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Abstract— This paper presents an analytic inversion scheme for
polarimetric synthetic-aperture radar in the case of an extended
target embedded in clutter and thermal noise. We developed
a filtered-backprojection-type reconstruction method. We model
targets and clutter as collections of dipoles, so that in each pixel
we reconstruct a scattering matrix. In addition, we implement
directional scattering assumptions for the curve-like extended
target. For the inversion we choose to find the filter which
minimizes the mean-square error between the reconstructed
image and the actual target scattering matrix. Our work differs
from standard polarimetric SAR imaging in that we do not
perform channel-by-channel image reconstruction. We find that
it is preferable to use a coupled reconstruction scheme in which
we use all sets of collected data to form each element of the
scattering matrix. We show in our numerical experiments that
the coupled technique not only minimizes the mean-square error,
but also increases the image signal-to-clutter ratio.

I. INTRODUCTION

In synthetic-aperture radar (SAR) imaging, a moving an-
tenna transmits electromagnetic waves that illuminate a scene.
The scattered waves are measured by the same or another
antenna, and from these measurements we reconstruct an
image of the scene.

This paper focuses on the extension of a hybrid SAR re-
construction technique that uses both analytical and statistical
theory in the framework of backprojection. This technique
was previously developed for the scalar case in [15]. This
work showed that incorporating the statistics of the scene
into the imaging algorithm leads to clutter mitigation and
also minimizes the effect of noise on the image. We extend
these results to a full vector treatment of the transmission and
scattering of the electromagnetic waves. That is, we consider
the case when a fully polarimetric radar system is used.

Polarimetric radar has the advantage of producing multiple
sets of data during a single data collection. It therefore
provides more information for the image reconstruction task.
It has not been convincingly demonstrated, however, that this
extra information actually improves image quality sufficiently
to justify the additional hardware and computational cost of
using a polarimetric system. We present a technique that
gives quantifiable improvements in image quality, namely
reduced mean-square error (MSE) and improved image signal-
to-clutter ratio (SCR).

We note that most work in polarimetry has focused solely
on detection and estimation schemes [9], [5], [6], [10], [11],

[12], [8]. It is typically assumed that one can reconstruct each
element of the target scattering matrix from the corresponding
data set. Therefore standard imaging schemes are applied to
each set of data separately. Our analysis, however, shows that
it is better to use instead a coupled image reconstruction
technique. We stress that our work differs significantly from
most work in polarimetry. We do not assume that we already
have an accurate estimate of the scattering matrix and then
attempt to perform target decomposition as most researchers
do in polarimetry [9]. We instead begin with Maxwell’s equa-
tions and re-derive the forward scattering model and develop
a novel reconstruction, or estimation, of the scattering matrix.
The coupled reconstruction uses every data set to reconstruct
each element of the target scattering matrix. This adds to
the computation time of the imaging algorithm but we show
that this improves the MSE and image SCR as stated above.
Moreover, this algorithm enables one to reconstruct target
orientation correctly even when typical polarimetric imaging
fails.

In developing this polarimetric imaging scheme we con-
sider specifically extended targets embedded in clutter. These
extended targets are anisotropic scatterers, in the sense that
they scatter electromagnetic waves differently in different
directions. Most man-made objects scatter anisotropically. For
simplicity we consider the case of an edge or curve, although
this work may be extended for more complicated targets. The
examples presented here are for linear curves. For the sake
of space we did not include curves with varying orientation,
however the method appears to give promising results in this
case as well.

Anisotropic scattering has been studied previously by many
researchers [1], [7]. For example, in [1] the radar data is broken
up into data from different sets of observation angles, or
different frequency sub-bands. This does provide information
about the directional nature of the scattering, but it leads to
a reduction in resolution, because the data is processed over
smaller apertures or smaller bandwidths.

We instead choose to incorporate the anisotropic scattering
behavior into the target model. We assume that scatterers in the
scene are made up of dipole scattering elements. Such dipole
scatterers have an orientation and a location, and they display
anisotropic scattering behavior. This dipole scattering model
was previously considered in [7]. Our work differs from [7] in
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Fig. 1. Target-centered coordinate system

that we make simplifying assumptions that allow us to write
out an analytic formula for the image reconstruction. The work
[7], on the other hand, focuses on a purely numerical solution.

