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Abstract— Large scale deployment of Plug-in Electric Vehicles (PEVs) in the smart grid environment necessitates the
use of appropriate charging control algorithms that handle
the additional PEV based load effectively. While ensuring
grid stability, these PEV charging control algorithms must
ensure that the available energy is delivered to where it is
needed the most. In this paper, we explore the question of
efficient allocation of energy (charging rates and schedules)
to PEVs by the aggregator (electricity utility) through an
auction mechanism. Recognizing the practical limitations of
the Vickrey-Clark-Groves (VCG) mechanism which would be
natural to apply in this context, we investigate two practical
mechanisms that can be viewed as extensions of second price
auction mechanisms, and have limited message (bid) complexity.
In the first mechanism, the multi-level second price (MSP),
each PEV agent submits a number of price bids, one for
each of a given set of energy levels (energy quantities). In
the second mechanism, the progressive second price (PSP), the
PEV agents submit a two-dimensional bid indicating the price
as well as the desired energy quantity. Taking into account
differences across PEV-owners in terms of their willingnessto-pay values and charging time constraints, we analyze the
social optimality and incentive compatibility properties of the
two auction mechanisms.

I. I NTRODUCTION
Effective management of the PEV based electricity demand will be crucial for maintaining the stability and the
operational efficiency of the power grid in the near future [1],
[2], [3]. Fortunately, PEVs also provide significant flexibility
in terms of their energy consumption rates and schedules,
which can be utilized towards reducing the variability of
the aggregate demand over time. Additionally, it can also
help to partially absorb the variability associated with the
supply side, particularly when a significant fraction of the
energy is being supplied from variable rate renewable energy
sources. Coordinated charging of PEVs is necessary for
optimizing electricity dispatch over a temporal scale, hence
ensuring that undesirable demand peaks are not created in
the power grid [4]. The problem of charging electric vehicles
has been dealt with by several researchers in the past from
different perspectives including game theory [5], [6], gradient
optimization [7], sequential quadratic optimization [8], [9],
dynamic programming [10] and other heuristic methods [11].
A price driven charging mechanism that results from nonlinear pricing of PEV demand and results in load variance
minimization is reported in [12].
In this paper, we study the use of auction mechanisms
for efficient charging control (scheduling) problem for PEVs.
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We realize that PEV agents (PEV owners) can differ in
terms of their charging constraints and their willing-topay values (for the energy given to them), and a desirable
goal would be maximize the total valuation of the resulting
energy allocation (or equivalently, the charging rates and
schedules of the agents). Since the valuation and charging
constraints are private information to the agents, the auction
mechanism must induce the agents to be truthful in declaring
that information to the aggregator, or in making its bids
as required by the auction process. A natural candidate for
this auction is a Vickrey-Clark-Groves (VCG) mechanism
[13] which requires the agents to pay according to the their
opportunity cost values. It easily follows that VCG payments
induce agents to declare their valuation functions truthfully,
based on which the aggregator can compute and assign an
energy allocation (charging solution) that is socially optimal,
i.e., maximizes the aggregate valuation function over all
PEVs, given their charging constraints as well as the energy
availability constraints of the distribution network. In other
words, the socially optimal solution can be realized in
dominant strategies, which is a very desirable property for
the auction.
The VCG mechanism is associated with some practical
limitations however, which poses difficulties in implementing
it directly in our problem context. Firstly, direct implementation of the VCG mechanism requires the agents to declare
their entire valuation function, which is typically not exactly
known to (or may be hard to estimate by) the agents (PEV
owners) themselves. Secondly, even if the valuation functions are known explicitly, declaring them to the aggregator
(exactly, or to a close degree of approximation) requires a
very high message complexity, as the function is defined
over a continuous space of real numbers. To address these
limitations of VCG, in this paper we apply and study two
extensions of this auction mechanism to the PEV charging
context, that require the agent to declare only a small
number of price and/or quantity values to the auctioneer
(aggregator). Despite this, we show that the proposed auction
mechanisms retain the desirable incentive compatibility and
social optimality properties, at least to a reasonable/desired
degree of accuracy, or when equilibrium is attained. Since
the two auction mechanisms proposed can be viewed as
extensions of VCG, or more generally extensions of the
second price auctions, we will refer them to as extended
second price auction mechanisms.
In the first mechanism, which we call the multi-level
second price (MSP) auction, each agent is required to declare
a set of prices that it is willing to pay for certain (given)

