC INFERENCE FOR CLASSIFICATION

WITH TRAJECTORIES OF DIFFERENT TIME LENGTHS

We consider trajectories generated from a moving agent that
is completing a certain task. As shown in the example in Fig. 2,
for a certain task to be finished (arriving at the green region
while avoiding the red region) within the specified time T ,
the task can be finished ahead of the specified time (the blue
trajectory, with length H1 < T ), the task can also be failed
before the specified time (the black trajectory, with length
H2 < T ) if a safety specification is violated. A trajectory
with length less than the specified time length means that the
observed trajectory is sufficient to determine the result of this
attempt, i.e., the result will not be affected by anything that
may happen after this time. Therefore, we treat each observed
trajectory as a prefix and it can be inversely projected to
the set of all possible virtual completed trajectories with the
same prefix. We denote all the functions (trajectories) mapping
from T to X as X

T and denote all the functions (trajectories)
mapping from TH to X as X

TH , where TH � [0, H ].
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Definition 2: The prefix projection is a mapping �H :
X

T→ X
TH , and x̂H is defined as the prefix (of length H ) of

a trajectory x , denoted as x̂H = �H (x), if

x̂H (t) = x(t) ∀t ∈ [0, H ]. (1)

From Definition 2, we denote the set of all possible virtual
completed trajectories with the same prefix x̂H as �−1

H (x̂H ),
i.e., �−1

H (x̂H ) = {x |�H (x) = x̂H }.
Next, we introduce the Boolean semantics of an STL

prefix in the strong and the weak views, which are modified
from the literature of temporal logic model checking and
monitoring [16]–[18]. In the following, (x̂H , t) |�S φ (resp.
(x̂H , t) |�W φ) means the prefix x̂H strongly (resp. weakly)
satisfies φ at time t , (x̂H , t) �|�S φ (resp. (x̂H , t) �|�W φ)
means the prefix x̂H fails to strongly (resp. weakly) satisfy φ at
time t .

Definition 3: The Boolean semantics of the (F, G)-fragment
STL for prefixes in the strong view is defined recursively as
follows:
(x̂H , t) |�S π iff t ≤ H and f (x̂H (t)) > 0

(x̂H , t) |�S ¬φ iff (x̂H , t) �|�W φ

(x̂H , t) |�S φ1 ∧ φ2 iff (x̂H , t) |�S φ1 and (x̂H , t) |�S φ2

(x̂H , t) |�S φ1 ∨ φ2 iff (x̂H , t) |�S φ1 or (x̂H , t) |�S φ2

(x̂H , t) |�S F[t1,t2)φ iff ∃t ′ ∈ [t + t1, t + t2)

s.t. (x̂H , t ′) |�S φ

(x̂H , t) |�S G[t1,t2)φ iff (x̂H , t ′) |�S φ

∀t ′ ∈ [t + t1, t + t2).

Definition 4: The Boolean semantics of the (F, G)-fragment
STL for prefixes in the weak view is defined recursively as
follows:
(x̂H , t) |�W π iff either of the following holds:

1) t ≤ H and f (x̂H (t)) > 0

2) t > H

(x̂H , t) |�W ¬φ iff (x̂H , t) �|�S φ

(x̂H , t) |�W φ1 ∧ φ2 iff (x̂H , t) |�W φ1 and (x̂H , t) |�W φ2

(x̂H , t) |�W φ1 ∨ φ2 iff (x̂H , t) |�W φ1 or (x̂H , t) |�W φ2

(x̂H , t) |�W F[t1,t2)φ iff ∃t ′ ∈ [t + t1, t + t2)

s.t. (x̂H , t ′) |�W φ

(x̂H , t) |�W G[t1,t2)φ iff (x̂H , t ′) |�W φ

∀t ′ ∈ [t + t1, t + t2).

From Definitions 3 and 4, it can be seen that a strong
satisfaction or violation of a prefix with respect to an
(F, G)-fragment STL formula implies a weak satisfac-
tion or violation of the prefix with respect to the same STL
formula, as shown in Fig. 3.

Definition 5: Given a labeled set of prefixes D =
{(x̂ i

Hi
, li )}ND

i=1, li = 1 represents desired behavior and li = −1
represents undesired behavior, an STL formula φ evaluated at
time t (usually t = 0) perfectly classifies the desired behaviors

Fig. 3. Venn diagram of strong (weak) satisfaction and strong (weak)
violation.

and undesired behaviors if the following condition is satisfied:
(x̂ i

Hi
, t) |�S φ, if li = 1; (x̂ i

Hi
, t) |�S ¬φ, if li = −1.

While in general either the strong or the weak views can
be taken for li = 1 and li = −1 for perfect classification,
we choose the strong view in Definition 5 because in the
settings of this paper, we are assuming that all the observed
trajectories are sufficient to determine the truth value of the
STL formulas (these observed trajectories are referred to as
informative prefixes in [18]).

We first derive a sufficient condition for perfect classifi-
cation of prefixes using STL formulas. In this paper, we let
‖ · ‖ denote the two-norm and C([a, b]) denote the space of
continuous, real-valued functions on [a, b].

Theorem 1: For two prefixes, x̂1
H1

and x̂2
H2

, defined in
C([0, H1]) and C([0, H2]) respectively, there exists at least
one STL formula that can perfectly classify x̂1

H1
and x̂2

H2
if

and only if sup0≤t≤min(H1,H2)
‖x̂1

H1
(t)− x̂2

H2
(t)‖ > 0.

Proof: See the Appendix.
Remark 1: If we modify the form of interval I as I =
[i1, i2] (i1 ≤ i2, i1, i2 ∈ T), then even if the two prefixes are
not continuous in their time domains, we can still always find
the STL formula φ = G[t∗,t∗](xi > x̂1

H1,i
(t∗) − ε) or φ′ =

F[t∗,t∗](xi ≥ x̂2
H2,i

(t∗)+ ε) (see the proof of Theorem 1) that
can perfectly classify x̂1

H1
and x̂2

H2
, as both G[t∗,t∗] and F[t∗,t∗]

represent the time point t∗.
Theorem 2: Given two sets of prefixes A =
{x̂1

H1
, . . . , x̂ NA

HNA
} and B = {x̂ ′1H ′1, . . . , x̂ ′NB

H ′NB

}, there exists

at least one STL formula that can perfectly classify the two
sets of prefixes if and only if for any prefix x̂ i

Hi
∈ A and any

prefix x̂ ′ j
H ′j
∈ B, sup0≤t≤min(Hi ,H ′j )‖x̂ i

Hi
(t)− x̂ ′ j

H ′j
(t)‖ > 0.

Proof: See the Appendix.
Remark 2: While Theorem 2 provides a guarantee that STL

formula in the form of φ = (φ11 ∧ φ12 ∧ · · · ∧ φ1NB )∨ (φ21 ∧
φ22 ∧ · · · ∧ φ2NB ) ∨ . . . (φNA1 ∧ φNA2 ∧ · · · ∧ φNA NB ) (see
the Proof of Theorem 2) can perfectly classify the two sets
of prefixes when the conditions of Theorem 2 are met, we do
not necessarily infer STL formula in this form. For trajectories
of the same length, the methods in [6]–[12] actually infer an
STL formula from a set of templates and if there is no STL
formula in the set of templates that can perfectly classify the
two sets of trajectories, then it infers an STL formula from the
set of templates that minimizes a performance metric such as
the misclassification rate.

Next, we derive a necessary condition for the perfect clas-
sification of prefixes using STL formulas. As in the example
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in Fig. 2, assume that t1 < H2 < t3 < H1 < t2 < T ,
the STL formula φ1 = F[t1,t2) green region is not possible to
get perfect classification as the prefix x̂1

H1
(successful attempt)

arrives at the green region between time t1 and t2 (strongly
satisfying φ1), but the prefix x̂2

H2
(failed attempt) never enters

the green region before it ends at time H2 < t2, so φ1 is neither
strongly satisfied nor strongly violated by x̂2

H2
. On the other

hand, the STL formula φ2 = G[t1,t3)¬red region is possible
to get perfect classification as x̂1

H1
does not enter the red

region between time t1 and t3 (strongly satisfying φ2), and
x̂2

H2
has already violated φ2 when it ends at time H2 < t3,

as the violation of ¬red region at any time between time
t1 and t3 will lead to the strong violation of φ2. Intuitively,
there are certain constraints for the temporal parameters of an
STL formula, if the STL formula is possible to get perfect
classification, as presented in Proposition 1.

Proposition 1: If there exists an (F, G)-fragment STL
formula φ evaluated at time t that can perfectly classify
the desired behaviors and undesired behaviors in D =
{(x̂ i

Hi
, li )}ND

i=1, then Hi ≥ t+τ (φ, li ), where τ (φ, li ) is defined
recursively as follows:

τ (π, li ) = 0

τ (¬φ, li ) = τ (φ,−li )

τ (φ1 ∧ φ2, li ) =
{

max{τ (φ1, li ), τ (φ2, li )}, if li = 1

min{τ (φ1, li ), τ (φ2, li )}, if li = −1

τ (F[t1,t2)φ, li ) =
{

τ (φ, li )+ t1, if li = 1

τ (φ, li )+ t2, if li = −1

τ (G[t1,t2)φ, li ) =
{

τ (φ, li )+ t2, if li = 1

τ (φ, li )+ t1, if li = −1.

Proof: See the Appendix.
We denote the robustness degree of a prefix x̂ i

Hi
with respect

to an STL formula φ and the label li as r̂(x̂ i
Hi
, φ, li , t). Accord-

ing to Proposition 1, if Hi ≥ t + τ (φ, li ), then r̂(x̂ i
Hi
, φ, li , t)

can be calculated recursively as follows:

r̂(x̂ i
Hi
, μ, li , t) = f (x̂ i

Hi
(t))

r̂(x̂ i
Hi
,¬φ, li , t) = −r̂

(

x̂ i
Hi
, φ,−li , t

)

r̂(x̂ i
Hi
, φ1 ∧ φ2, li , t) = min

(

r̂
(

x̂ i
Hi
, φ1, li , t

)

,

r̂
(

x̂ i
Hi
, φ2, li , t)

)

r̂(x̂ i
Hi
, F[t1,t2)φ, li , t) = max

t+t1≤t ′
<min(t+t2,Hi )

r̂
(

x̂ i
Hi
, φ, li , t ′

)

r̂(x̂ i
Hi
,G[t1,t2)φ, li , t) = min

t+t1≤t ′
<min(t+t2,Hi )

r̂
(

x̂ i
Hi
, φ, li , t ′

)

. (2)

It can be seen that when li = 1, r̂(x̂ i
Hi
, φ, li , t) is the

robustness margin for strong satisfaction (positive means
strong satisfaction and negative means weak violation); when
li = −1, r̂(x̂ i

Hi
, φ, li , t) is the negative robustness margin for

strong violation (positive means weak satisfaction and negative
means strong violation).

