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Abstract

In the Part 1 of this two-part study, we present a method of imaging and velocity estimation of ground moving

targets using passive synthetic aperture radar. Such a system uses a network of small, mobile receivers that collect

scattered waves due to transmitters of opportunity such as commercial television, radio, and cell phone towers.

Therefore, passive imaging systems have significant cost, manufacturing, and stealth advantages over active systems.

We describe a novel generalized Radon transform type forward model and a corresponding filtered-backprojection

type image formation and velocity estimation method. We form a stack of position images over a range of hypothesized

velocities, and show that the targets can be reconstructed at the correct position whenever the hypothesized velocity

is equal to the true velocity of targets. We then use entropy to determine the most accurate velocity and image pair

for each moving target. We present extensive numerical simulations to verify the reconstruction method.

Our method does not require a priori knowledge of transmitter locations and transmitted waveforms. It can

determine the location and velocity of multiple targets moving at different velocities. Furthermore, it can accommodate

arbitrary imaging geometries. In Part 2, we present the resolution analysis and analysis of positioning errors in passive

SAR images due to erroneous velocity estimation.

I. INTRODUCTION

A. Motivation

A hitchhiker is a passive radar receiver that uses sources of opportunity instead of a dedicated transmitter [1]–[8].

The rapid growth of radio, cell phone, and television transmission towers provides ample opportunities for these

hitchhikers to perform radar tasks. Additionally, the absence of active signal propagation from the system provides

key advantages such as cost, simplicity of implementation, and stealth.
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Synthetic aperture radar (SAR) image formation methods are typically designed for imaging stationary scenes,

and reconstructing scenes with moving targets is a challenging task. These moving targets appear smeared and

unfocused in reconstructed images. Many methods have been presented in the literature that attempt to address the

problem of SAR imaging of ground moving targets (SAR/GMTI) [9]–[20]. Synthetic aperture hitchhiker imaging

of ground moving targets (SAH/GMTI) involves high resolution position and velocity estimation of a scene using

transmitters of opportunity and multiple moving receivers. The transmitters of opportunity can be cooperative where

the location of transmitters and transmitted waveforms are known or non-cooperative where no such information is

available.

In this paper, we develop a novel forward model and a corresponding image formation method to reconstruct both

the scene reflectivity and the two-dimensional velocity of multiple moving targets using non-cooperative sources

of opportunity. Our method extends the passive imaging of stationary scene that we presented in [6].

B. Related Work

To the best of our knowledge, no work has been published to address the problem of passive synthetic aperture

radar imaging of ground moving targets using non-cooperative sources of opportunity. However, literature on passive

SAR imaging of stationary scenes using non-cooperative sources of opportunity can be found in [6]–[8]. In [6],

an image reconstruction method is developed using filtered backprojection (FBP) on data correlated between the

receivers to image a stationary scene. Similarly, [7], [8] present methods of passive SAR imaging of a stationary

scene, but using ultra-narrowband waveforms of opportunity.

Several recent studies reported on passive imaging of moving and stationary scenes using cooperative sources

of opportunity [21]–[23]. These methods rely on collecting the direct path signal from a transmitter of opportunity

and using this signal in conventional bistatic radar imaging mode. In [24], a passive bistatic radar experiment is

conducted using an airborne receiver attempting to detect airborne targets. The algorithm employed direct path

signal suppression followed by a constant false alarm rate detection scheme.

In addition to passive SAR imaging of a stationary scene, there has been work published on passive radar imaging

of moving targets with stationary receivers using both cooperative and non-cooperative sources of opportunity [1]–

[5], [25]–[30]. For example, [29] uses a sparse array of stationary receivers to take advantage of transmitting sources

of opportunity to image moving targets. [1], [2], [31]–[40] investigate the properties of passive radar and look at the

potential performance one can obtain from such a system. [3]–[5] all show image reconstruction methods for passive

imaging of airborne targets with stationary receivers. [5] uses the simplest algorithm, direct Fourier reconstruction,

to establish a lower bound and show the viability of passive imaging. [3] and [4] improve on the performance of the

direct Fourier reconstruction by applying CLEAN deconvolution and region-enhanced image formation techniques,

respectively.