The remainder of the paper is organized as follows. In the
next section we derive the forward model. We then discuss the
scheme of backprojection and define our imaging operator. We
include in this section results giving the optimal filter in the
mean-square sense for the case when the target and clutter
are statistically independent. Finally we include numerical
simulations demonstrating the results of our coupled imaging
scheme and compare with standard polarimetric SAR imaging.
Many of the details can be found in [14].

We use the convention where vectors appear in bold font
e.g. x and matrices are underlined e.g. A.

II. FORWARD MODEL

When discussing the wave propagation for polarimetric
SAR we begin with the time-harmonic Maxwell’s equations:

∇×E(k,x) = iωB(k,x) (1)
∇×H(k,x) = J(k,x)− iωD(k,x) (2)
∇ ·D(k,x) = ρ (3)
∇ ·B(k,x) = 0 (4)

where E is the electric field, B is the magnetic induction
field, D is the electric displacement field, H is the magnetic
intensity or magnetic field, ρ is the charge density, J is the
current density, and k = ω/c where ω is the angular frequency
and c the vacuum speed of light. We assume that the SAR
system under consideration has two dipole antennas, a and b
which travel along paths γa(s) and γb(s), where s is known
as the slow time. We assume that dipole a transmits the
waveform pa(t), and the scattered field is received on both
a and b. Similarly dipole b transmits the waveform pb(t),
and the scattered field is received on both a and b. Here t
is known as the fast time. We denote the Fourier transforms
of the waveforms by Pa and Pb. We also assume the dipoles
have direction êa and êb respectively.

We model the target scene as a collection of dipoles
located at various pixels and with various orientations. We
denote the direction of the dipole at location x by êT (x) =
[cos θ(x), sin θ(x), 0], where all angles θ are with respect to
the x-axis as displayed in Figure (1). Similarly we model

clutter as dipoles at various locations y with orientations
êC(y).

In the frequency domain, the far-field electric field due to
a radiating dipole of length a, located at position γa(s) and
pointing in direction êa, is [3]

Ea(k,x) = R̂
a
x,s×

(
R̂a
x,s × êa

) eikRa
x,s

4πRa
x,s

F a(kR̂a
x,s·êa)Pa(k)

(5)
where Ra

x,s = x− γa(s), R
a
x,s = |Ra

x,s|, and

F a(k cos θ) = asinc

(
ka

2
cos θ

)
(6)

is the antenna pattern of the dipole a.
We assume that the dipole êsc(x) acts as a receiving antenna

with antenna pattern F sc. Here we use the subscript and
superscript sc to indicate a general scatterer in the scene,
i.e. either target or clutter. The current induced on the dipole
radiates again as a dipole antenna, and this process has strength
ρ(x) and again antenna pattern F sc.

The measured data Dsc
a,b due to scattering from êsc(x) is

the current on the receiving dipole b:
Dsc

a,b(k, s) ∝ êb ·E(k,γb(s))

=

∫
ρ(x)

eik(R
a
x,s+Rb

x,s)

16π2Ra
x,sR

b
x,s

F sc(kR̂a
x,s · êsc)F sc(kR̂b

x,s · êsc)

F b(kR̂b
x,s · êb)Fa(kR̂a

x,s · êa)êsc ·
[
R̂a

x,s ×
(
R̂a

x,s × êa
)]

êb ·
[
R̂b

x,s ×
(
R̂b

x,s × êsc
)]
Pa(k) dx. (7)

Here the two subscripts on the left side of (7) indicate that
we transmit on dipole a and receive on dipole b. Equation (7)
also includes an integration over all possible ground locations
x in the visible scene. We suppress the dependence of êsc on
x for ease of notation.

We rewrite (7) as follows. First we let [R̂a
x,s × (R̂a

x,s ×
êa)] = (xa, ya, za) and [R̂b

x,s × (R̂b
x,s × êb)] = (xb, yb, zb).

Now if we transmit and receive on both a and b and assume
that the antennas are collocated (that is, we assume a mono-
static system) we have the following expression for the data
vector:

Dsc(k, s) =

∫
e2ikRx,sρsc(x) (8)

×

 Aa,ax2a Aa,axaya Aa,axaya Aa,ay2a
Aa,bxaxb Aa,bxayb Aa,byaxb Aa,byayb
Ab,axaxb Ab,ayaxb Ab,axayb Ab,aybyb
Ab,bx

2
b Ab,bxbyb Ab,bxbyb Ab,by

2
b

S(θsc)dx
where we define

Ai,j = (1/16π2R2
x,s)(F

sc(kR̂x,s · êsc))2F i(kR̂x,s · êi)
× F j(kR̂x,s · êj)Pi(k) (9)

for i = a, b and j = a, b. We now have expressed our forward
model in terms of the quantity

S(θsc) =


cos2 θsc

cos θsc sin θsc
sin θsc cos θsc

sin2 θsc

 . (10)
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S(θsc) is referred to as the scattering vector, or the vectorized
scattering matrix, for a dipole scatterer [9], [8]. The two
unknowns we wish to recover are ρ(x) and S(θsc).