IV. ADVISORY STL FORMULA INFERENCE, CONTROLLER

SYNTHESIS, AND REFINEMENT

A. Advisory STL Formula Inference

We first present the problem formulation and the algorithms
for the inference of advisory STL formulas.

Definition 6: We define an advice as a pair γ = (φ,ψ),
where φ, ψ are both (F, G)-fragment STL formulas, φ is called
the advisory motion STL formula and ψ is called the advisory
selection STL formula.

In the following, we use x̂H to denote the observed trajec-
tory (prefix) of the robot and use ŷH to denote the observed
trajectory (prefix) of the environment.

Problem 1: Assume S = {(x̂ i
Hi
, ŷi

Hi
, li )}NS

i=1 is a training
data set of labeled attempts (li = 1 represents successful
attempts and li = −1 represents failed attempts), we seek
to find a set of advices 
 = {γ j }Mj=1 (M ≤ NS) such that the
followings are true:

1) Coverage: For every i , if li = 1, then there exists an
advice γ j = (φ j , ψ j ) such that ((x̂ i

Hi
, 0) |�S φ j ) ∧

((ŷi
Hi
, 0) |�S ψ j );

2) Soundness: For each advice γ j = (φ j , ψ j ) and every i ,
if ((x̂ i

Hi
, 0) |�S φ j ) ∧ ((ŷi

Hi
, 0) |�S ψ j ), then li = 1;

3) Uniqueness: For every i such that li = 1, if there exists
j such that (ŷi

Hi
, 0) |�S ψ j , then for any k �= j ,

(ŷi
Hi
, 0) �|�S ψk .

In Problem 1, 1) guarantees that the set of advices cover all
the successful attempts in the training data set; 2) guarantees
that when the environment trajectory (prefix) strongly satisfies
the advisory selection STL formula and the robot moves in
such a way that the generated trajectory (prefix) strongly
satisfies the advisory motion STL formula, then it leads to
success in the training data set; and 3) guarantees that at most
one advice can be selected for each attempt with label 1. It can
be seen that a possible trivial solution of Problem 1 is to find

 = {γ j }NS

j=1, where each φ j perfectly classifies x̂ j
Hj

and all

the other prefixes x̂ i
Hi

(i �= j ), and each ψ j perfectly classifies

ŷ j
Hj

and all the other prefixes ŷi
Hi

(i �= j ). This trivial solution
easily leads to overfitting, and in the following, we present a
framework to solve Problem 1 using the decision tree approach
that is inspired by [7].

Our approach to infer the set of advices is performed in two
stages. In the first stage, we construct a decision tree where
each node of a tree is associated with a pair of an advisory
motion STL subformula and an advisory selection STL sub-
formula (to avoid confusion, we refer to the advisory STL
formula at each node of the decision tree as an advisory STL
subformula). In the second stage, the constructed decision tree
is transformed to a set of advices, where each advisory motion
(selection) logic formula in each advice is constructed from the
advisory motion (selection) logic subformulas or the negation
of them connected with conjunction operators.

In this paper, we choose to represent the predicates as
polyhedral sets as they are more general than rectangular
sets and computationally easier to handle than other more
complex sets (ellipsoidal sets, nonconvex sets, and so on).
Each polytopic predicate ρ is expressed as a conjunction of
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linear inequalities

ρ =
(

m
∧

k=1

aT
k x < bk

)

, ak ∈ R
n, bk ∈ R (3)

where the vector ak and the number bk are parameters that
define the polytopic predicate, and m is the number of linear
inequalities in the polytopic predicate (each linear inequality
aT

k x < bk is an atomic predicate πk , where fk(x) = −aT
k x+bk

is a real-valued function). We constraint ‖ak‖2 = 1 to reduce
redundancy and expedite the searching process.

Definition 7: For an (F, G)-fragment STL formula φ,
we define the start-effect time ts(φ) and end-effect time te(φ)
as follows:

ts(π) = te(π) = 0

ts(¬φ) = ts(φ), te(¬φ) = te(φ)

ts(φ1 ∧ φ2) = min{ts(φ1), ts(φ2)}
te(φ1 ∧ φ2) = max{te(φ1), te(φ2)}
ts(F[t1,t2)φ) = ts(φ)+ t1, te(F[t1,t2)φ) = te(φ)+ t2
ts(G[t1,t2)φ) = ts(φ)+ t1, te(G[t1,t2)φ) = te(φ)+ t2. (4)

Definition 8: We define two types of primitive STL subfor-
mulas.

1) Safety Primitive STL Subformula: Primitive STL sub-
formula that provides specification on the safety of the
agent in avoiding obstacles or other safety hazards.

2) Liveness Primitive STL Subformula: Primitive STL sub-
formula that provides specification on the performance
of the task to be finished within the specified time.

The safety primitive STL subformulas, denoted by φS , are
chosen from the following hypothesis set of STL templates:

PS = {G[t1,t2)¬ρ, G[t1,t2)F[0,t3)¬ρ} (5)

where ρ is a polytopic predicate in the form of (3), G[t1,t2)¬ρ
means an unsafe region ρ should not be entered during the
time interval [t1, t2), while G[t1,t2)F[0,t3)¬ρ means an unsafe
region ρ should not be entered for more than t3 time units
during the time interval [t1, t2).

The liveness primitive STL subformulas, denoted by φP , are
chosen from the following hypothesis set of STL templates:
PP = {G[t1,t2)ρ, F[t1,t2)ρ, F[t1,t2)G[0,t3)ρ,G[t1,t2)F[0,t3)ρ}

(6)

where the four templates, respectively, mean: during the time
interval [t1, t2), the agent should always be in region ρ
(G[t1,t2)ρ); the agent should be in region ρ for at least one time
instant (F[t1,t2)ρ); the agent should eventually be in region ρ
and stay there for at least t3 time units (F[t1,t2)G[0,t3)ρ); and
for every time instant, the agent should eventually be in region
ρ within t3 time units (G[t1,t2)F[0,t3)ρ).

Definition 9: Let S = {(x̂ i
Hi
, ŷi

Hi
, li )}NS

i=1, φ and ψ are
the advisory motion STL subformula and the advisory selec-
tion STL subformula, respectively, we denote partx(S, φ) =
{Sx,�, Sx,⊥, Sx,∅} as the partition of S by φ, where

Sx,� = {(x̂ i
Hi
, ŷi

Hi
, li ) ∈ S|(x̂ i

Hi
, 0) |�S φ}, Sx,⊥ =

{(x̂ i
Hi
, ŷi

Hi
, li ) ∈ S|(x̂ i

Hi
, 0) |�S ¬φ}, Sx,∅ = {(x̂ i

Hi
, ŷi

Hi
, li ) ∈

S|(x̂ i
Hi
, 0) �|�S φ, (x̂ i

Hi
, 0) �|�S ¬φ}. Similarly, we denote

the partition of S by ψ as party(S, ψ) = {Sy,�, Sy,⊥, Sy,∅},
where Sy,� = {(x̂ i

Hi
, ŷi

Hi
, li ) ∈ S|(ŷi

Hi
, 0) |�S ψ}, Sy,⊥ =

{(x̂ i
Hi
, ŷi

Hi
, li ) ∈ S|(ŷi

Hi
, 0) |�S ¬ψ}, Sy,∅ = {(x̂ i

Hi
, ŷi

Hi
, li ) ∈

S|(ŷi
Hi
, 0) �|�S ψ, (ŷi

Hi
, 0) �|�S ¬ψ}.

We modified the definition of extended impurity measures
in [7, Definition 5.5] specifically for prefixes in the following
definition.

Definition 10 (Extended Impurity Measures for Prefixes):
We define the following partition weights to describe how the
prefixes x̂ i

Hi
are distributed according to their labels li and the

formula φ:

px,�,S(φ) =
∑

(

x̂ i
Hi
,ŷi

Hi
,li

)

∈Sx,�
r̂
(

x̂ i
Hi
, φ, li , 0

)

∑
(

x̂ i
Hi
,ŷi

Hi
,li

)

∈S

∣
∣r̂

(

x̂ i
Hi
, φ, li , 0

)∣
∣

px,⊥,S(φ) = −
∑

(

x̂ i
Hi
,ŷi

Hi
,li

)

∈Sx,⊥
r̂
(

x̂ i
Hi
, φ, li , 0

)

∑
(

x̂ i
Hi
,ŷi

Hi
,li

)

∈S

∣
∣r̂

(

x̂ i
Hi
, φ, li , 0

)∣
∣

(7)

where Sc = {(x̂ i
Hi
, ŷi

Hi
, li ) ∈ S|li = c}.

The partition weights to describe how the prefixes ŷi
Hi

are
distributed according to their labels li and the formula ψ can
be defined in a similar way, which are denoted as py,�,S(ψ)
and py,⊥,S(ψ), respectively. We also denote

p̂(S, c) =
∣
∣
{(

x̂ i
Hi
, ŷi

Hi
, li

)|li = c
}∣
∣

|S| (8)

where |S| denotes the number of attempts in S.
The algorithm for the decision tree construction is shown

in Algorithm 1. At each node t , we first obtain the advisory
motion STL subformula t .φ. In this paper, we focus on
motions of the robot in a sequential order, i.e., one motion ends
before another motion starts. For that purpose, we divide the
total time into Lmax equal parts and first search for the advisory
motion STL subformula from the earliest time period at the
root node of the tree. There is another constraint Hi ≥ τ (φ, li )
on the temporal parameters so that the labeled set of prefixes
is possible to be perfectly classified (see Proposition 1 in
Section III). We use �̂φ to denote the constrained parameter
space. τ (φ, li ) for the templates of φ in PS and PP is given
in Table I. At each nonterminal (nonleaf) node t , a primitive
advisory STL subformula with a structure from the given
hypothesis set of templates is parameterized by θφ , the left
child node and the right child node of node t are denoted as
t .left and t .right, respectively. For each polytopic predicate,
τ, ak , and bk will be the elements of θφ . It should be noted
that Hi ≥ τ (φ, li ) is only a necessary condition for perfect
classification, so there may still exist prefixes that neither
strongly satisfy nor strongly violate φ(θφ) with θφ being in
the constrained parameter space �̂φ , which should be strongly
penalized in our cost function [see the second term in (9)]. We
denote L as the index of the time period starting from 0 to
(Lmax−1). It can be proven that �̂φ at the root node (L = 0)
is guaranteed to be nonempty if the lengths of all the prefixes
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Algorithm 1 Parameterized Decision Tree Construction
for Advisory STL Formula Inference