On the other hand, SAR/GMTI with active transmitters has an extensive research base. Additionally, some systems

may be called passive in a cooperative case, when the transmitter position and waveform is known. Papers that have

studied this problem generally either focus on detecting the moving targets either independently or for use with other
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image formation techniques, or they focus on the image formation process itself. For example, [9] and [10] focus on

the target detection. [9] performs the detection in multichannel SAR using displaced phase center antenna (DPCA)

and along-track interferometry (ATI) techniques, which suppress clutter by either subtracting signals from two

channels or multiplying the complex conjugates, respectively. [10] performs the detection by using time-frequency

analysis to estimate Doppler information for the moving target. In addition to DPCA and ATI, space-time adaptive

processing is an important, well-known technique primarily used for clutter suppression, and is described in [41]–

[43]. Examples of works that focus on image formation are [17] and [18]. [17] performs a keystone transform

to correct for the linear migration, and [18] performs a two-dimensional matched filtering operation to produce a

focused image of the moving target.

Another technique used in SAR/GMTI is to form images using hypothesized motion parameters and subsequently

perform detection and estimation from this stack or sequence of images. In [11], a stack of images is created by

hypothesizing a range of velocities for the target. The target can then be detected in this stack since it will be focused

in one of the correct velocity images. Alternatively, a measure of focus of the image has been used to determine the

accuracy of a hypothesized parameter [44]–[51]. With accurately estimated motion parameters, the reconstructed

images should be maximally focused, and the contrast should be at its maximum. These papers propose various

techniques to iterate and alter the image and parameters until the reconstructed image is sufficiently focused.

C. Overview and Advantages of Our Work

Part 1 of this study presents a method of imaging ground moving targets using a network of airborne receivers

and non-cooperative transmitters of opportunity. A novel forward model is formed by correlating the received

signal between pairs of receivers. This forward model can be viewed as a generalized Radon transform where the

weighted/filtered function of interest is projected onto warped passive iso-range contours that are determined by

target velocities and imaging geometry. We develop a corresponding filtered backprojection (FBP) type approximate

inverse and form a stack of position images, each one corresponding to a fixed velocity for a range of hypothesized

velocities. We show that when the hypothesized velocity is equal to the true velocity of a target, the backprojection

operator puts the target at the correct position in the reconstructed image. We design the filter so that the target

is at the correct strength whenever the hypothesized velocity is equal to the true velocity of the target. Next,

we use entropy as a measure of focus to determine the accuracy of the hypothesized velocity and to estimate

the correct target velocities. We present numerical simulations to demonstrate the performance of the method in

imaging multiple moving targets at different velocities. Although our method does not consider clutter explicitly,

the simulation study shows that the image formation and entropy based velocity estimation are robust at moderate

signal-to-noise and signal-to-clutter ratios.

In addition to the advantages provided by a passive system using non-cooperative transmitters of opportunity, our

method provides several advantages over other SAR moving target imaging methods. The FBP method for image

reconstruction uses a two-dimensional vector for the hypothesized velocity. Therefore, the method has the ability

to reconstruct both components of the velocity of moving targets instead of only a single component. Another
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advantage of our method is that there is no assumption of a single target; instead, multiple moving targets moving

at different velocities can be reconstructed. Additionally, stationary components of the scene are not filtered, so both

stationary and moving targets may be reconstructed simultaneously. Our work does not require prior information

about the motion parameters of moving targets. The images and focus measure together provide the detection and

estimation capability of moving targets and their motion parameters. The method can be numerically implemented

efficiently with roughly the computational complexity of fast-backprojection algorithms [52]. Finally, the forward

model and inversion method make no assumptions about receiver flight trajectories or the ground topography;

therefore, our method applies to arbitrary imaging geometries.

In Part 2 of this study, we present a performance analysis of the inversion and velocity estimation methods

developed in this paper. In particular, we present the position and velocity analysis of our method and develop

a theory to analyze and predict smearing artifacts in position images due to erroneous velocity estimation. These

analysis is important for understanding the capability and limitations of our method as well as designing a system

that yields the best performance possible.