levels of energy (quantities of charge). The energy allocation
to the agents can occur at any value up to the maximum
requested quantity (no necessarily at the quantities for which
the agent declares the price-bids), and the agent is required
to pay the opportunity cost computed based on a piecewise linear approximation of their true valuation functions,
as computed by the aggregator based on the declared price
bids. This mechanism can rightly be seen as a discretized
approximation of the VCG mechanism. Not surprisingly,
therefore, we show that this mechanism guarantees incentive
compatibility and social optimality unto an additive approximation factor that depends on the degree of discretization,
expressed as the maximum difference between the energy
quantities for which the agent is required to declare the price
bids. Since this maximum difference can be controlled by the
number of price bids that the agent is required to declare,
the aggregator can trade-off the incentive compatibility and
social optimality of the auction mechanism with the message
complexity, to any desired degree.
In the second mechanism, which we call the progressive
second price (PSP) auction, each agent is required to declare
a two-dimensional bid comparing of a price (willingness
to pay) and a requested quantity. The energy allocation
to the agents can occur at any value up to the requested
quantity, and the agent is required to pay the opportunity
cost computed based on the price bids and the requested
quantities. We argue, following/extending the results/analysis
of PSP auctions in [15], [16] that social optimality is
attained at Nash equilibrium; a weaker notion of incentive
compatibility (i.e. truthful declaration of the two-dimensional
bid) also holds. It is worth noting that the MSP mechanism
is meant to work at a single-step auction process. More
specifically, the aggregator requests agents for the multilevel price bids, which the agents declare truthfully (up to a
degree of approximation); the energy allocation is done by
the aggregator in response, and the auction concludes. For
the PSP mechanism, however, since the social optimality is
attained at equilibrium, the auction process may need to be
implemented over a reasonable window of time, allowing
agents to re-bid (possibly many times) and attain equilibrium.
MSP and PSP auction mechanisms or their analogues
have been considered in prior work, mostly in the context
of bandwidth allocation in the Internet [14]-[20]. The MSP
mechanism is related to the notion of multi-bid auctions
investigated in [19], [20]. The application context, and the
network model is significantly different however; in particular our system reduces to a bipartite network graph whereas
[19], [20] studies a single node (single block of divisible
resource) or resources connected as a tree network topology.
While the broad nature of our approximation results (for
incentive compatibility and social optimality) are similar to
those in these prior work, our mechanism is slightly different
- which we believe not only makes it more practical to
implement it (in our application context at least), but also
allows much simpler proofs of the results. The PSP mechanism was proposed in [14], and further analyzed in [15][18], all in the context of bandwidth auctions. The proposed

PSP mechanism can be viewed an a generalization of the
one suggested in [14], and a special case of that considered
(for a general network topology) in [16]. The result on
“social optimality at equilibrium” for our PSP mechanism is
implied by [16], albeit for a slightly stronger assumption on
the valuation functions. For the valuation function types we
consider, this result can however be obtained by extending
the proof of the analogous result obtained in [14], [15]
for the single-resource case; a result showing the incentive
compatibility of the PSP mechanism (although the notion of
truthfulness here is weaker than than what can be shown for
a VCG) can also be obtained similarly. Very recently, PSP
auctions have been applied to the problem of coordination of
large scale elastic loads (which may include PEVs) as well
[22]. The main difference in our treatment/application of the
PSP mechanism in this context, as compared to this recent
work, is that we explicitly take into account differences
across agents (PEV owners) in terms of their charging time
constraints.
The paper is structured as follows. The next section
(Section II) describes the system model. Sections III and IV
describe and analyze the MSP and PSP auction mechanisms,
respectively. We evaluate these two auction mechanisms
through simulations in Section V.
II. S YSTEM M ODEL
Let K = {1, 2, ..., k, ..., K} denote the set of PEVs that
are attempting to obtain energy from the grid. The charging
time constraints of the PEV k are captured by the set Tk
that contains all permissible time slots for PEV agent k in
the next charging period. In case of contiguous permissible
time slots, Tk has the special form Tk = {tks , ..., tkf } where
tks and tkf are the charging start and finish times for agent k,
respectively.
In practice, the total time for which the energy is being
auctioned could vary - it could be the next day or the next
hour, for example. Let the total time available for charging
(for which the auction is being conducted) be divided into T
slots. Let the set T = {1, 2, ..., T } represent the set of these
(contiguous) time slots. We assume that due to the variability
in the generation rate (that may arise due to the renewable
energy generation units, for example), each time slot is
associated with a specific amount of energy gt , as indicated
in Figure 1. The transformer distribution capacity is assumed
to W . Assuming that every time slot t ∈ {1, 2, ..., T } has
a non-PEV inelastic demand associated with it which is
designated as dt , the amount of electricity which is available
for dispatch to the PEVs in the distribution network, in any
given time slot t is wt = min(W, gt ) − dt . Under a feasible
allocation (result
Xof the auction), the net charge received by
the PEV k is
Qtk , where Qtk is the amount of charge
t∈Tk

received by the PEV k in time slot t. Note this total charge
(energy) must be less than the remaining battery capacity of
PEV k, denoted by βk , which can be measured/estimated by
the aggregator through smart metering equipment.
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After the PEV agents submit their charging preferences,
the aggregator must appropriately conduct a fair energy
allocation scheme based on the available information in a
manner that maximizes the entire valuation of the resource
at hand for dispatch (efficient auction), as well as ensure that
there is no incentive for individual agents to gain anything
through untruthful declaration of their charging preferences
(bids in the auction). Ensuring efficient allocation schemes
would have been possible and fairly simplistic had the
aggregator possessed information about the entire valuation
function of all agents. Such a valuation function θk (for
each vehicle k ∈ K) can be assumed to be non-decreasing
with diminishing returns (strictly concave). In that case, the
aggregator could optimize
X