1: procedure ST Ltree(Ŝ = {(x̂ i
Hi
, ŷi

Hi
,li )}NŜ

i=1, φ
path, ψpath,

L)
2: if stop(φpath, L, Ŝ) then
3: Define node t as a leaf (terminal) node
4: if p̂(Ŝ, 1) > p̂(Ŝ,−1) then
5: t .φ← �, t .ψ ←�
6: else
7: t .φ← ⊥, t .ψ ←⊥
8: end if
9: return t

10: end if
11: Define node t as a nonterminal node
12: �̂φ ← {θφ|∀i ∈ {1, 2, . . . , NŜ }, τ (φ(θφ) ∧ φpath, li ) ≤

Hi , ts(φ(θφ)) ∈ [ T
Lmax

L +�Tsel,
T

Lmax
(L + 1)),

te(φ(θφ)) ∈ (ts(φ(θφ)), T
Lmax

(L + 1)]}
13: if �̂φ = ∅ then
14: L ← L − 1
15: �̂φ ← {θφ|∀i ∈ {1, 2, . . . , NŜ }, τ (φ(θφ) ∧ φpath, li ) ≤

Hi , ts(φ(θφ)) ∈ [ T
Lmax

L +�Tsel,
T

Lmax
(L + 1)),

te(φ(θφ)) ∈ (ts(φ(θφ)), T
Lmax

(L + 1)]}
16: end if
17: t .φ← arg min

φ∈PS∪PP,θφ∈�̂φ
Jx(Ŝ, φ

path ∧ φ(θφ))
18: {Ŝx,�, Ŝx,⊥, Ŝx,∅} ← partx(Ŝ, t .φ)
19: if p̂(Ŝx,�,−1) > 0 then
20: �̂ψ ← {θψ |∀i ∈ {1, 2, . . . , NŜ }, τ (ψ(θψ) ∧ ψpath, li )

≤ Hi , ts(ψ(θψ)) ∈ [ T
Lmax

L, T
Lmax

L +�Tsel),

te(φ(θφ)) ∈ (ts(ψ(θψ)), T
Lmax

L +�Tsel]}
21: ψ∗ ← arg min

ψ∈PS∪PP,θψ∈�̂ψ
Jy(Ŝx,�, ψpath ∧ ψ(θψ))

22: if Jy(Ŝx,�, ψpath ∧ ψ∗) = 0 then
23: {Ŝr

x,�, Ŝr
x,⊥} ← party(Ŝx,�, ψ∗)

24: else
25: Ŝr

x,� ← Ŝx,�, Ŝr
x,⊥ ← ∅, ψ∗ ← �

26: end if
27: else
28: Ŝr

x,� ← Ŝx,�, Ŝr
x,⊥ ← ∅, ψ∗ ← �

29: end if
30: ψ∗s ← ST LSelect (Ŝ,�, φpath ∧ t .φ, 0, L)
31: t .ψ ← ψ∗ ∧ ψ∗s
32: t .le f t ← ST Ltree(Ŝr

x,�, φpath ∧ t .φ, ψpath ∧ t .ψ, L + 1)
33: t .right ← ST Ltree(Ŝx,⊥ ∪ Ŝr

x,⊥, φpath ∧ ¬t .φ, ψpath ∧
¬t .ψ, L)

34: return t
35: end procedure

are not shorter than �Tsel (�Tsel ∈ [0, (T/Lmax)) is the time
horizon for each advisory selection STL subformula). For the
left child node of node t , if the new constrained parameter
space with L incremented by 1 is not empty, then we search
for the advisory motion STL subformula in the next time
period; otherwise (Algorithm 1, lines 13–16) we still search
the advisory motion STL subformula in the same time period

TABLE I

τ (φ, li ) FOR DIFFERENT φ AND li

as that for node t (as the set of prefixes at the left child
node of node t is a subset of the prefixes at node t , the new
constrained parameter space with the same L is guaranteed
to be nonempty). For the right child node of node t , as the
negation of an advisory motion STL subformula is generally
not specific enough for specifying a motion as a feature of
success, we still search the advisory motion STL subformula
in the same time period as that for node t . As Algorithm 1 is
called recursively from the root node to each leaf (terminal)
node, we denote the set of attempts at the current node as Ŝ.
We find φ∗ ∈ PP ∪ PS (with θ∗φ ∈ �̂φ) that minimizes the
following cost function:
Jx (Ŝ, φ

path ∧ φ(θφ))
= Ĵx (Ŝ, φ

path ∧ φ(θφ))+λ · gvar(φ, θφ)

=
∑

⊗∈{�,⊥}
(px,⊗,Ŝ(φ

path ∧ φ(θφ)) · M R(Ŝx,⊗))+ η|Ŝx,∅|

+ λ · gvar(φ, θφ) (9)

where {Ŝx,�, Ŝx,⊥, Ŝx,∅} is the partition of Ŝ by φ(θφ)

M R(Ŝ) = min( p̂(Ŝ, 1), p̂(Ŝ,−1)),

gvar(φ, θφ) =

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n
∑

j=1

mv∑

k=1

(

xk
j

�xmax
j
− 1

mv

mv∑

k=1

xk
j

�xmax
j

)2/

mv

if φ ∈ PP

−
n

∑

j=1

mv∑

k=1

(

xk
j

�xmax
j
− 1

mv

mv∑

k=1

xk
j

�xmax
j

)2/

mv

if φ ∈ PS

(10)

where φpath is the formula associated with the current path
(from the root node to the parent node of the current node), η
is a large positive number, λ is a positive weighting factor
(for tuning of λ, see the example in Section V), n is the
dimension of the state x , xk

j is the j th coordinate value of
the kth vertex of the polyhedron enclosed by ρ(θφ) in (3) and
the outer boundaries of the state space, �xmax

j is the maximal
variation of the state in the j th dimension in the bounded state
space, and mv is the number of the vertices of this enclosed
polyhedron. The first term of the cost function minimizes the
extended impurity measure (such that more percentages of
the prefixes belong to the same class at the children nodes
than those at the parent nodes, so the misclassification rate
is decreased by each partition and the subtree generation).
The second term of the cost function strongly penalizes the



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

8 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING

number of attempts that neither strongly satisfy nor strongly
violate φ(θφ). The third term of the cost function is to
slightly increase the conservativeness of the subformula as a
control specification by minimizing the sum of variances of the
vertices’ coordinate values of the obtained region for liveness
primitive subformulas as smaller regions are more conservative
as waypoints, and maximizing the sum of variances of the
vertices’ coordinate values of the obtained region for safety
primitive subformulas as larger regions are more conservative
as obstacles. The attempts are partitioned by φ∗ into three
disjoint sets of attempts (ideally two disjoint sets of attempts,
as |Ŝx,∅| is strongly penalized).

After the advisory motion STL subformula t .φ is obtained
at each node, we search for the advisory selection STL
subformula based on t .φ. If some prefixes that strongly satisfy
t .φ are with label −1 (Algorithm 1, line 19), then we check
if there exists a primitive advisory selection STL subformula
that can perfectly classify the prefixes of the environment with
labels 1 and −1. We use the same hypothesis set of templates
for the advisory selection STL subformulas except that we use
y (the state of the environment) in (3) instead of x (the state of
the robot). We find ψ∗ ∈ PS ∪PP (with θ∗ψ ∈ �̂ψ , where �̂ψ
is the constrained parameter space for the advisory selection
STL subformulas) that minimizes the following cost function:
Jy(Ŝ, ψ

path ∧ ψ(θψ))
=

∑

⊗∈{�,⊥}
(py,⊗,Ŝ(ψ

path ∧ ψ(θψ)) · M R(Ŝy,⊗))+ η|Ŝy,∅|

(11)

where {Ŝy,�, Ŝy,⊥, Ŝy,∅} is the partition of Ŝ by ψ(θψ), and
ψpath is the formula associated with the current path (from the
root node to the parent node of the current node).

If such a primitive advisory selection STL subformula ψ∗
is found [Jy(Ŝx,�, ψpath∧ψ∗) = 0], then ψ∗ is set as a part of
the advisory selection STL subformula at node t , as when the
prefix of the environment strongly satisfies ψ∗ and the prefix
of the robot strongly satisfies t .φ, it leads to success (label 1)
in the training data set. In this case, the attempts in Ŝx,� are
further partitioned by ψ∗ into two disjoint sets of attempts,
denoted as Ŝr

x,� and Ŝr
x,⊥ (as the third set Ŝr

x,∅ must be empty

if Jy(Ŝx,�, ψpath ∧ ψ∗) = 0). If such ψ∗ is not found, then
ψ∗ is set as �, thus Ŝr

x,� is the same as Ŝx,� and Ŝr
x,⊥ is

empty. To make sure the advisory selection STL subformula
is unique for each attempt with label 1 in the training data
set, we use Algorithm 2 to first find the set of prefixes of the
environment with label 1 in the current set Ŝ (Algorithm 2,
lines 3–12), denoted as Ŝ′, then find ψ∗s that can best classify
the prefixes of the environment in Ŝ′ with the corresponding
prefixes of the robot that strongly satisfy the advisory motion
STL t .φ and ¬t .φ, respectively. The advisory selection STL
subformula at node t is set as t .ψ = ψ∗ ∧ ψ∗s . In this way,
at node t , for any attempt (x̂ i

Hi
, ŷi

Hi
, li ) with label li = 1,

if it is assigned to the left subtree ((x̂ i
Hi
, ŷi

Hi
, li ) ∈ Ŝr

x,�), then
((x̂ i

Hi
, 0) |�S t .φ) ∧ ((ŷi

Hi
, 0) |�S t .ψ); if it is assigned to the

right subtree ((x̂ i
Hi
, ŷi

Hi
, li ) ∈ Ŝx,⊥ ∪ Ŝr

x,⊥), then ((x̂ i
Hi
, 0) |�S

¬t .φ) ∧ ((ŷi
Hi
, 0) |�S ¬t .ψ) (see the Proof of Proposition 2).