D. Organization of the Paper

The organization of the remainder of the paper is as follows: In Section II we introduce the models for a moving

target and the signal scattered from a moving scene. Then, in Section III, we develop the forward model for passive

SAR/GMTI. In Section IV, we develop the FBP-type image formation method for reconstruction of position images

entropy-based velocity estimation method. Section V details the step-by-step procedure of the algorithm and analyzes

its computational complexity. In Section VI, we present numerical simulations to illustrate the theoretical results

and to demonstrate the robustness of our method in noise and clutter. Section VII concludes the paper.

II. MOVING TARGET AND RECEIVED SIGNAL MODELS

Throughout the paper, we will use bold non-italic fonts to denote vectors in 3D, bold italic fonts to denote 2D

vectors, and non-bold italic fonts to denote scalar quantities, i.e., x = [x1, x2, x3] ∈ R3, x = [x1, x2] ∈ R2,

xi ∈ R, i = 1, 2, 3. We will use calligraphic letters, such as F and K to denote operators.

We let x be a location on the ground where x = [x, ψ(x)] ∈ R3, x ∈ R2, and ψ : R2 → R is a known smooth

function for the ground topography. Since the scattering takes place in a thin region near the surface and does not

penetrate deep into the ground, the reflectivity function V (x) is of the form

V (x) = ρ(x)δ(x3 − ψ(x)), (1)

with ρ(x) representing the 2D surface reflectivity of a point on the ground.

A. Model for the Moving Target

We now model the scatterers as moving targets and their position z as a function of time. We denote s ∈ R as

the slow-time, which indexes each “data processing window.” Additionally, we make the start-stop approximation
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for both the moving targets and receiving antennas. The start-stop approximation on the receiving antennas assumes

that the range variation during a pulse reception is negligible compared to the range variation between each pulse.

Similarly, the start-stop approximation on the moving targets assumes that the range variation due to the movement

of the targets is negligible during a pulse reception as compared to the range variation between each pulse. Without

loss of generality, we let x be the position of the targets at the beginning of time (s = 0), i.e, the beginning of

the synthetic aperture. Using the assumption of constant velocity for each moving target throughout the synthetic

aperture, we represent the trajectory of a scatterer by

z(s) = x + vxs, (2)

where vx is the velocity of a particular point scatterer located at point x when s = 0. Note that the linear target

motion model may limit the length of each receiver aperture or coherent processing interval (CPI). However, as

described in Section IV-A, the use of multiple receiver apertures may compensate for the effect of a short CPI.

Since the targets are all located on the ground, and we have a known function of the ground topography, the velocity

of the scatters vx has the form

vx = [vx,∇xψ(x) · vx], (3)

where ∇xψ(x) = [∂x1
ψ(x) ∂x2

ψ(x)] is the gradient of the ground topography.

B. Model for the Received Signal From Moving Targets

We assume that there are N receivers, each traversing a trajectory γi(s), i = 1, ..., N over a scene of interest. The

model derived in [53] for a moving scene describes the signal received at the ith receiver from a single, stationary

transmitter located at y as follows:

fi(s, t) =

∫
e−iω[t−(|x−γi(s)|+|x−y|)/c0]

× eiω( ̂(x−γi(s))+(̂x−y))·vxs/c0

ρ(x)Ai(ω, s,x,v) dωdx,

(4)

where c0 is the speed of light, Ai(ω, s,x,v) is a slow varying amplitude term in ω given by

Ai(ω, s,x,v) =
JRi

(ω,x, s)JT (ω,x)

(4π)2|x + vxs− γi(s)||x + vxs− y|
, (5)

and includes the transmitter and receiver antenna beam patterns, JT and JRi
and the geometric attenuation factors

in the denominator. Note that while JRi , i = 1, ..., N are known, JT , which depends primarily on the transmitted

waveform, may not be known.

III. FORWARD MODEL

This section derives a forward model for passive synthetic aperture imaging of ground moving targets using

the moving target and received signal models presented in the previous section. The forward model is based on

the cross correlation of the received signal obtained at each synthetic aperture sampling interval for each pair of
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receiving antennas. The radiance (position) image formation and velocity estimation will be based on the inversion

of the forward model described in this section.

A. Cross-Receiver Correlation

Using (4) as our model for the signal received by each antenna, the cross-correlation of each pair of signals for

each data processing window is

fij(s, τ) =

∫
fi(s, t)f

∗
j (s, t− τ) dt, i, j = 1, ..., N, i 6= j, (6)

where f∗ denotes the complex conjugate of f , t ∈ [0, T ] is the fast-time variable for some T representing the

length of the data processing window.