PEV K
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Auction of electricity to PEVs in the different time slots.

max
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Since on general the aggregator does not know the agent
valuation functions, one option it is design a payment scheme
that induces the agents to declare their valuations truthfully.
This is what the VCG mechanism [13] attempts to achieve,
by setting the payment of agent k to be the opportunity cost
caused by the presence of an agent. Then it can be shown the
agent
Xk that seeks to maximize its utility computed as Uk =
θk (
Qtk ) − πk would not have any incentive to misreport
t∈Tk

its valuation function (incentive compatibility). However,
application of VCG in our context has several drawbacks
as outlined in Section I. Thus, it becomes imperative for the
aggregator to obtain/estimate the individual agent preferences
(valuations) as much as possible through limited messaging.
In this paper, we study how this could be done through
two auction processes intuitively motivated by VCG (or
generalized second price) auctions: (a) the multi-level second
price (MSP) auction, (b) the progressive second price (PSP)
auction.
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Pk is the vector of “willingness-to-pay” values for agent k.
Tk is the set of permissible time slots for agent k.
πk is the total payment to be made by agent k.
Qk is the energy allocation vector for agent k.

Schematic diagram of the MSP auction process.

III. T HE M ULTI - LEVEL S ECOND P RICE (MSP) AUCTION
A. Bidding Process and Electricity Dispatch
In MSP auction, the electricity aggregator selects a number
of energy levels (say Nk levels for agent k, indexed as
Q̄k,1 , · · · Q̄k,Nk , for which the agents (PEV agents) have to
declare the prices they are willing to pay for that energy level.
Let Pk,n denote the willingness-to-pay value (total price
bid) of agent k corresponding to energy level Q̄k,n (for any
n = 1, · · · , Nk ). The aggregator interprets these willingnessto-pay values as the agents valuation of that particular
energy level, and constructs a piecewise linear approximate
valuation function (which can be assumed to be monotonic
with diminishing returns) θ̄k such that θ̄k (Q̄k,n ) = Pk,n ,
and θ̄k is linear in between two consecutive energy levels,
Qk,n and Qk,n+1 , n = 1, · · · , Nk−1 . It is possible that
the energy levels are pre-determined, and known to both
the aggregator and the agents; it could also be dynamically
determined based by the aggregator based on the remaining
batter capacity (βk ), assumed to be measured/estimated by
the aggregator. Additionally, agents also report their charging
time constraints, denoted by the set Tk . Now, the aggregator
solves the following optimization problem to calculate the
allocation rule for all participating PEVs under constraints
(2)-(4),
X
X
max
θ̄k (
Qtk ).
(5)
k∈K

t∈Tk

The aggregator also calculates the payment for PEV k as,
X
πk =
(θ̄j (aj,−k ) − θ̄j (aj,k )).
(6)
j6=k

Here, θ̄j (aj,−k ) represents the approximate valuation of
agent j when agent k is not present in the auction; here, aj,−k
represents the total energy that would have been allocated to
agent j in absence of agent k. Similarly, θ̄j (aj ) represents the
approximate valuation of agent j when all agents (including
agent k) are present. Intuitively, πk represents the opportunity
cost of agent k. It is possible that this opportunity cost

evaluates to zero; typically there will be a nominal amount
that must be paid by any agent to get energy, or even
to participate in the auction. A schematic diagram for the
overall process is given in Figure 2, and the auction process
is described below as Algorithm 1.
Algorithm 1 MSP auction for PEV charging
Step 1: Each agent k ∈ K submits its price bid vector Pk
and charging constraint set Tk , to the aggregator.
Step 2: Aggregator calculates the piecewise linear approximate valuation function θ̄k (x) ∀k ∈ K.
Step 3: Aggregator solves (5) (subject to appropriate
constraints) to compute the optimal schedule Qk =
{Q1k , Q2k , ..., QTk } ∀k ∈ K.
Step 4: Aggregator computes πk ∀k ∈ K using (6).
Step 5: Qk and πk are communicated to all k ∈ K.

k
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In the above, by “untruthful” bidding, we mean declaring
Pk,n values that differ from θk (Qk,n ) for any (possibly multiple or all) level(s) n. Note that the result holds irrespective
of the bidding assumption (truthful or untruthful) on the
other agents. Thus, Proposition 1 shows that truthful bidding
is an approximate dominant strategy, where the additive
approximation factor is B. It is also easy to argue that an
agent k would not have any incentive to not truthfully report
the constraint set Tk .
Finally note that B can be bounded in terms of the
“granularity” at which the agents are required to submit
their bids, as follows. Let δ̂ be the maximum gap between successive energy levels for which the agents are
required to declare their willingness-to-pay values, i.e., δ̂ =
k
maxk maxN
n=1 (Qk,n − Qk,n−1 ), where Qk,0 is assumed to
be zero for all k. Also, assume that the valuation function θk
00
is differentiable and strictly concave, and −θk (x) ≥ ν > 0
for all x ≤ βk . Then, it can be shown through the following
lemma that the degree of approximation in Proposition 1
(social optimality) and Proposition 2 can be made as small
as desired by reducing δ̂.
Lemma 1: Assume that the valuation function θk is dif00
ferentiable and strictly concave, and −θk (x) ≥ ν > 0 for all
2
x ≤ βk . Then B ≤ ν2δ̂ .
Proof: See Appendix I