At the beginning of the training process, Ŝ is set as S
(the training data set of attempts), φpath and ψpath are set as
�, and L is set as 0. The procedure is called recursively to
construct the left and right subtrees for Ŝr

x,� and Ŝx,⊥ ∪ Ŝr
x,⊥,

respectively. We set a condition stop for determining a leaf
(terminal) node, which can be a percentage (e.g., 90%) of
the attempts at the current node belonging to the same class
(positive or negative) or the last time period (e.g., Lmax = 3)
being reached. After the decision tree is constructed, every
node of the tree is associated with a pair of advisory motion
and selection STL subformulas (the leaf node is associated
with (�,�) or (⊥,⊥) depending on whether the attempts at
the leaf node are mostly associated with label 1 or −1, as given
in lines 4–8 of Algorithm 1).

Algorithm 2 Advisory Selection STL Subformulas Inference
Subroutine

1: procedure ST LSelect (Ŝ = {(x̂ i
Hi
, ŷi

Hi
, li )}NŜ

i=1, ψ
path
s ,

φ, h, L)
2: if h = 0 then
3: j ← 0
4: for i = 1 : NŜ do
5: if ((x̂ i

Hi
, 0) |�S φ) ∧ (li = 1) then

6: j ← j + 1, x̂ ′ j
H ′j
← x̂ i

Hi
, ŷ ′ j

H ′j
← ŷi

Hi
, l ′j = 1

7: end if
8: if ((x̂ i

Hi
, 0) |�S ¬φ) ∧ (li = 1) then

9: j ← j + 1, x̂ ′ j
H ′j
← x̂ i

Hi
, ŷ ′ j

H ′j
← ŷi

Hi
, l ′j = −1

10: end if
11: end for
12: NŜ ′ ← j, Ŝ′ ← {(x̂ ′ jH ′j

, ŷ ′ jH ′j
, l ′j )}

NŜ′
j=1

13: if ∀ j > 0, l ′j = 1 then
14: return �
15: end if
16: else
17: Ŝ′ ← Ŝ
18: end if
19: if stopsel(ψ

path
s , h, Ŝ′) then

20: if p̂(Ŝ′, 1) > p̂(Ŝ′,−1) then
21: return �
22: else
23: return ⊥
24: end if
25: end if
26: �̂ψ ← {θψ |∀i ∈ {1, 2, . . . , NŜ ′ }, τ (ψ(θψ) ∧ ψpath, li )

≤ Hi , ts(ψ(θψ)) ∈ [ T
Lmax

L, T
Lmax

L +�Tsel),

te(φ(θψ))∈ (ts(ψ(θψ)), T
Lmax

L +�Tsel]}
27: ψ∗s = arg min

ψ∈PP∪PS,θψ∈�̂ψ
Jy(Ŝ

′, ψpath
s ∧ ψ(θψ))

28: {Ŝ′y,�, Ŝ′y,⊥, Ŝ′y,∅} ← party(Ŝ′, ψ∗s )
29: ψs,l ← ψ∗s ∧ ST LSelect (Ŝ′y,�, ψ

path
s ∧ ψ∗s , φ, h + 1, L)

30: ψs,r ← ¬ψ∗s ∧ST LSelect (Ŝ′y,⊥, ψ
path
s ∧ ¬ψ∗s , φ, h+1, L)

31: return ψs,l ∨ ψs,r
32: end procedure
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The complexity of Algorithm 2 for the average case can be
computed through the Akra–Bazzi method as follows [7]:

�

(

N ·
(

1+
∫ N

1

g(u)

u2 du

))

where g(N) is the complexity of the particle swarm opti-
mization algorithm for N prefixes, �(·) denotes the two-sided
asymptotic notation for complexity bound. Thus, the complex-
ity of Algorithm 1 for the average case is as follows:

�

(

N ·
(

1+
∫ N

1

g(u)+ s(u)

u2 du

))

where s(u) is the complexity of Algorithm 2.

Algorithm 3 Tree to Set of Advices
1: procedure T ree2Advice(t)
2: if t is a leaf (terminal) node then
3: return (t .φ, t .ψ)
4: end if
5: for i = 1 : si ze(Tree2Advice(t .lef t)) do
6: �{i} ← t .φ ∧ Tree2Advice(t .lef t){i}(1)
7: �{i} ← t .ψ ∧ T ree2Advice(t .lef t){i}(2)
8: 
{i} ← (�{i}, �{i})
9: end for

10: i ← si ze(Tree2Advice(t .lef t))
11: for j = 1 : si ze(Tree2Advice(t .right)) do
12: �{i + j} ← ¬(t .φ) ∧ T ree2Advice(t .right){ j}(1)
13: �{i + j} ← ¬(t .ψ) ∧ Tree2Advice(t .right){ j}(2)
14: 
{i + j} ← (�{i + j}, �{i + j})
15: end for
16: remove ⊥ from � and � , remove (⊥,⊥) from 

17: return 

18: end procedure

The algorithm to transform the obtained decision tree to the
set of advices is shown in Algorithm 3. The process is modified
from Algorithm 2 in [7], but the advisory motion (selection)
logic subformulas (along the left subtree) or the negation of
them (along the right subtree) are connected recursively only
with conjunction operators, and we obtain a set of advices
instead of a single STL formula. We use size(
) to denote the
number of advices in 
. For each advice γ = (φ,ψ), we use
γ (1) and γ (2) to denote φ and ψ for brevity. We also use �
and � to denote the set of advisory motion STL formulas and
the set of advisory selection STL formulas, respectively.

Proposition 2: By the advices obtained from
Algorithms 1–3, Problem 1 is solved if the following
conditions are met:

1) stop(φpath, L, Ŝ) in Algorithm 1 is achieved as all of the
prefixes at the current node belong to the same class;

2) stopsel(ψ
path
s , h, Ŝ′) in Algorithm 2 is achieved as all of

the prefixes at the current node belong to the same class;
3) Ŝ′y,∅ = ∅, Ŝx,∅ = ∅ in each computation for Algo-

rithms 1 and 2.

Proof: See the Appendix.
Proposition 2 provides the theoretical guarantee for solving

Problem 1. The conditions for solving Problem 1, however,

may lead to overfitting in practice. Therefore, we present
Proposition 3 for solving a relaxed version of Problem 1.

Proposition 3: By the advices obtained from
Algorithms 1–3, the coverage property 1) and the uniqueness
property 3) of Problem 1 are completely satisfied, and the
soundness property 2) is satisfied for no less than (1 − ζ )
fraction of the prefixes in the training data set, if the following
conditions are met:

1) stop(φpath, L, Ŝ) in Algorithm 1 is achieved as no less
than (1− ζ ) fraction of the prefixes at the current node
belong to the same class;

2) stopsel(ψ
path
s , h, Ŝ′) in Algorithm 2 is achieved as all of

the prefixes at the current node belong to the same class;
3) Ŝ′y,∅ = ∅, Ŝx,∅ = ∅ in each computation for Algo-

rithms 1 and 2.
Proof: See the Appendix.

In Sections V and VI, it is demonstrated that in both the
two case studies, the three conditions can be met through our
proposed method.

B. Advisory Controller Synthesis for Shared Autonomy

In order to utilize the inferred knowledge or specifications
as features of success for improving the performances of the
human operators, we design an advisory controller to drive
the robot to satisfy the inferred advisory motion STL formula
based on the advice selected according to the inferred advisory
selection STL formula.

We first discretize the system into the following form:
xk+1 = F(xk, uk) (12)

where xk and uk are the states and the control inputs at the
time indices k = 0, 1, . . .

For each advisory motion STL formula �{i}, the optimiza-
tion problem is formulated as follows:

arg min
u

J (u)

s.t. r(x(u),�{i}, 0) ≥ 0 (13)

where u = {u0, u1, . . . , uN } is the control input signal
(N is the number of time points in the control horizon, and
we assume that the control horizon is sufficiently long such
that NTs ≥ max

i
‖�{i}‖, where Ts is the sampling time),

x(u) = {x0, x1, . . . , x N } is the system trajectory starting from
a given initial condition x0 ∈ X under the control input
signal u. The performance measure J (u) can be set as the
control effort ‖u‖2 or ‖u‖1. For linear systems, the above-
mentioned optimization problem can be converted to a mixed-
integer linear programming (MILP) problem [20], [21] and it
can be solved efficiently by MILP solvers.

Next, we elaborate the algorithm of shared autonomy
between the human operator and the controller, which is shown
in Algorithm 4. The human operator can decide whether to
switch ON or switch OFF the advisory controller at anytime
except for two scenarios that will be elaborated later. At
specific time instant tk such that |tk − LT

Lmax
−�Tsel| < (Ts/2),

where T is the specified time for the task, Ts is the sampling
time (i.e., ∀k ≥ 0, tk+1 − tk = Ts), if the prefix of the
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Algorithm 4 Shared Autonomy Between the Human Operator
and the Controller
1: Controller State← 0, AdviceIndex ← 0
2: k ← 0, Sa f ety Aler t ← 0
3: while tk < T do
4: if there exists a safety advisory motion STL formula

that is about to be strongly violated in the next �Nt time
interval if continuing with the current state and input then

5: Sa f ety Aler t ← 1
6: end if
7: if there exists integer L ∈ [0, Lmax] such that |tk −

LT
Lmax
−�Tsel| < Ts

2 then
8: for i = 1 : si ze(�) do
9: if the prefix of the environment up to tk does not

strongly violate �{i} then
10: AdviceIndex ← i
11: end if
12: end for
13: end if
14: if Controller State = 1 then
15: if Swi tchingO f f Command = 1 or te(�
{AdviceIndex}) ≤ tk then

16: Controller State← 0
17: uk ← Human input
18: else
19: uk ← û∗k
20: end if
21: end if
22: if Controller State = 0 then
23: if AdviceIndex �= 0 ∧ (Swi tchingOnCommand
= 1 ∨ Sa f ety Aler t = 1) then

24: Controller State← 1
25: �{AdviceIndex} ← [�{AdviceIndex}]tk0
26: Solve (13) with i = AdviceIndex
27: if (13) is infeasible then
28: Controller State← 0
29: uk ← Human input
30: else
31: obtain u∗ from (13)
32: û∗k+q ← u∗q (q = 0, 1, . . . ), uk ← û∗k
33: end if
34: else
35: uk ← Human input
36: end if
37: end if
38: k ← k + 1
39: end while

environment up to the current time tk does not strongly violate
a advisory selection STL formula �{i} (the prefix may not
strongly satisfy the advisory selection STL formula�{i} yet as
�{i} may have subformulas that contain future time intervals),
then the i th advice is selected (note that i may not be unique,
but the subformula at the current time period is unique). Then,
whenever the advisory controller is switched ON, the advisory
controller computes inputs that satisfy a modified version of

the i th advisory motion STL formula �{i} until another time
instant tk′ such that |tk′ − (L+1)T

Lmax
−�Tsel| < Ts

2 . The formula
is modified as the trajectory before the current time is already
fixed and the formula should not specify any time instant
that is already passed (Algorithm 4, line 25). We use [φ]tkt
to denote the formula modified from the STL formula φ when
φ is evaluated at time t and the current time is tk . [φ]tkt can
be calculated recursively as follows (we use πt to denote the
atomic predicate π evaluated at time t):

[π]tkt :=

⎧

⎪⎨

⎪⎩

πt , if t > tk
�, if t ≤ tk and f (x(t)) > 0

⊥, if t ≤ tk and f (x(t)) ≤ 0

[¬φ]tkt := ¬[φ]tkt
[φ1 ∧ φ2]tkt := [φ1]tkt ∧ [φ2]tkt
[F[t1,t2)φ]tkt :=

∨

t ′∈(t+[t1,t2))
[φ]tkt ′

[G[t1,t2)φ]tkt :=
∧

t ′∈(t+[t1,t2))
[φ]tkt ′ .