Note that ARij includes only the known terms.

Since the reflectivity ρ and the transmitter terms are unknown we take a statistical approach and take the expected

value of the correlated signal in (6). Additionally, we assume that the scene reflectivity and transmitter terms are

statistically independent, and therefore,

E[ρ(x)ρ∗(x̃)JT (ω,x)J∗T (ω, x̃)] =

E[ρ(x)ρ∗(x̃)]E[JT (ω,x)J∗T (ω, x̃)]. (7)

Furthermore, we make the incoherent field approximation [54] and write

E[ρ(x)ρ∗(x̃)] = Rρ(x)δ(x− x̃) (8)

where Rρ and RT are the scene radiance and transmitter irradiance, respectively. Note that the incoherent field

approximation is valid as long as E[ρ(x)ρ∗(x̃)] has a correlation length within half of a wavelength of the carrier

frequency of the transmitter of opportunity (see page 526 of [54]). Under the incoherent field approximation, we

write E[JT (ω,x)JT
∗(ω,x)] = RT (ω,x) where RT denotes transmitter irradiance.

We now define the phase-space radiance function as

r(x,v) = Rρ(x)δ(v − vx)

≈ Rρ(x)ϕ(v,vx),
(9)

where ϕ(v,vx) is a smooth, differentiable function of v that approximates the Dirac delta function in the limit,

such as a Gaussian or sinc function.

B. Forward Model for SAH/GMTI

Using (7)-(8), the expected value of the correlated received signal can be modeled as

dij(s, τ) = E[fij(s, τ)] := F [r](s, τ)

=

∫
e−iω[τ−Rij(x,s)/c0−Bij(x,v,s)/c0]

×Aij(ω, s,x,v)r(x,v) dvdxdω

(10)
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where

Aij(ω, s,x,v) = ARij
(ω, s,x,v)

RT (ω,x)

(4π)2|x + vxs− y|2
(11)

ARij (ω, s,x, x̃,vx,vx̃) =

JRi(ω,x, s)J
∗
Rj

(ω, x̃, s)

(4π)2|x + vxs− γi(s)||x̃ + vx̃s− γj(s)|

(12)

Rij(x, s) = |x− γi(s)| − |x− γj(s)| (13)

Bij(x,v, s) = [ ̂(x− γi(s))− ̂(x− γj(s))] · vs, (14)

where x̂ is the unit vector in the direction of x. We define

Lij(x, s) = [ ̂(x− γi(s))− ̂(x− γj(s))] (15)

as the hitchhiker look direction. In this model, Rij is the hitchhiker range introduced in [6], and Bij can be viewed

as the displacement in the hitchhiker look direction due to the movement of the target at x.

We assume that there is some mA such that Aij satisfies

sup
(ω,s,x)∈U

|∂αω∂βs ∂ρ1x1
∂ρ2x2

A(ω, s,x)| ≤ CA(1 + ω2)(mA−|α|)/2 (16)

where U is any compact subset of R× R× R2 and CA depends on U , α, β, ρ1, and ρ2. Under (16), the forward

operator F is defined as a Fourier Integral Operator (FIO) [55], [56]. The phase term of F is given by

φij(ω,x,v, τ, s) = ω[τ −Rij(x, s)/c0 −Bij(x,v, s)/c0] (17)

and its amplitude term is Aij as defined in (11).

We now pose the passive synthetic aperture imaging of moving targets as the inversion of the forward map F .

C. Critical Points of the Forward Model

An FIO can be viewed as a generalized Radon transform that projects the weighted or filtered version of an input

function onto some smooth manifolds such as circles, ellipsoids etc. The weighting or filtering is defined by the

amplitude term and the smooth manifolds are defined by the phase function of the FIO. If the amplitude function is

identically equal to 1, then the FIO simply projects the input function onto the manifolds defined by its phase term.

To understand the underlying geometry, the nature of the data dij that will be used for inversion, and to develop

an inverse map for F , we study the geometry of these curved manifolds.