Comparison of functions θk and θ̄k .
Electricity
Aggregator /
Electricity Utility

B. Analysis
Assuming that the actual valuation function θk is nondecreasing, concave with θk (0) = 0, and assuming θ̄k (0) =
0, it is easy to see that θ̄k (x) ≤ θk (x), ∀x. This is illustrated

in Figure 3. Let B = maxk maxx≤βk θk (x) − θ̄k (x) represent the maximum deviation of the approximate valuation
function θ̄k from the actual valuation θk over the energy
range of interest. (Note that βk is upper bounded by battery
capacity.) Then we have the following results.
Proposition 1: Under truthful bidding, the social valuation
of the energy allocation resulting from the MSP auction
differs from the maximum possible social valuation by at
most KB.1
Proof: See Appendix I
In the above, by “truthful” bidding, we mean that all agents
report their willingness-to-pay values correctly, i.e. declare
Pk,n to be θk (Qk,n ), the real valuations at each level n.
Proposition 1 is intuitive, as the actual valuation functions
θk and their piece-wise linear approximations, θ̄k , differ by
at most B.
Proposition 2: The maximum utility gained by any PEV
k by untruthful bidding in the MSP auction is upper-bounded
by B.
Proof: See Appendix I
1 This

result appears incorrectly in [23] where the bound is given as K.
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bk is the 2-dimensional bid i.e. (qk,pk) for agent k.
Tk is the set of permissible time slots for agent k.
πk is the total payment to be made by agent k.
Qk is the energy allocation vector for agent k.

Schematic diagram of the PSP auction process.

IV. T HE P ROGRESSIVE S ECOND P RICE (PSP) AUCTION
A. Bidding Process and Electricity Dispatch
In this scheme, which is is derived from the auction
process described and analyzed in [15], [16] for bandwidth
resources, the electricity aggregator asks the PEV agents to
submit a 2-dimensional bid (qk , pk ) where qk is the amount
of energy that the PEV k is willing to obtain at a per
unit price of pk ; agents also submit their charging time
constraints. Based on these bids, the aggregator tries to solve

the following optimization problem,
XX
max
pk Qtk (pk ),

(7)

k∈K t∈Tk

s.t.

X

Qtk ≤ qk ,

(8)

in Appendix II. The allocation of charge to the PEVs by
the aggregator can be modeled as a max-cost flow problem
(maximum weighted multi-commodity flow) whereby the
objective of the aggregator
would be to maximize its revenue,
X
i.e., maximizing
pk Qk (pk ), given the bids of the users

t∈Tk

and constraints (2), (4). Note that the constraint (8) supercedes the constraint (3), since qk ≤ βk . The total payment
for the PEV k is calculated as,
!
X
X
t
t
πk =
pj
Q̃j − Qj ,
(9)
j6=k

t∈Tk

where Qtj , ∀j = 1, 2, .., K is obtained as optimal solution
of (7), subject to the appropriate constraints. Moreover,
Q̃tj , ∀j = 1, 2, .., K is obtained as an optimal solution
to the same problem, but assuming that PEV k is absent
in the auction process (with all other PEV agents and
their bids remaining unchanged). Unlike MSP auctions however, here the agents are allowed to rebid (hence the term
progressive X
in PSP) to improve their utility computed as
Uk = θk (
Qtk ) − πk . It is assumed that the bidding
t∈Tk

process continues until an equilibrium is reached, i.e., no
agent can gain utility by more than  (cost of bid) by rebidding. Figure 4 provides an overview of the PSP auction; a
synchronous iterative implementation of the auction process
is outlined in Algorithm 2.
Algorithm 2 PSP auction for PEV charging
Step 1: n ← 1 (Start of PSP auction).
Step 2: Each agent k ∈ K submits its price bid vector Pk
and charging constraint set Tk , to the aggregator, in the
nth round.
Step 3: Aggregator solves (7) (subject to appropriate
constraints) to compute the optimal schedule Qk =
{Q1k , Q2k , ..., QTk } ∀k ∈ K.
Step 4: Aggregator computes πk ∀k ∈ K using equation
(9).
Step 5: Qk and πk are communicated to all k ∈ K (along
with possibly the bids and constraints of other agents).
Step 6: Every agent k computes to see if the if it can
improve its utility by rebidding (assuming the bids of
others remain unchanged).
Step 7: If the improvement is more than  (cost of bid)
for any k ∈ K, increase n by 1 and go to Step 2; else stop
auction.