If an advisory motion STL formula �{i} is evaluated at time
0 (which is the usual case when the task starts at time 0),
then the modified formula is [�{i}]tk0 . The control inputs are
recomputed for the remaining time to satisfy the modified
formula [�{i}]tk0 based on the current state (Algorithm 4,
lines 31 and 32).

There are two scenarios where the advisory controller is
automatically switched ON or switched OFF.

1) Controller Mode Automatically Switched ON for Safety:
When the advisory controller is OFF (Controller State = 0),
if the robot is going to violate a near future safety specification
given the current state and input, the advisory controller
is automatically switched ON to avoid safety specification
violations. Specifically, for a given short time interval �Nt ,
if there exists a safety advisory subformula that is about to be
strongly violated in the next �Nt time interval with the current
state and input (Algorithm 4, lines 4–6), then the advisory
controller is automatically switched ON to avoid the imminent
safety violation.

2) Controller Mode Automatically Switched OFF for unsatis-
fiability or End of Effect Time: When the advisory controller is
ON (ControllerState = 1), if the advisory motion STL formula
is computed as unsatisfiable, or the current time passes the
end-effect time of the advisory motion STL formula, then
the advisory controller is automatically switched OFF and the
human operator takes the control of the robot.

C. Advisory STL Formula Refinement

After designing the advisory controller, we can use the
newly generated trajectories (prefixes) from the shared auton-
omy between the human operator and the advisory controller
to further refine the set of advices. In generating those
trajectories, the advisory controller is always kept ON until
it is automatically switched OFF or the human operators
have to switch it OFF to achieve tasks that cannot be done
by the advisory controller (such as grasping or releasing a
bottle). The algorithm for the refinement process is shown in
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Algorithm 5 Advisory STL Formula Refinement With Newly
Generated Prefixes
1: procedure Re f ineTree(S̃, φpath, ψpath, L, t)
2: if ˜stop(φpath, L, S̃) then
3: Define node tnew as a leaf (terminal) node
4: if S̃ is empty then
5: tnew.φ← ⊥, tnew.ψ ←⊥, return tnew
6: else
7: if p̂(S̃, 1) > p̂(S̃,−1) then
8: if t is a leaf (terminal) node then
9: tnew.φ← �, tnew.ψ ←�, return tnew

10: end if
11: else
12: tnew.φ←⊥, tnew.ψ ← ⊥, return tnew
13: end if
14: end if
15: Return tnew
16: end if
17: Define node tnew as a nonterminal node
18: if t is a leaf (terminal) node then
19: tnew ← ST Ltree(S̃, φpath, ψpath, L)
20: Return tnew
21: else
22: {Ŝy,�, Ŝy,⊥, Ŝy,∅} ← party(Ŝ, t .ψ)
23: {S̃y,�, S̃y,⊥, S̃y,∅} ← party(S̃, t .ψ)
24: �̃φ ← {θφ|∀i ∈ {1, 2, . . . , NS̃y,�\Ŝy,�}, τ (φ(θφ)∧

φpath, li ) ≤ Hi ,ts(φ(θφ)) ∈ [ T
Lmax

L +�Tsel,
T

Lmax
(L+1)), te(φ(θφ)) ∈ (ts(φ(θφ)), T

Lmax
(L+1)]}

25: �̃ψ ← {θψ |∀i ∈ {1, 2, . . . , NS̃y,�\Ŝy,�}, τ (ψ(θψ)∧
ψpath, li ) ≤ Hi , ts(ψ(θψ)) ∈ [ T

Lmax
L, T

Lmax
L+

�Tsel), te(φ(θψ)) ∈ (ts(ψ(θψ)), T
Lmax

L +�Tsel]}
26: if �̃φ = ∅ or �̃ψ = ∅ then
27: L ← L − 1, repeat Lines 24-25 end if
28: if Ĵx(S̃y,�, φpath∧ t .φ) > ε and Ĵx (S̃y,�, φpath∧ t .φ) >

Ĵx(Ŝy,�, φpath ∧ t .φ) then
29: φ∗ ← arg min

φ∈PP∪PS,θφ∈�̃φ
Jx(S̃y,� \ Ŝy,�,

φpath ∧ φ(θφ))
30: ψ∗ ← arg min

ψ∈PP∪PS,θψ∈�̃ψ
Jy(S̃y,� \ Ŝy,�,

ψpath ∧ ψ(θψ))
31: if Jy(S̃y,� \ Ŝy,�, ψpath ∧ ψ∗) ≤ ε then
32: tnew.φ← t .φ
33: {S̃r

y,�, S̃r
y,⊥, S̃r

y,∅} ← party(S̃y,�, tnew.ψ)

34: else if Ĵx(S̃y,� \ Ŝy,�, φpath ∧ φ∗) ≤ ε
35: tnew.φ← t .φ ∧ φ∗, ψ∗ ← �
36: {S̃r

y,�, S̃r
y,⊥, S̃r

y,∅} ← partx(S̃y,�, tnew.φ)
37: else
38: tnew.φ← t .φ, ψ∗ ← �
39: S̃r

y,� ← S̃y,�, S̃r
y,⊥ ← ∅

40: end if
41: else
42: tnew.φ← t .φ, ψ∗ ← �, S̃r

y,� ← S̃y,�, S̃r
y,⊥ ← ∅

43: end if
44: end if

Algorithm 5 STL Refinement From New Prefixes (Continued)

45: if ST LSelect (S̃, ψpath ∧ t .ψ, φpath ∧ φ∗, 0, L) returns �
then ψ∗s ← t .ψ

46: else
47: ψ∗s ← ST LSelect (S̃,�, φpath ∧ φ∗, 0, L)
48: end if
49: tnew.ψ ← ψ∗ ∧ ψ∗s
50: tnew.le f t ← Re f ineTree(S̃r

y,�, φpath ∧ t .φ, ψpath ∧
t .ψ, L + 1, t .le f t)

51: tnew.right ← Re f ineTree(S̃y,⊥ ∪ S̃r
y,⊥, φpath ∧

¬t .φ, ψpath ∧ ¬t .ψ, L, t .right)
52: return tnew
53: end procedure

Algorithm 5. We use Snew to denote the set of newly generated
trajectories (prefixes) from the shared autonomy and denote
Sall � S∪ Snew. We use S̃ and Ŝ to denote the sets of attempts
in Sall and S at the current node tnew, respectively. At the start
of the refinement process, S̃ is set as Sall, φpath and ψpath

are both set as �, L is set as 0, and t is set as the root
node of the original tree. During the refinement process, for
each node tnew that corresponds to a leaf (terminal) node t
in the original tree, Algorithm 1 is called instead to search
for the subtree of advisory STL formulas (Algorithm 5, lines
18–20). For each node tnew that corresponds to a nonterminal
node t in the original tree, we first partition the attempts
in S̃ and Ŝ according to the original advisory selection
STL subformula t .ψ . For the attempts in S̃y,� and Ŝy,�
(i.e., the attempts of which the prefixes of the environment

strongly satisfy t .ψ in S̃ and Ŝ, respectively), if the cost
function Ĵx(S̃y,�, φpath ∧ t .φ) (which measures how well
the original advisory motion STL subformula classifies the
successful and failed attempts in S̃y,�) is larger than an error
threshold ε and also larger than Ĵx (Ŝy,�, φpath ∧ t .φ) (which
measures how well the original advisory motion STL subfor-
mula classifies the successful and failed attempts in Ŝy,�), then
either the advisory motion STL subformula or the advisory
selection STL subformula at the current node needs to be
modified. If the successful and failed attempts in the trajectory
space of the environment in (S̃y,� \ Ŝy,�) can be classified by
a primitive advisory selection STL subformula with the cost
function value no larger than ε, then the obtained advisory
selection STL subformula ψ∗ is kept as a modification to the
advisory selection STL subformula for node tnew, while tnew.φ
is set as t .φ (Algorithm 5, lines 31–33). On the other hand,
if the successful and failed attempts in the trajectory space
of the environment in (S̃y,� \ Ŝy,�) are mixed together while
those in the trajectory space of the robot can be classified
by a primitive advisory motion STL subformula with the cost
function value no larger than ε, then the obtained advisory
motion STL subformula φ∗ is added as a modification to the
advisory motion STL subformula for node tnew, while ψ∗ is
set as � (Algorithm 5, lines 34–36).

To make sure the advisory selection STL subformula is
unique for each prefix with label 1, we do the following: if
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Fig. 4. Block diagram of the advisory STL formula inference (learning),
controller design, and refinement process.

the original node t is a nonterminal node, and the original
advisory selection STL subformula t .ψ can perfectly clas-
sify the prefixes of the environment with label 1 with the
corresponding prefixes of the robot that strongly satisfy the
advisory motion STL t .φ and ¬t .φ, respectively, in S̃, then
ψ∗s is set as t .ψ (Algorithm 5, line 45); otherwise, we still use
Algorithm 2 to find ψ∗s that can best classify the prefixes of
the environment with label 1 with the corresponding prefixes
of the robot that strongly satisfy the advisory motion STL
t .φ and ¬t .φ, respectively (Algorithm 5, line 47). Finally,
the advisory selection STL subformula at node tnew is set as
tnew.ψ = ψ∗ ∧ ψ∗s .