The model is linear in terms of ρ but nonlinear in θsc,
because the argument of the radiation pattern of the scatterer,
F sc, contains θsc. In order to remove this nonlinearity we will
make assumptions about the radiation patterns of the target and
clutter [14].

A. Target Scattering Model

For an extended target, we assume that we obtain a strong
return from the scatterer only when the orientation of the target
is perpendicular to the look direction:

FT (kR̂i
x,s · êT ) =

{
1 if R̂x,s · êT ≈ 0

0 otherwise.
(11)

We change the subscript and superscript to the letter T
to indicate that we are considering a target scatterer, i.e.
a scatterer of interest. This assumption converts (8) to the
following form:

DT (k, s) = FT [T (x)] =

∫
e2ikRx,sAT (k, s,x)T (x)dx

(12)
where we define T (x) = ρT (x)S(θT ) as the target function.
The amplitude matrix, AT , now depends only on êa and êb
and not R̂x,s.

B. Clutter Scattering Model

For clutter scatterers, we assume that the scattering is
isotropic:

FC(kR̂x,s · êC) = 1 (13)

∀k, s,x. Thus, we obtain the following forward model for
clutter data:

DC(k, s) = FC [C](k, s) =

∫
e2ikRx,sAC(k, s,x)C(x)dx,

(14)

where we let the function that describes the clutter be C(x) =
ρC(x)SC(θ). The amplitude matrix, AC , has the form of
equation (8) with the dependence on êC removed.

The two forward operators FC and FT are different, but
under the assumptions above, both are now linear operators.

C. Total Forward Model

We now can combine the target and clutter data with
measurement noise n to obtain the full data model:

D(k, s) = FT [T ](k, s) + FC [C](k, s) + n(k, s)

=DT (k, s) +DC(k, s) + n(k, s). (15)

where we assume n is a 4 × 1 vector. We also make the
assumption now that the target vector T (x), clutter vector
C(x), and noise vector n(k, s) are all second-order stationary
stochastic processes.

We specify now the first- and second-order statistics for the
three processes. We let µ(x) denote the mean of the target

process and we assume that C and n are zero-mean processes.
In addition we denote the 4 × 4 covariance matrices for
T ,C, and n by CT (x,x′), RC(x,x′), and Sn(s, s′, k, k′),
respectively. In addition, we assume that the target, clutter, and
noise are all mutually statistically independent.

III. IMAGE FORMATION IN THE PRESENCE OF NOISE AND
CLUTTER

In order to form an image of the target, we use a filtered-
backprojection-type reconstruction method [14]. Specifically
we apply the backprojection operator K to our data to form
an image I of the target, i.e.

I(z) = (KD)(z) =

∫
e−i2kRz,sQ(z, s, k)D(k, s)dkds

(16)
where I(z) = [Ia,a(z), Ia,b(z), Ib,a(z), Ib,b(z)] and where Q
is a 4× 4 filter matrix to be determined below.

To determine the optimal filter Q, we will minimize the
expected mean-square error between the reconstructed image
I and the actual target function T . This method seeks to
minimize the effect of noise and clutter on the resulting image
while preserving the strength of the target. This approach is
an extension to the vector case of the work [15].

We denote by E the error process E(z) = I(z) − T (z);
with this notation, the expected mean-square error (MSE) is

J (Q) =

∫
E[|E(z)|2]dz =

∫
E[(E(z)†(E(z))]dz. (17)

where E† denotes the complex conjugate transpose of the
vector E .

In order to minimize J (Q) we find the variation of J with
respect to Q. After some calculations [14], the variational
minimization of J with respect to Q leads to the integral
equation:

0 =

(∫
ηeix·(ζ

′−ζ)

[
(QAT η − χ̃

Ω
)(ST +M)(AT )†

+ (QACη)SC(A
C)†
]
dζ′
)

(r,k)

+ (QS̃
n
η)(r,k), (18)

∀r and ∀k, where χ̃
Ω
(z, ξ) is a characteristic function that

is smoothed to avoid ringing in the image. The matrix M
is the two-dimensional Fourier transform of the quantity
µ(x)µ†(x′) and is related to the bias of the estimator. The
spectral density functions ST and SC are the two-dimensional
Fourier transforms of the autocovariance of the target and
clutter processes.