B. Analysis of the PSP auction
This section starts with a graph theoretic interpretation
of the charging allocation problem. Subsequently, we state
a set of lemmas that are instrumental in arriving at the
main results related to this mechanism. These main results,
that comprise of the incentive compatibility and efficiency
properties of the PSP auction mechanism, conclude this
section. The detailed proofs of the lemmas can be found

k∈K

(refer to step 2 of the auction algorithm
X description in the
previous subsection). Note that Qk =
Qtk . This is in tune
t∈Tk

with the objective
of the aggregator which is to maximize
X
the term
pk Qk (pk ). Let us consider that the set of
k∈K

PEVs be represented by K nodes. Without loss of generality
it is assumed that these nodes are arranged in top-down
manner in increasing order of price bids (pk ). Each of these
k ∈ {1, 2, ..., K} nodes has a node capacity (qk ) associated
with them which represents the maximum possible charge
it can obtain from all feasible time slots. Let the T time
slots be represented by another set as shown in Figure 5,
where node (time slot) t is associated with a nodal capacity
of wt . We assume that the edge between source node S and
PEV node k has capacity qk and the edges between time slot
node t and sink node T has capacity wt . In this network,
the flow between source S and sink T represents the total
amount of electricity (energy) used for PEV charging. If we
assume that the flow through PEV node k is weighted by
pk , then the maximum weight (multi-commodity) flow from
S to T represents the optimal charging solution that solves
the linear program
in equation (7). In other words, this flow
X
maximizes
pk Qk (pk ), and the flow on the edge (k, t)
k∈K

(for PEV node k and time slot node t) in the optimal flow
solution, Qtk represents the charge that PEV k obtains at time
slot t.
In the following, we will assume that (PEV, time) bipartite
graph is connected, in the following sense. Consider just the
bipartite graph of the PEV and time slot nodes by removing
the source and sink nodes (and all edges attached to them).
In this reduced graph, if we assume all the (k, j) edges
are undirected, then the entire graph constitutes a single
connected component, i.e., there exists a path from any
node of the graph to another. It is easy to see that if the
network consists of multiple such connected components, the
different components are disjoint, and therefore the optimal
charging solutions in the different connected components
can be computed independently of one another. Therefore,
there is no loss of generality in analyzing a single connected
component in isolation; the results that we present next for a
single connected component do generalize if the network in
Figure 5 consists of multiple connected components. Note
that this node capacitated network model can easily be
converted to the standard edge capacitated network model,
as shown the Appendix II (Figure 9).
Lemma 2: Assuming all the price bids are non zero, the
the total amount of energy allocated to all PEVs over all
time slots is the same in all optimal charging solutions.
The above result states that under any optimal charging
solution, the total energy allocated to PEVs over the entire

p1
q1

q2

1
w1

p2

2

p3

3

w2

q3
Source(S)

Sink(T)

qK

wT

pK
PEV price bids

Fig. 5.

T

Charging Time
slots

Network flow representation of the optimal charging problem.

allocation time window is the same. What is significant is
that the equality of the total energy flow at optimality holds
across different price bid vectors as well, as long as all the
bids are non-zero.
Proof: See Appendix II.
Lemma 3: Assuming all bids are distinct, the total amount
of charge supplied to the individual PEVs is unique under
any optimal allocation for a given set of bids.
Now let Qk (y, p−k ) denote the total amount of charge
allocated to PEV k when it has a price bid of y but the
price bids of the other PEVs k 0 6= k are kept fixed at pk0
. In other words, the Qk (y, p−k ) represents the total charge
allocated to PEV k as a function of its price bid y while
the rest of the system parameters remain unchanged. Next
we will prove some properties of the function Qk (y, p−k )
which will be necessary to prove the main results.
Proof: See Appendix II.
Lemma 4: Qk (y, p−k ) is a non-decreasing function of
y, i.e. ∀y1 ,y2 such that if y1 < y2 , Qk (y2 , p−k ) ≥
Qk (y1 , p−k ).
Proof: See Appendix II.
Assume that the (K − 1) PEVs other than PEV k are
ordered according in increasing order of their bids, i.e.
pj−1 < pj for j = 2, 3, ..., K.
Lemma 5: For any PEV k, if y1 , y2 are such that y1 6=
y2 , pj < y1 , y2 < pj+1 , then Qk (y1 , p−k ) = Qk (y2 , p−k ).
Proof: See Appendix II.
Following the analysis in [15], we assume the the valuation
functions θk are differentiable, non-decreasing and strictly
concave. Then by extending the analysis of [15], we can
show the following two results.
Proposition 3: There exists an -Nash equilibrium for the
PSP auction at which the social valuation of the energy allocation
√ differs from the maximum possible social valuation
by O( ).
The above result follows from Proposition 3 of [15] along
with lemmas 4 and 5 that we have proven in this paper. It
is worth noting that a stronger version of the above result
also follows a special case of Theorem 2 of [16], under a
slightly stronger assumption of the valuation functions θk .
In particular, this requires the functions θk to be strictly
increasing (instead of non-decreasing), therefore not allowing
the valuations to completely “flatten out”.