The stopping criterion ˜stop is similar with stop in Algo-
rithm 1 except for the following: for an advisory motion STL
subformula φ j = φ̂ j,1 ∧ φ̂ j,2 ∧ · · · ∧ φ̂ j,q j , the generated
trajectories satisfying φ̂ j,k could imply that they also satisfy
φ̂ j,k′(k ′ > k) when the advisory controller is kept ON, so if
an original node t is nonterminal while the new node tnew
already satisfies the purity criterion (e.g., 90% of the attempts
at node tnew belong to the same class) with label 1, then
the node tnew should not terminate (earlier motions leading
to success does not mean that subsequent motions are not
necessary for achieving success); on the other hand, if the new
node tnew already satisfies the purity criterion with label −1,
then the node tnew should terminate (earlier motions leading
to failure implies that the whole sequence of motions lead
to failure). The block diagram of the inference (learning),
controller design, and refinement process is shown in Fig. 4.

V. CASE STUDY I

In this first case study, we apply the proposed approach on
a game we designed on a BOW simulator.2

The BOW simulator was developed in [24] to help mobility
impaired individuals accomplish certain day-to-day tasks using
the BOW robot. The system consists of a dual arm BOW
robot (manipulator arm) mounted on a powered wheelchair
base [25]. The input provided by the human operator can be
either desired velocity of a specified point on the robot or
desired angular velocity of a specific frame. In our designed
interface, human operators only provide desired velocity of the
end-effector of the left arm of the BOW robot using a keyboard
as the input device. A constrained convex quadratic optimiza-
tion problem (provided in the simulator) at the kinematic level

2https://github.com/rpiRobotics/baxter-on-wheels-sim

is then solved to automatically compute the joint angle motion
of both the manipulator arm and the base, so that the actual
end-effector velocity is as close to the human operator input
as possible. In addition, the problem also respects different
physical constraints, such as collision avoidance, joint limits,
and singularity avoidance, and prevents unnatural integrated
motion of the arm and the base.

The advisory controller is designed for the mobile wheel-
chair base, keeping the joint angles of the manipulator arm
fixed. When the advisory controller is turned OFF, the human
operator steers the BOW robot by providing the velocity input
for the end-effector of the left arm of the BOW robot. This
results in both the arm and the base being controlled. On the
other hand, when the advisory controller is turned ON, either
by the human operator or automatically, the wheelchair base
is controlled in order to move the BOW robot to satisfy the
inferred advisory motion STL formula.

As the wheelchair base of the robot is moving in a 2-D
plane, the dynamics of the wheelchair base can be expressed
by the following equations:

ẋ = vr + vl

2
cos(θw) = v cos(θw)

ẏ = vr + vl

2
sin(θw) = v sin(θw)

θ̇w = vr − vl

2d
= ω (14)

where θw denotes the orientation of the wheelchair base, vr

and vl are the wheel speeds of the right and left wheels,
respectively, v and ω are the linear and angular velocities of
the robot, respectively, and d is the distance of any one wheel
from the center of the robot base. We feedback linearize the
system as follows:

[

ẍ
ÿ

]

=
[

cos(θw) − sin(θw)
sin(θw) cos(θw)

] [

v̇
vω

]

. (15)

We choose the intermediate control inputs to the robot to
be v̇ and vω such that

[

v̇
vω

]

=
[

cos(θw) sin(θw)
− sin(θw) cos(θw)

] [

ux

uy

]

(16)

where ux and uy are the new control inputs to be determined,
we have

[

ẍ
ÿ

]

=
[

ux

uy

]

. (17)

These new control inputs ux and uy are then generated by
solving (13) when both ux and uy are bounded by [−1, 1].

We designed a game based on the BOW simulator. At each
attempt, the locations of the shelf and the table are generated
randomly in the work space, the orientations of the shelf
and the table are either aligned with the x-axis or y-axis.
We set two moving obstacles (one faster and smaller moving
obstacle that moves at twice the speed of the other slower
and larger moving obstacle) and these moving obstacles are
moving toward the BOW robot from the start of the game.
If the slower moving obstacle is blocking the way in front of
the faster moving obstacle, the faster moving obstacle moves in
the direction perpendicular to the direction toward the slower
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Fig. 5. (a) Two moving obstacles are moving toward the BOW robot.
(b) Faster (smaller) moving obstacle is moving in the direction perpendicular
to the direction toward the slower (larger) moving obstacle when the slower
moving obstacle is blocking the way in front of the faster moving obstacle.

Fig. 6. Coordinate transformation between the fixed reference frame and
object-centered reference frames.

moving obstacle (as shown in Fig. 5). The initial positions of
the two moving obstacles are randomly generated in the entire
workspace.

The success of the task is achieved by the BOW robot if
and only if the following goals are achieved within 40 s:
1) first, go to the shelf and grasp the bottle on the shelf;
2) then, go to the table and put the bottle on the target spot
on the table; and 3) avoid two moving obstacles during the
whole process. Whenever the BOW robot touches the moving
obstacles, the game is ended immediately due to safety failure.
If the BOW robot successfully avoids the moving obstacles,
but does not finish the task within the specified time, then the
game is ended due to performance failure.

To ensure the generality of the inferred set of advices when
the locations of the objects change, we infer the advisory STL
subformula in different object-centered reference frames (the
objects in this case are the bottle on the shelf, the target spot
on the table, the center of the faster moving obstacle, and
the center of the slower moving obstacle). The locations of
the center of the wheelchair base in the fixed reference frame
and the object-centered reference frame can be transformed as
follows (see Fig. 6):

xo = RT
FO

(

x f − x f
o
)

(18)

where RFO is the rotation matrix from the fixed reference
frame to the object-centered reference frame, x f and xo are the
position (state) of the BOW robot in the fixed reference frame
and the object-centered reference frame, respectively, and x f

o

is the position (state) of the object in the fixed reference frame.
The task can be decomposed into two subtasks: grasping

the bottle on the shelf and releasing the bottle on the target

spot on the table. We first infer the advisory formulas from
the training data set for grasping the bottle on the shelf, and
the inference of advisory formulas for releasing the bottle
on the target spot on the table is performed in a similar
manner. Based on the average time needed to grasp the bottle,
we define success of the first subtask as grasping the bottle
on the shelf within 24 s while avoiding the two moving
obstacles during the whole process. A human demonstrator
first generates 30 trajectories (prefixes) from 30 different
attempts (19 successes and 11 failures) to form the training
data set. The principles of generating the trajectories in the
training data set are as follows:

1) keep the variances of the trajectories as large as possible,
i.e., always try to use different approaches in each
attempt;

2) only keep the trajectories that have the results of clear
success or failure, i.e., discard the trajectories that lead to
a success in small robustness margins (e.g., the time for
grasping the bottle lasts for less than 2 s) or trajectories
that lead to a failure due to operational reasons (e.g.,
the time for grasping the bottle lasts for more than 4 s).

For the advisory motion STL inference in Algorithm 1,
we search for the best primitive subformula for the prefixes
of the robot in three different object-centered reference frames
(the bottle on the shelf, the center of the faster moving obsta-
cle, and the center of the slower moving obstacle, which are
differentiated using the subscripts s, o1, and o2, respectively).
We use Pr , Po1 , and Po2 to denote the position state of the
BOW robot, the faster moving obstacle, and the slower moving
obstacle, respectively. We set the condition stop as either 90%
of the prefixes at the current node belonging to the same
class or L = Lmax − 1 = 2 being reached. We checked
afterward that over 90% of the prefixes at each leaf (terminal)
node associated with (�,�) belong to the same class and
the conditions for Proposition 3 are met (otherwise Lmax
needs to be increased for the training process). In (9), we set
η = 100, and λ is tuned with different numbers (0, 4, 8).
For Algorithm 2, we search for the best primitive subformula
for the prefixes of the faster or slower moving obstacle in the
object-centered reference frame of the bottle on the shelf at
each node of the decision tree. We set �Tsel = 0.2 s and
the condition stopsel as all of the prefixes at the current node
belonging to the same class. For testing the performance of the
advisory controller designed from the inferred set of advices,
we set J (u) = ‖u‖2, �Nt = 2, and we generate 30 new
trajectories from the shared autonomy between the advisory
controller and a human operator. Besides the inferred advisory
STL subformulas, we added two safety primitive subformulas
for avoiding the two moving obstacles (specifically, avoiding
the square regions with side length 1 around the centers of
the two moving obstacles) throughout the entire time. The
advisory controller is always kept ON until it is automatically
switched OFF or the human operator has to switch it OFF to
grasp the bottle. The success rates and advice cover rates
in the test after the training process with λ = 0, λ = 4,
and λ = 8 are listed in Table II (the advice cover rate is
the fraction of the attempts when an advice is selected) and
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Fig. 7. Regions in the obtained advisory motion STL subformulas in case study I when (a) λ = 0, (b) λ = 4, and (c) λ = 8.

TABLE II

SUCCESS RATES AND ADVICE COVER RATES IN THE TEST AFTER THE TRAINING PROCESS WITH DIFFERENT λ IN CASE STUDY I

TABLE III

SUCCESS RATES AND ADVICE COVER RATES IN THE TEST AFTER EACH DIFFERENT STAGE IN CASE STUDY I

shown in Figs. 7 and 8. When λ = 0, the obtained regions are
overly large and the two different motions are not conservative
enough, which leads to low success rate (46.67%) in the test.
When λ = 8, some of the obtained regions are overly small
(conservative), which also leads to low success rate (56.67%)
in the test due to overfitting. We choose λ = 4 finally for the
training process as it has the highest success rate (70%) in the
test. We add the 30 newly generated trajectories for refinement
and the refined set of advices are further used to design the
advisory controller for another round of testing and refinement.
We set the error bound ε = 0.05 in the refinement process.
The obtained decision tree after the training process and two
rounds of the refinement process are as shown in Fig. 9 and

the set of advisory STL formulas is listed in Table III. The
regions in the obtained advisory selection STL formulas are
shown in Fig. 10. It can be seen that after the training process,
the first advice (γ 2

1 ) is intuitively going straight to region
m2

1 sometime between 3.59 s and 8 s to grasp the bottle if
the trajectory of the faster moving obstacle strongly satisfies
ψ2

1 , the second advice (γ 2
2 ) is intuitively going to region m2

2
sometime between 4 s and 8 s (thus, attracting the moving
obstacles to move away from the shelf) if the trajectory of
the faster moving obstacle strongly satisfies ¬ψ2

1 . In the first
round of refinement, the advisory selection STL subformula of
the slower moving obstacle is added for the first advice (γ I

1),
and the advisory motion STL subformula is added for coming
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Fig. 8. Obtained decision tree in case study I when (a) λ = 0, (b) λ = 4,
and (c) λ = 8.