Minimizing the variance of the error process rather than the
expected mean-square error results in the same minimization
as above except that the bias term M drops out. If we also
make a stationarity assumption on (T − µ) and C, then we
can perform the integration in equation (18) and solve for Q:

Q† =

[
|η|2(AT (ST )†(AT )† +AC(SC)†(AC)†) + η(S̃n)†

]−1

× ηAT (ST )†χ̃†
Ω
. (19)
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IV. NUMERICAL EXPERIMENTS

We carried out numerical experiments to verify our theory.
The scene on the ground is assumed to be 50 meters by
50 meters, represented by 100 by 100 pixels. That is, our
resolution cell size is .5 meter by .5 meter. We consider targets
with varying orientation and we assume that ρT (x) = 1 for
all target locations x. We assume the target is always twenty
pixels in length and one pixel in width. For the clutter process
we assume that a clutter dipole is located at every possible
x in the scene of interest. All the random variables ρC(x)
are independent identically distributed (i.i.d.) Gaussian random
variables with zero mean and unit complex variance. The
random variables θC(x) are i.i.d uniform between the angles
[0, π/2]. We note that in this case the clutter process C(x)
is wide-sense stationary. Measurement noise is not explicitly
included in the numerical simulations; this is equivalent to as-
suming that the data has been prewhitened. Note that although
we assume the data is prewhitened we include the noise term in
the expression for the filter given in Equation (19). This term
serves as a regularization term as the matrix to be inverted
in (19) has a high condition number. Explicitly we write it
as rI where I is the 3 × 3 identity matrix and r ∈ C is the
regularization parameter. Currently this parameter is chosen by
the user but optimizing the parameter choice is future work.

The flight path is a linear one along the y axis; we take
γ(s) = [x0, s, z0], where we have assumed that x0 and z0 are
fixed. The two antennas used for transmission and reception
have orientations êa = [1, 0, 0]′ and êb = [0, 1, 0]′ which are
defined with respect to the origin in the scene on the ground.
We may think of a as having the vertical or V orientation and b
as having the horizontal or H orientation. Our frequency range
is 1− 1.5 GHz, where we sample at a rate above Nyquist.

In producing the data, we did not use the directional
scattering assumptions on the target and clutter process, (11)
and (13). That is, we do not approximate the radiation patterns
when simulating the data. In this way we avoid the corre-
sponding “inverse crimes” [4]. From the simulated data, we
form images of the target scattering vector, or target function,
T (x) using both the standard SAR channel-by-channel image
reconstruction and our coupled polarimetric reconstruction.
We then compare two sets of images for each example. We also
provide plots and tables that list the differences in mean-square
error and the image signal-to-clutter (SCR) ratios respectively
for the various cases.

1) Example One - Target Perpendicular to Flight Path:
We first consider the case when the target has the orientation
êT (x) = [1, 0, 0]′ which is parallel to the a, or V, antenna.
In Figure (2) we show the actual target scene (top) and then
the target-embedded-in-clutter scene (bottom). We display the
target-only data obtained using the aa, ab, and bb antenna
combinations for both transmission and reception in Figure
(3). As expected, there is no target response in the HH and
HV channels when s = 38, as this is the point the flight path
crosses the x-axis where the target lies, and consequently the
target is viewed end-on. However there is data at this point in

Fig. 2. VV component of target vector and target plus clutter vector, target
perpendicular to flight path, note X and Y are in meters

the VV data set, because the target orientation is parallel to
the V antenna and the dot products in the data therefore have
value one which is the maximum. When clutter is present the
target data is completely obscured.

Fig. 3. VV, HH, and HV target-only data for the case of a target perpendicular
to the flight path and parallel to the V antenna

We present the results of the standard image reconstruction
in Figure (4) (top) and our coupled reconstruction (bottom).
Note the image color scale corresponds to the reflectivity or
scattering strength, this is inherently a dimensionless quantity.
Here we only show the result of the VV image as the other
two images are flat as expected. In this case we have signal-
to-clutter ratio of 10dB. Note that the image is significantly
more focused in the coupled reconstruction case. We plot the
signal-to-clutter ratio versus the mean-square error in Figure
(5). The MSE is reduced by an order of magnitude with the
coupled reconstruction technique. This is noteworthy because
the filter used here was obtained by minimizing the variance
of the error process and not the MSE.