The main contributions to dij come from the projection of the phase-space radiance function onto the curved

manifolds which are given by the critical set {(x,v) ∈ R2 × R2 : ∂ωφ = 0, (x,v) ∈ supp(Aij)} of the phase φ

[55], [56]. We denote these four-dimensional surfaces defined in position and velocity spaces by

Hij(s, τ) = {(x,v) ∈ R2 × R2

: Rij(x, s) +Bij(x,v, s) = τc0}
(18)
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Fig. 1. Position-space iso-range contours for a stationary target. In this case the contours in 4D space are hyperboloids, and when intersected

with a flat topography form the hyperbolas shown here.

Fig. 2. Position-space iso-range contours for a moving target with velocity (50,100) on a flat topography and two receivers cross-correlating

their data. With zero velocity, these curves would be hyperbolas, but the moving target warps these contours.

and refer to them as hitchhiker moving target iso-range surfaces. In order to visualize this four-dimensional manifold

we consider the following two cross sections for constant velocity and constant position:

Hij,v0(s, τ) = {x ∈ R2 : Rij(x, s) +Bij(x,v0, s) =

τc0, (x,v0) ∈ supp(Aij)}
(19)

Hij,x0(s, τ) = {v ∈ R2 : Rij(x0, s) +Bij(x0,v, s) =

τc0, (x0,v) ∈ supp(Aij)}.
(20)

We refer to Hij,v0 as the position-space hitchhiker iso-range curve and Hij,x0 as the velocity-space hitchhiker iso-

range curve. Figures 1 and 2 show examples of position-space iso-range contours for a flat topography (ψ(x) = 0).

Figure 1 shows position-space curves with an assumption of zero velocity for the moving target. The manifolds

in 4D space are hyperboloids with the two receivers as foci, and they form hyperbolas when intersected with the

ground. A non-zero velocity warps these contours, as shown in Figure 2.
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IV. IMAGE FORMATION

The goal for reconstruction is to form an image that is simultaneously focused in both position and velocity

spaces. A logical choice would be to backproject the data onto the four-dimensional hitchhiker moving target iso-

range surfaces described in the previous section. However, since the data in hand is only two-dimensional, we may

not be able to reconstruct the image so that the underlying point spread function (PSF) is approximately a Dirac

delta function in both the position and velocity spaces.

To reconstruct a position (radiance) image of the scene, we assume a fixed, hypothesized velocity vh for the

scene and then backproject onto the two-dimensional position-space iso-range cross section for vh. We refer to this

position image as the vh-radiance image. We show in the point spread function analysis section that whenever vh

is equal to the true velocity vx of the scatterer at x, backprojecting onto the position-space iso-range cross section

places the reconstructed scatterer at the correct location. We next design the filter so that the PSF of the imaging

operator is approximately a Dirac delta function. We perform this process for a range of hypothesized velocities,

yielding a stack of these vh-radiance images. By measuring the entropy of each image, we can determine the degree

of smearing of the scatterers, and simultaneously the accuracy of the hypothesized velocities. We search the stack

of images for the one with the lowest entropy along with their corresponding velocity estimates for each target.

A. Filtered Backprojection Operator

For a given velocity vh and a given pair of receivers, we define the filtered backprojection operator as

K[dij ](x
′) = r̂vhij (x′)

=

∫
eiω[τ−Rij(x′,s)/c0−Bij(x′,vh,s)/c0]dij(s, τ)

×Qvhij (ω, s,x′) dωdsdτ,

(21)

where Qvhij (ω, s,x′) is the filter to be determined later.

Under the assumption that Qvhij satisfies a similar condition to (16), K becomes an FIO. Note that vh is simply

a fixed parameter, not an argument of K.

Our reconstructed image is the sum of all pairs of images r̂vhij :

r̂vh(x′) =
∑
i,j

r̂vhij (x′) i 6= j, i, j = 1, ..., N, (22)

Note that the assumption of linear target motion can be violated for sufficiently long apertures or CPI. However,

use of multiple pairs of receivers can extend the effective aperture length without extending the CPI, compensating

for potential loss of resolution due to short CPI.
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B. Point Spread Function of the Imaging Operator

By substituting (10) into (22) and performing the dτ integration by setting ω = ω′, we obtain

r̂vh(x′) =
∑
i,j

∫
eiω[Rij(x′,s)/c0+Bij(x′,vh,s)/c0]

× e−iω[Rij(x,s)/c0+Bij(x,v,s)/c0]

×Aij(ω, s,x,v)Qvhij (ω, s,x′)

× r(x,v) dxdvdωds

= KF [r](x′).