Fig. 9. Obtained decision tree in case study I after (a) training process,
(b) refinement process I, and (c) refinement process II.

back to region m2
3 sometime between 9.49 s and 16 s in the

reference frame of the faster moving obstacle for the second
advice (γ I

2). In the second round of refinement, the advisory
selection STL subformula of the faster moving obstacle is
added for the first advice (γ II

1 ). The success rate has been
iteratively improved with the help of the advisory controller
and reached 90% after two rounds of refinement process.
Some test simulations with and without the designed advisory
controller can be found in the uploaded supplementary video.

VI. CASE STUDY II

In the second case study, we apply the proposed approach
on a reach-avoid game that was designed with two Parrot AR
drone quadrotors3 in an experimental testbed.

The quadrotor is modeled as a 3-D six degrees of free-
dom rigid body. We denote the system state as xq =
[pq, ṗq, θq ,�q ]T ∈ R

12, where pq = [x1, x2, x3]T and
ṗq = [ẋ1, ẋ2, ẋ3]T are the position and velocity vectors of the
quadrotor. The vector θq = [αq , βq , γq ]T ∈ R

3 includes the
roll, pitch, and yaw Euler angles of the quadrotor. The vector
�q ∈ R

3 includes the angular velocities rotating around its
body frame axes. The general nonlinear dynamic model of a
quadrotor is as follows:

m p̈q = R(θq)Tqe3 − mge3

θ̇q = H (θq)�q

I �̇q = −�q × I�q + τq (19)

where m is the mass, g is the gravitational acceleration, I is
the inertia matrix, R(θq) is the rotation matrix representing
the body frame with respect to the inertia frame (which is a
function of the Euler angles), H (θq) is the nonlinear mapping
matrix that projects the angular velocity �q to the Euler angle
rate θ̇q , e3 = [0, 0, 1]T , Tq is the thrust of the quadrotor,
and τq ∈ R

3 is the torque on the three axes. For the AR

3https://www.parrot.com/us/drones/parrot-ardrone-20-elite-edition#parrot-
ardrone-20-elite-edition

drone quadrotor used in this case study, only four remote
control commands are used and interpreted by the low-level
onboard controller of the AR drone quadrotors. We denote the
control command input as uk = [u1, u2, u3, u4]T , where u1 is
the vertical velocity command, u2, u3 and u4 are the angular
velocity commands around its three body axes. The input
values u1, u2, u3, u4 are all bounded by [−1, 1]. By adopting
the small angle assumption and then linearizing the dynamics
model around the hover state, a linear kinematics model can
be obtained as follows:

ẋk = Akxk + Bkuk (20)

where xk = [x1, x2, x3, ẋ1, ẋ2, αq , βq , γq ] ∈ R
8 is the state of

the kinematics model, Ak ∈ R
8×8, Bk ∈ R

8×4. We assume that
the low-level onboard controller is executed at a sufficiently
fast speed. Based on the kinematics model, the desired remote
control command vector can be obtained as uk = KLQR(xd −
xk), where KLQR is the state feedback gain derived from a
linear quadratic regulator (LQR) and xd is the reference state
vector interpreted from the input of the user joystick or the
advisory controller. The remote control command vector uk is
sent through a user datagram protocol connection between the
AR drone and the desktop computer at 100 Hz.

The experiment area is shown in Fig. 11(a). For each
attempt, the pursuer quadrotor always starts from (0, 0, 0.7),
while the initial position of the evader quadrotor is generated
randomly in the whole area except that its center should be at
least 1 m away from the center of the pursuer quadrotor. The
evader quadrotor succeeds if it first goes through the window
[centered at (2, 2, 0.85)] from either side and then returns
to any point in the yellow region, while avoiding the pursuer
quadrotor throughout the whole time. The pursuer quadrotor
succeeds if it intercepts the evader (the center of the pursuer
quadrotor is within distance 0.5 m from the center of the
evader quadrotor) before the evader quadrotor returns to the
yellow regions. In this game, we only focus on the inference
of the advisory STL formulas and the synthesis of the advisory
controller for the pursuer quadrotor. The evader quadrotor
adopts the A∗ search algorithm [26] iteratively to find its
way through the window and returns to the nearest point in
the yellow region while avoiding the pursuer quadrotor as an
obstacle. The maximal speeds of both quadrotors are set as
0.25 m/s. Two human demonstrators first generate 20 prefixes
from 20 different attempts (8 successes and 12 failures) using
the joystick control to form the training data set.

In Algorithm 1, the advisory motion STL subformula is
searched for the pursuer quadrotor (the robot) in the fixed
reference frame and the object-centered reference frame of the
evading quadrotor (differentiated using the subscripts f and e,
respectively) at each node of the decision tree. We use Pp and
Pe to denote the position state of the pursuer quadrotor and
the evader quadrotor, respectively. In (9), we set η = 100 and
λ = 4. In Algorithm 2, the advisory selection STL subformula
is searched for the evader quadrotor (the environment) in
the fixed reference frame. The conditions stop and stopsel in
Algorithms 1 and 2 are the same as those in Case Study I,
and it is checked that the conditions for Proposition 3 are met.
After the training process, the obtained decision tree is shown
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Fig. 10. Regions in the obtained advisory selection STL formulas in case study I.

TABLE IV

SUCCESS RATES AND ADVICE COVER RATES IN THE TEST AFTER EACH DIFFERENT STAGE IN CASE STUDY II

Fig. 11. (a) Experimental testbed area. (b) Reference frames in the
visualization interface.

in Fig. 12(a) and the set of advices is listed in Table IV, with
the regions shown in Fig. 13. Using the designed advisory
controller from the inferred set of advices, we perform one
round of the refinement process with 20 newly generated
trajectories (we set ε = 0.05) and the obtained decision tree is
shown in Fig. 12(b) and the set of advices is listed in Table IV,
with the regions shown in Fig. 13. The success rate has been
iteratively improved with the help of the advisory controller
and reached 95% after one round of the refinement process.
Some test simulations with and without the designed advisory
controller can be found in the uploaded supplementary video.

Fig. 12. Obtained decision tree in case study II after (a) training process
and (b) refinement process.

Fig. 13. Regions in the obtained advisory (a) motion and (b) selection STL
formulas in case study II.

VII. CONCLUSION

In this paper, we presented a method for learning a set
of advices from the successful and failed experiences in the
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form of advisory STL formulas. The advices specified the
successful feature of a task and it is learned (inferred) from
human demonstrations. The same methodology of inferring a
temporal logic formula from the trajectories of both desired
and undesired sets as features of success, and designing a
mechanism based on the inferred temporal logic formula to
guide or advise human operators for better practice can be
used in much broader applications.

APPENDIX

A. Proof of Theorem 1

If: without loss of generality, we assume that H1 ≥ H2.
If sup0≤t≤min(H1,H2)

‖x̂1
H1
(t) − x̂2

H2
(t)‖ > 0, then there exists

at least one time point t∗ ∈ [0, H2] and one dimension i
such that x̂1

H1,i
(t∗) �= x̂2

H2,i
(t∗) (we denote the i -th dimension

of the state x̂H (t) as x̂H,i(t)). Without loss of generality,
we assume that x̂1

H1,i
(t∗) > x̂2

H2,i
(t∗), so there exists ε > 0

such that x̂1
H1,i

(t∗) − ε ≥ x̂2
H2,i

(t∗). As the prefix x̂1
H1

is
continuous in the time interval [0, H2], then for any ε > 0,
however small, there exists some number δ > 0 such that
for all t ∈ [min(0, t∗ − δ),max(H2, t∗ + δ)], x̂1

H1,i
(t∗)− ε <

x̂1
H1,i

(t) < x̂1
H1,i

(t∗) + ε. So x̂1
H1

strongly satisfies the STL
formula φ = G[min(0,t∗−δ),max(H2,t∗+δ))(xi > x̂1

H1,i
(t∗) − ε)

while x̂2
H2

strongly violates φ as x̂2
H2,i

(t∗) ≤ x̂1
H1,i

(t∗) − ε.
So the formula φ can perfectly classify x̂1

H1
and x̂2

H2
. Sim-

ilarly, it can be shown that there exists δ′ > 0 such that
φ′ = F[min(0,t∗−δ′),max(H2,t∗+δ′))(xi ≥ x̂2

H2,i
(t∗) + ε) perfectly

classifies x̂1
H1

and x̂2
H2

.
Only if: according to Definitions 3 and 4,

(x̂H , t) |�S π if and only if t ≤ H and f (x̂H (t)) > 0;
(x̂H , t) |�S ¬π if and only if (x̂H , t) �|�W π ,
i.e., t ≤ H and f (x̂H (t)) ≤ 0. Therefore, if there exists an
STL formula that can perfectly classify x̂1

H1
and x̂2

H2
, then there

exists time t∗ ∈ [0,min(H1, H2)] such that f (x̂H1(t
∗)) > 0

and f (x̂H2(t
∗)) ≤ 0. So sup0≤t≤min(H1,H2)

‖x̂1
H1
(t)−x̂2

H2
(t)‖ ≥

‖x̂1
H1
(t∗)− x̂2

H2
(t∗)‖ > 0.

B. Proof of Theorem 2

If: according to Theorem 1, for any prefix x̂ i
Hi
∈ A and any

prefix x̂ ′ j
H ′j
∈ B, if sup0≤t≤min(Hi ,H ′j )‖x̂ i

Hi
(t) − x̂ ′ j

H ′j
(t)‖ > 0,

then we can always find φi j such that φi j is strongly satisfied
by x̂ i

Hi
and strongly violated by x̂ ′ jH ′j

. Therefore, the STL

formula φ = (φ11 ∧ φ12 ∧ · · · ∧ φ1NB ) ∨ (φ21 ∧ φ22 ∧ · · · ∧
φ2NB )∨ . . . (φNA1∧φNA2∧· · ·∧φNA NB ) can perfectly classify
the two sets of prefixes, because φ is strongly satisfied by
x̂1

H1
, . . . , x̂ NA

HNA
and strongly violated by x̂ ′1

H ′1
, . . . , x̂ ′NB

H ′NB

.

Only if: if there exists an STL formula that can perfectly
classify any prefix x̂ i

Hi
∈ A and any prefix x̂ ′ j

H ′j
∈ B, then

according to Theorem 1, sup0≤t≤min(Hi ,H ′j )‖x̂ i
Hi
(t)−x̂ ′ j

H ′j
(t)‖ >

0.

C. Proof of Proposition 1

According to Definition 5, to prove Proposition 1, we only
need to prove the following lemma.