Let b−k = (bj , j 6= k) be the set of bids by all agents
other than k.
Proposition 4: For any given b−k , there exists a truthful
-best bid for agent k, ρk (b−k ).
Proposition 3 implies that the Nash equilibrium becomes
socially efficient as the cost of bid  approaches zero and
follows from Proposition 1 of [15] (along with lemmas 4 and
5 proven in this paper). Proposition 4 shows that any agent
k can not loose much utility (only  at most) by bidding
truthfully in PSP.
V. N UMERICAL S TUDY
In our numerical study, we consider a residential power
distribution network having a transformer constraint of 154
kW and having 24 Plug-in Electric Vehicles (PEVs) connected to the network. All energy allocation mechanisms
are assumed to be taking place in the day-ahead electricity
market where the inelastic non-PEV demand is assumed to
be well predicted. The PEVs are assumed to have a concave
valuation function of the form θk (x) = ki (1 − e−ai x ),
where x is the energy in kWh and i is used to highlight
the type of the vehicle. It must be noted that the valuation
functions of individual PEVs are monotonically increasing
with diminishing returns. Parameters ki and ai determine
the concavity and overall nature of the valuation function
and is distinct for a specific type of vehicle. For sake of
simplicity, it has been assumed that there are four types of
vehicles, each type consisting of 6 vehicles each. In this
numerical study, k1 = 10, k2 = 9, k3 = 11, k4 = 7 and
a1 = 0.1, a2 = 0.11, a3 = 0.12, a4 = 0.09 are taken to be
the distinct values for the vehicles. We have also defined the
battery capacity of each PEV to be 23 kWh and assumed that
every PEV is available to charge in each of 24 time slots.
All simulations have been carried out in using MATLAB.
We first demonstrate the case where we consider a VCG
like auction process of energy allocation in the day ahead
market, where the auctioneer is aware of the entire valuation
function of the PEV agents. Through such a mechanism,
it is possible to calculate the socially optimal allocation
in the network. Note that every agent of the same type
is going to be allocated an equal amount, owing to their
symmetry in charging preferences and valuation function
parameters. For the VCG like auction, we assume all agents
demand 23 kWh of energy (full battery capacity). In this
case, only partial fulfillment of the agents’ energy request
through socially optimal allocation is possible, owing to
insufficient resources in the network. We find that agents of
type 1, type 2, type 3 and type 4 receive 10.9639 kWh, 9.8763
kWh, 11.4508 kWh and 7.0423 kWh of energy respectively.
Owing to the impracticality of the VCG like mechanism, we
proposed the MSP auction process as an alternative, where
the aggregator is seen to allocate energy in a near-optimal
−SM SP
as an
manner. In this respect, we define γ = SV CG
SV CG
index representing the deviation of MSP from VCG in terms
of social optimality; here SV CG and SM SP represent the
total valuation of resource by all agents under the respective
auction schemes. The number of levels in MSP determines

the nearness to social optimum and as seen from the Figure 6.
Note that the number of levels also determines the bidcomplexity in MSP. Next we consider the PSP auction,

it being of type 2, 3 or 4) changes its bid to 22 kWh, it
ends up increasing its utility unilaterally to $6.37, $10.2150
or $4.5761 respectively. This clearly shows that in this case,
bidding at the maximum quantities is not a Nash equilibrium.

1.5

VI. A PPENDIX I
Proof of Proposition 1: Consider θ(x) ,
1

γ (in %)
0

2

3

4

5

6

7

8

Number of levels

MSP: Nearness to social optimality with respect to the number of

and demonstrate that a social optimum solution is a Nash
equilibrium. To do that, we assume study the effect of
increasing the quantity of bid (qk ) for each agent k, while the
bids of all other 23 agents are held constant at their socially
optimal values. We assume truthful bidding, so determining
the quantity qk also determines the per-unit price pk (which
can be obtained from agent k’s valuation function). We

where x = (x1 , x2 , ..., xK ) is the complete allocation vector.
x∗ and x̃ are taken to be the optimal allocations to the pure
VCG auction and the MSP auction process respectively. We
need to show that, θ(x∗ ) − θ(x̃) ≤ KB where B is some
constant.
From optimality conditions, θ(x∗ ) ≥ θ(x) ∀x.
Similarly, θ̄(x̃) ≥ θ̄(x) ∀x.
Let us assume that θk (xk ) − θ̄k (xk ) ≤ B ∀xk , ∀k ∈ K.
B is defined as shown in Figure 3. Therefore, we can write
that,

X
θk (xk ) − θ̄k (xk )
≤ KB,
(10)
k∈K

⇒ θ(x) − θ̄(x) ≤

KB.

(11)

Identifying the fact that θ(x) ≥ θ̄(x) ∀x, and noting that x̃
is the optimal value for auction with discretized functions
θ̄(.), it can be written that,

9

θ(x̃) ≥ θ̄(x̃) ≥ θ̄(x∗ ) ≥ θ(x∗ ) − KB.