Lastly we display the image signal-to-clutter ratio in Table
(4.1). We calculate image SCR by performing the reconstruc-
tion techniques on target-only data and clutter-only data and
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Fig. 4. VV images formed using the standard vs. coupled reconstruction

then compare the energy in each set of images. Here we see a
significant improvement in the image SCR; this is clear from
the images themselves.

Fig. 5. SCR vs. MSE for the standard and coupled images respectively,
target perpendicular to flight path

Scene SCR Image SCR (standard) Image SCR (coupled)
-20 0.3122 .7869
-10 0.9873 2.4884
0 3.1223 7.8691
10 9.8735 24.8844
20 31.2226 78.6912

TABLE I
SCENE SCR IN DB AND STANDARD VS. COUPLED IMAGE SCR IN DB,

TARGET PERPENDICULAR TO FLIGHT PATH

2) Example Two - Target at 45 ◦: Our second example
considers the case when the target has orientation êT =
[1/
√
2, 1/
√
2, 0]′. In this case we expect the coupled technique

to aid even more in target reconstruction as there is more
information to be gained by using all three data sets. In Figure
(6) we show the true target scene. Next we display the target-
only HV data in Figure (7); the HH and VV data are almost
identical. We see in this case that the target is not visible

Fig. 6. HV component of target vector, 45 ◦ polarized target

for most of the flight path. However there is data in all three
channels so we expect to see some improvement by using our
coupled reconstruction.

Next we display example images formed using the two
different techniques. Here we show only the result of the HV
image as the other two images are almost identical. These
are shown in Figure (8). In this case we have signal-to-clutter
ratio of 20dB. We observe that both algorithms struggle to
reconstruct the target, because the data contains very little
target information. In addition looking at Figure (7) we see that
the target is only visible for first ten or so slow time values.
This is due to the fact that the target is significantly closer to
the antenna during this portion of the flight path. This data
obscures data resulting from a majority of the target leading
to the poor reconstruction. There are clearly artifacts visible
in Figure (8). The effects are partially due to edge effects and
also due to choice of the regularization parameter. We have
seen significant reduction in these artifacts by decreasing the
regularization parameter, however this change in the parameter
value leads to a change in the reconstructed target orientation.
We note that in Figure (8) our coupled scheme is able to
properly display the orientation of the target while the standard
reconstruction fails in this respect.

Next we plot the mean-square error versus SCR in Figure
(9). Our scheme improves the MSE only slightly because the
amount of data available for reconstruction is minimal in all
channels. We note however that the MSE may improve further
with a change in regularization parameter.

Lastly we calculate the image SCR for each type of im-
age and display the results in Table (4.2). We again see
improvement in image SCR. As expected, the gain for coupled
processing is slight because of the lack of data.

Fig. 7. HV data, target at 45 ◦
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Fig. 8. HV images formed using the standard vs. coupled reconstruction

Fig. 9. SCR vs. MSE for the standard and coupled images respectively, 45 ◦

polarized target

V. CONCLUSION

In this work we developed a novel polarimetric imaging
technique. This technique not only demonstrates how to in-
corporate statistical knowledge into the imaging scheme, but
also demonstrates a way in which to utilize the additional in-
formation a polarimetric radar provides. We have demonstrated
that our coupled reconstruction improves the image mean-
square error and signal-to-clutter ratio. In addition, this method
appears to be extremely useful when the target is not parallel
to either of the antennas used for transmission and reception.
In this case standard polarimetric techniques fail to correctly
display the orientation of the target, whereas the polarimetric
coupled reconstruction is able to recover this information. This
work suggests that polarimetric radar may prove useful in
improving SAR images and target detection capabilities. While
in this work we have considered an extremely simplified target
model the positive results suggest the need for further work
on more complicated target scenarios. To go beyond curves
and consider more complicated targets the forward model will
likely need to be modified and we leave this as future work.
In addition the case of multiple targets is left as future work.

Scene SCR Image SCR (standard) Image SCR (coupled)
-20 0.1646 0.1858
-10 0.5039 0.5069
0 1.5934 1.6031

10 5.0389 5.0694
20 15.9344 16.0308

TABLE II
INITIAL SCR IN DB AND FINAL STANDARD VS. COUPLED PROCESSING

IMAGE SCR IN DB, 45 ◦ POLARIZED TARGET
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