Lemma 1: With τ (φ, li ) defined as in Proposition 1, for any
(F, G)-fragment STL formula φ, if Hi < t + τ (φ, li ), then if
li = 1, (x̂ i

Hi
, t) |�W ¬φ; if li = −1, (x̂ i

Hi
, t) |�W φ.

We use induction to prove Lemma 1.
1) We first prove that Lemma 1 holds for atomic predicate

π . As τ (π, li ) = 0, if Hi < t + τ (φ, li ), then Hi < t ,
so according to Definition 4, for li = 1 and li = −1,
(x̂ i

Hi
, t) |�W π and (x̂ i

Hi
, t) |�W ¬π , Lemma 1 trivially

holds.
2) We assume that Lemma 1 holds for φ and prove

Lemma 1 holds for ¬φ. If Lemma 1 holds for φ, then if
Hi < t + τ (φ, li ), we have for li = 1, (x̂ i

Hi
, t) |�W ¬φ;

for li = −1, (x̂ i
Hi
, t) |�W φ. Thus, if Hi < t+τ (φ,−li ),

we have for li = −1, (x̂ i
Hi
, t) |�W ¬φ; for li = 1,

(x̂ i
Hi
, t) |�W φ. Therefore, if Hi < t + τ (¬φ, li ) =

t + τ (φ,−li ), we have for li = 1, (x̂ i
Hi
, t) |�W φ,

i.e., (x̂ i
Hi
, t) |�W ¬(¬φ); for li = −1, (x̂ i

Hi
, t) |�W ¬φ.

Therefore, Lemma 1 holds for ¬φ.
3) We assume that Lemma 1 holds for φ1, φ2 and prove

Lemma 1 holds for φ1 ∧ φ2 and φ1 ∨ φ2.
For li = 1, if Lemma 1 holds for φ1 and φ2, then if
Hi < t + τ (φ1, li ), we have (x̂ i

Hi
, t) |�W ¬φ1; if Hi <

t + τ (φ2, li ), we have (x̂ i
Hi
, t) |�W ¬φ2. If Hi < t +

max{τ (φ1, li ), τ (φ2, li )}, then Hi < t+τ (φ1, li ) or Hi <
t+τ (φ2, li ), thus (x̂ i

Hi
, t) |�W ¬φ1 or (x̂ i

Hi
, t) |�W ¬φ2.

So we have (x̂ i
Hi
, t) |�W ¬φ1 ∨ ¬φ2, i.e., (x̂ i

Hi
, t) |�W

¬(φ1 ∧ φ2).
For li = −1, if Lemma 1 holds for φ1 and φ2, then if
Hi < t + τ (φ1, li ), we have (x̂ i

Hi
, t) |�W φ1; if Hi <

t + τ (φ2, li ), we have (x̂ i
Hi
, t) |�W φ2. If Hi < t +

min{τ (φ1, li ), τ (φ2, li )}, then Hi < t + τ (φ1, li ) and
Hi < t+τ (φ2, li ), thus (x̂ i

Hi
, t) |�W φ1 and (x̂ i

Hi
, t) |�W

φ2. Therefore, we have (x̂ i
Hi
, t) |�W φ1∧φ2. Therefore,

Lemma 1 holds for φ1 ∧ φ2.
Similarly, it can be proved by induction that Lemma 1
holds for φ1 ∨ φ2.

4) We assume that Lemma 1 holds for φ and prove
Lemma 1 holds for F[t1,t2)φ and G[t1,t2)φ.
For li = 1, if Hi < t + τ (φ, li ) + t1, then for any
t ′ ∈ [t + t1, t + t2), we have Hi < τ(φ, li ) + t ′, so if
Lemma 1 holds for φ, then for any t ′ ∈ [t + t1, t + t2),
we have (x̂ i

Hi
, t ′) |�W ¬φ, thus (x̂ i

Hi
, t) |�W G[t1,t2)¬φ,

i.e., (x̂ i
Hi
, t) |�W ¬F[t1,t2)φ.

For li = −1, if Hi < t + τ (φ, li )+ t2, then there exists
t ′ ∈ [t + t1, t + t2) such that Hi < τ(φ, li ) + t ′, so if
Lemma 1 holds for φ, we have (x̂ i

Hi
, t ′) |�W φ, thus

(x̂ i
Hi
, t) |�W F[t1,t2)φ. Therefore, Lemma 1 holds for

F[t1,t2)φ.
Similarly, it can be proved by induction that Lemma 1 holds

for G[t1,t2)φ.
Therefore, it is proven by induction that Lemma 1 holds for

any (F,G)-fragment STL formula φ.

D. Proof of Proposition 2
1) Coverage: From Algorithm 3, we express each advisory

motion STL formula as

φ j = φ̂ j,1 ∧ φ̂ j,2 ∧ · · · ∧ φ̂ j,q j (21)
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with the corresponding advisory selection STL formula
as

ψ j = ψ̂ j,1 ∧ ψ̂ j,2 ∧ · · · ∧ ψ̂ j,q j (22)

where each (φ̂ j,k, ψ̂ j,k) pair is either a pair of prim-
itive STL subformulas (φ j,k, ψ j,k) or a pair of nega-
tion of primitive STL subformulas (¬φ j,k,¬ψ j,k) at
one node of the tree. From Algorithm 1, for every
i , if li = 1, we can prove that if condition (2) and
condition (3) are satisfied, then for the pair (φ j,k, ψ j,k)
associated with any node in the path from the root
node to the leaf (terminal) node where the i th prefix
belongs, either ((x̂ i

Hi
, 0) |�S φ j,k) ∧ ((ŷi

Hi
, 0) |�S

ψ j,k) or ((x̂ i
Hi
, 0) |�S ¬φ j,k) ∧ ((ŷi

Hi
, 0) |�S ¬ψ j,k).

The reasons are as follows: (i) in Algorithm 1,
if p̂(Ŝx,�,−1) = 0 or Jy(Ŝx,�, ψpath ∧ ψ∗) > 0, then
ψ j,k = ψ∗s is obtained from Algorithm 2 and per-
fectly classifies the prefixes of the environment with
label 1 in Ŝx,� and Ŝx,⊥, respectively (as we assume
that stopsel(ψ

path
s , h, Ŝ′) is achieved as all of the pre-

fixes at the current node belong to the same class).
Therefore, if Ŝx,∅ = ∅ and li = 1, then either
x̂ i

Hi
∈ Ŝx,�, ((x̂ i

Hi
, 0) |�S φ j,k) ∧ ((ŷi

Hi
, 0) |�S

ψ j,k), or x̂ i
Hi
∈ Ŝx,⊥, ((x̂ i

Hi
, 0) |�S ¬φ j,k)∧((ŷi

Hi
, 0) |�S

¬ψ j,k). (ii) in Algorithm 1, if p̂(Ŝx,�,−1) > 0 and
Jy(Ŝx,�, ψpath ∧ ψ∗) = 0, then ψ j,k = ψ∗ ∧ψ∗s , where
ψ∗ perfectly classifies the prefixes of the environment
with labels 1 and −1 in Ŝx,�, ψ∗s is obtained from
Algorithm 2 and perfectly classifies the prefixes of the
environment with label 1 in Ŝx,� and Ŝx,⊥. Therefore,
if Ŝx,∅ = ∅ and li = 1, then either x̂ i

Hi
∈ Ŝr

x,� or x̂ i
Hi
∈

Ŝx,⊥. If x̂ i
Hi
∈ Ŝr

x,�, then (x̂ i
Hi
, 0) |�S φ j,k , (ŷi

Hi
, 0) |�S

ψ∗, (ŷi
Hi
, 0) |�S ψ

∗
s , thus as ψ j,k = ψ∗ ∧ ψ∗s , we have

((x̂ i
Hi
, 0) |�S φ j,k) ∧ ((ŷi

Hi
, 0) |�S ψ j,k). If x̂ i

Hi
∈ Ŝx,⊥,

then (x̂ i
Hi
, 0) |�S ¬φ j,k , (ŷi

Hi
, 0) |�S ¬ψ∗s , thus as

¬ψ j,k = ¬ψ∗ ∨ ¬ψ∗s , we have ((x̂ i
Hi
, 0) |�S ¬φ j,k) ∧

((ŷi
Hi
, 0) |�S ¬ψ j,k). With (i), (ii), and Algorithm 3,

if li = 1, then there exists an advice (φ j , ψ j ) in the
form of (21) and (22) such that ((x̂ i

Hi
, 0) |�S φ j ) ∧

((ŷi
Hi
, 0) |�S ψ j ).

2) Soundness: From Algorithm 1, each leaf node of the
decision tree is associated with (�,�) or (⊥,⊥).
From Algorithm 3, each advisory motion (selection)
logic formula in each advice is constructed from the
advisory motion (selection) logic subformulas or the
negation of them connected with conjunction operators,
and (⊥,⊥) is removed from the set of advices. There-
fore, each advice (φ j , ψ j ) corresponds to a leaf node
associated with (�,�). As stop(φpath, L, Ŝ) is achieved
as all of the prefixes at the current node belong to
the same class, so all the prefixes that belong to a
leaf node associated with (�,�) should have label 1.
Therefore, if there exists an advice (φ j , ψ j ) such that
((x̂ i

Hi
, 0) |�S φ j ) ∧ ((ŷi

Hi
, 0) |�S ψ j ), then li = 1.

3) Uniqueness: At each node that is associated with
(φ j,k, ψ j,k), if Ŝ′y,∅ = ∅ in each computation for

Algorithm 2, then for any i such that li = 1, either
(ŷi

Hi
, 0) |�S ψ j,k or (ŷi

Hi
, 0) |�S ¬ψ j,k . Therefore,

following Algorithm 3, for advisory selection STL for-
mulas in the form of (22), there cannot exist j and j ′
( j �= j ′) such that (ŷi

Hi
, 0) |�S ψ j and (ŷi

Hi
, 0) |�S ψ j ′ .

E. Proof of Proposition 3

The proof for satisfying the coverage property 1) and
uniqueness property 3) of Problem 1 is the same as that in the
proof of Proposition 2. For satisfying the soundness property
2) of Problem 1, as stop(φpath, L, Ŝ) is achieved as no less
than (1−ζ ) fraction of the prefixes at the current node belong
to the same class, so no less than (1−ζ ) fraction of the prefixes
that belong to each leaf node associated with (�,�) should
have label 1. Therefore, for no less than (1 − ζ ) fraction of
the prefixes in the training data set, if there exists an advice
(φ j , ψ j ) such that ((x̂ i

Hi
, 0) |�S φ j )∧ ((ŷi

Hi
, 0) |�S ψ j ) in the

training data set, then li = 1.
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