8

The first inequality in equation (12) comes from the fact that
θ(x) ≥ θ̄(x) ∀x; the second inequality stems from the fact
that x̃ is optimal for θ̄(.) and the third inequality is from
construction as seen in equation (11). Therefore, from the
above equation, it is clearly seen that θ(x∗ ) − θ(x̃) ≤ KB.
Proof of Proposition 2: This proof is based on the proof
of incentive compatibility in VCG mechanisms which is
given in Chapter 9 of [13]. Define Q = (Q1 , Q2 , ..., QK )
to be the post MSP auction allocation to all agents under
assumption that agent i is bidding its discretized valuation function θ̄i (.) truthfully. Assume that the other agents
j 6= i bid vj as their discretized valuation function; vj
may or may not be truthful. Let Q̂ be the same allocation under a setting when agent i does not bid truthfully;
θˆi (.) being the untruthful valuation function. Let Q−i =
(Q1,−i , Q2,−i , ..., Qi−1,−i , Qi+1,−i , ..., QK,−i ) be the allocations to all agents under a setting when agent i is not
present in the auction. For notational simplicity, we will
consider ui (Qi ) = ui (Q) for the rest of the proof.
The utilities garnered by the agent i under the two different
settings can be described by the following two equations,
X

X
ui (Q) = θi (Q) −
vj (Qj,−i ) −
vj (Q) ,
(13)

7
Utility obtained (in $)

θk (xk )

k∈K

0.5

Fig. 6.
levels.

X

6
5
4
3
Agent Type 1
Agent Type 2
Agent Type 3
Agent Type 4

2
1
0

0

5

10
15
Amount of energy requested (in kWh)

20

25

Fig. 7. PSP: Utility received by agents of different types by varying their
bids unilaterally, while the other agent’s are kept at their socially optimal
values.

observe from Figure 7 that, agents gain maximum utility by
bidding at the socially optimal values, at which point there is
no incentive to unilaterally deviate and gain a greater utility.
Beyond this value, agents are seen not being able to improve
their utility by increasing the bid quantity. From Figure 7,
one might think that since similar utility is being obtained
by all agents when bidding a quantity in a range from social
optimal value to maximum battery capacity, the agent of any
particular type is better off by bidding the maximum quantity.
However, precise simulations considering all bids fixed at
23 kWh shows that at such a bid profile, agents of the four
types (1,2,3,4) respectively get utilities worth $7.0759, $0,
$9.4506 and $0 whereas, if any one agent (depending on

j6=i

j6=i


vj (Q̂) .

(14)

Now, define ∆ui := ui (Q̂) − ui (Q). Therefore,
X
X
∆ui = θi (Q̂) +
vj (Q̂) − θi (Q) −
vj (Q).

(15)

ui (Q̂) = θi (Q̂) −

X

(12)

j6=i

j6=i

vj (Qj,−i ) −

X
j6=i

j6=i



This can also be written as ∆ui = θi (Q̂) − θ̄i (Q̂) +





X
θ̄i (Q̂) +
vj (Q̂) − θi (Q) − θ̄i (Q) − θ̄i (Q) +
 j6=i

 
X
X
vj (Q) . Observing that θ̄i (Q̂)+
vj (Q̂) − θ̄i (Q)+
j6=i
j6=i

X
vj (Q) ≤ 0 as argued from a similar discussion in

Again, expanding ∆(x) about x2 and using a similar argument as in (25)-(27), we can write that,
∆(x∗ ) ≤ ν δ̂(x2 − x∗ ).
Adding inequalities (27) and (28), we get,
2∆(x∗ ) ≤ ν δ̂(x2 − x1 ),

(29)

⇒ 2∆(x∗ ) ≤ ν δ̂ 2 ,

(30)

j6=i

Chapter 9 of [13] and then grouping and rearranging terms,
it is evident that,

 

∆ui ≤
θi (Q̂) − θ̄i (Q̂) − θi (Q) − θ̄i (Q) ,(16)


⇒ ∆ui ≤ B − θi (Q) − θ̄i (Q) ,
(17)
⇒ ∆ui

≤ B.

(18)

This completes our proof.

 k ( x)

k

k

x 1 x0

x

x2

x1

⇒ ∆(x∗ ) ≤
This clearly shows that B ≤

2

ν δ̂
.
2

(31)

ν δ̂
2 .

VII. A PPENDIX II
X
0
Proof of Lemma 2: Assume f =
Qk (pk ) and f =
k∈K
X 0
0
Qk (p0k ) to be two optimal flow solutions with f 6= f ,
k∈K

( x)

( x)

(28)

x2

x*

x

possibly under two different price vectors p and p0 . Without
0
0
loss of generality let us assume f < f . Since f < f ,
then there exists an augmenting path S to T in the residual
flow graph corresponding to the smaller flow value f , with
capacity δ > 0. See Figure 9. Pushing a δ amount of flow
on this augmenting path increases the value
X (total revenue)
of that flow by pm δ > 0 (from f =
Qk (pk ) to f +
k∈K
X
pm δ =
Qk (pk ) + pm δ, since pm > 0. This contradicts
k∈K

Fig. 8. Variation of the difference between resource valuation under VCG
mechanism and MSP mechanism.

our assumption that f < f 0 , thereby showing f = f 0 .

Proof of Lemma 1: Refer to Figure 8 for this proof. Assume that ∆(x) , (θk (x)−θ̄k (x)). Define ν , max |∆00 (x)|.
Assume x1 ≤ x0 ≤ x2 . Using Taylor series expansion, we
can write,
0

∆ (x2 )

0

00

+δ

pm
+δ

-δ
+δ
-δ

S

T
+δ

=

∆ (x1 ) + (x2 − x1 )∆ (x0 ),

(19)

≥

∆0 (x1 ) − ν(x2 − x1 ).

(20)

+δ

-δ
+δ
pr

Therefore, it can be written that,
∆0 (x1 ) − ∆0 (x2 ) ≤ ν(x2 − x1 ),
0

0

⇒ ∆ (x1 ) − ∆ (x2 ) ≤ ν δ̂.

(21)

Observing that ∆0 (x1 ) ≥ 0, ∆0 (x2 ) ≤ 0 (in Figure 8) and
using equation (22), the following inequalities can be written,
∆0 (x1 )

≤

ν δ̂,

(23)

−∆ (x2 ) ≤

ν δ̂.

(24)

0

Inequality (24) comes from (23)and the definition of ν.
Assume x∗ to be the point where ∆(x) is maximized.
Assume x1 ≤ x10 ≤ x∗ and x∗ ≤ x20 ≤ x2 . Using Taylor
series expansion of ∆(x) about x1 , we can write,
∆(x∗ )

=

∆(x1 ) + ∆0 (x10 )(x∗ − x1 ),
0

∗

Fig. 9.

An augmenting path in the residual flow graph of f .

(22)

(25)

≤

∆ (x1 )(x − x1 ),

(26)

≤

ν δ̂(x∗ − x1 ).

(27)

~ =
Proof of Lemma 3: For a given price vector p~, let Q̃
~ 0 = (Q0 , Q0 , ...Q0 ), be two different
(Q̃1 , Q̃2 , ...Q̃K ) and Q
1
2
K
optimal energy allocation solutions. Let m be the smallest
index (PEV with the smallest price bid) in which the two
allocations differ. Without
generality, let us assume
X loss ofX
Q̃m > Q0m . Since
Q̃k =
Q0k (Lemma 2), there
k∈K

k∈K

must exist an r > m (i.e., pr > pm ) (note that all price
bids are distinct), such that Q0r > Q̃r . Then, we redirect
~
the flow (charging allocation solution) corresponding to Q̃
by some amount δ > 0 in such a way that its total value
(revenue) increases by (pr − pm )δ. This is done by reducing
the flow for PEV m by δ and increasing that for PEV r by
an equal amount (Figure 10 shows the corresponding “value

augmenting cycle” that corresponds to the flow redirection).
~ can not be an optimal solution for price vector
Therefore, Q̃
p~, contradicting our assumption. The result in Lemma 3
follows.
Proof of Lemma 4: Let us consider two price vectors
for the PEVs given as p̃~ = (y1 , p−k ) and p̂~ = (y2 , p−k )
~ =
which differ only in the k th component. Let Q̃
1
2
T
1
2
T
1
2
T
(Q̃1 , Q̃1 , ..., Q̃1 , Q̃2 , Q̃2 , ..., Q̃2 , ..., Q̃K , Q̃K , ..., Q̃K ) and
~
Q̂ = (Q̂11 , Q̂21 , ..., Q̂T1 , Q̂12 , Q̂22 , ..., Q̂T2 , ..., Q̂1K , Q̂2K , ..., Q̂TK )
be the corresponding optimal allocation solutions.
~
~ and Q̂
Note from lemma 3 that Q̃
are unique. Let
~ = (Q1 , Q2 , ..QT , Q1 , Q2 , .., QT , .., Q1 , Q2 , .., QT ) ∈ Q
Q
1
1
1
2
2
2
K
K
K
be an arbitrary allocation vector where Q is a polytope
representing the set of all feasible charging vectors. From
optimality criterion,
XX
p̃k · (Qtk − Q̃tk ) ≤ 0
(32)
k∈K t∈Tk

⇒

X

X

p̃k ·

X

p̃k · (

X

Qtk −

⇒

X

X

Q̃tk ) ≤ 0

(34)

p̃k · (Qk − Q̃k ) ≤ 0

(35)

t∈Tk

k∈K

(33)

t∈Tk

k∈K

⇒

(Qtk − Q̃tk ) ≤ 0

t∈Tk

k∈K

+δ

-δ

-δ
T

+δ

S

-δ
+δ
+δ
-δ
+δ
pr

Fig. 10. A cycle that improves total value (revenue) of the flow (energy
allocation).

having prices p such that p ≥ pj+1 , since that contradicts
optimality of the solution. So this flow will get redirected to
the source S through nodes having prices less than pj . Let
any such node be i. Therefore, there must exist a positive
value circulation of the form S → k → i → S in the residual
flow graph of the optimal solution at (pk , p−k ). Existence
of such path contradicts the optimality of the solution at
(pk , p−k ). Thus our assumption was incorrect and hence,
the result of lemma 5 holds.
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