(23)

Our image fidelity operator is in the form

r̂vh(x′) =
∑
i,j

∫
L

(v,vh)
ij (x,x′)r(x,v) dxdv (24)

L
(v,vh)
ij (x,x′) =∫

eiω[Rij(x′,s)/c0+Bij(x′,vh,s)/c0−Rij(x,s)/c0−Bij(x,v,s)/c0]

×Aij(ω, s,x,v)Qvhij (ω, s,x′) dωds,

(25)

where L(v,vh)
ij (x,x′) is the point spread function of the imaging operator.

C. Analysis of the Point Spread Function

We analyze the PSF of the imaging operator K to understand the geometric fidelity of the reconstructed vh-

radiance images. In particular, we want to determine if a visible edge or a point scatterer in the scene is located at

the right position and orientation in the image. To address this question, we use microlocal analysis.

Let

Φ
(v,vh)
ij (ω, s,x′,x) = ω[Rij(x

′, s)/c0 +Bij(x
′,vh, s)/c0

−Rij(x, s)/c0 −Bij(x,v, s)/c0] (26)

denote the phase of the image fidelity operator KF . By the Hörmader-Sato theorem [55], [56], we conclude that

the imaging operator K reconstructs the visible edges (scatters) located at x with velocity v to location x′ with

velocity vh in the image satisfying the following conditions:

∂ωΦ
(v,vh)
ij (ω, s,x′,x) = 0 (27)

∂sΦ
(v,vh)
ij (ω, s,x′,x) = 0. (28)

Alternatively, at image location x′, K reconstructs the visible edges of the scene at locations x that satisfy the

conditions in (27) and (28). These conditions yield the surfaces

Rij(x
′, s) +Bij(x

′,vh, s) = Rij(x, s) +Bij(x,v, s) (29)

Ṙij(x
′, s) + Ḃij(x

′,vh, s) = Ṙij(x, s) + Ḃij(x,v, s), (30)
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Fig. 3. Geometry of the v⊥
j vector, which is the target’s velocity projected onto the direction perpendicular to the antenna look direction.

where x = [x, ψ(x)], v = [v,∇xψ(x) · v], [x,v,x′,vh] ∈ supp
(
AijQ

vh
ij

)
; and Ṙij and Ḃij are the derivatives

with respect to s of Rij and Bij , respectively.

For a fixed x′ and vh, (29) describes hitchhiker iso-range contours for moving targets. These contours satisfy

the equation

Rij(x, s) +Bij(x,v, s) = CR (31)

|x− γi(s)|−|x− γj(s)|+ [ ̂(x− γi(s))− ̂(x− γj(s))] · vs

=CR, (x,v) ∈ supp
(
Aij
)
,

(32)

where CR is a constant.

Similarly, for a fixed x′ and vh, (30) describes a set in (x,v) satisfying

∂sRij(x, s) + ∂sBij(x,v, s) = CD (33)

̂(x− γi(s)) · (v − γ̇i(s))− ̂(x− γj(s)) · (v − γ̇j(s))

− γ̇i(s)s

|x− γi(s)|
· v⊥i +

γ̇j(s)s

|x− γj(s)|
· v⊥j = CD

(x,v) ∈ supp
(
Aij
)
,

(34)

where CD is a constant and

v⊥i = v − ̂(x− γi(s))[ ̂(x− γi(s)) · v] (35)

v⊥j = v − ̂(x− γj(s))[ ̂(x− γj(s)) · v]. (36)

The v⊥i and v⊥j vectors are the three-dimensional target velocities projected onto the direction perpendicular to the

look directions of the two receivers. The equation describing the iso-Doppler contours is derived in Appendix A.

Figure 3 shows the geometry of this vector.

We refer to the set (x,v) satisfying (34) as the hitchhiker iso-Doppler contours for moving targets. We define

the cross-sections of this set for fixed velocity as the position-space hitchhiker iso-Doppler contours, and for fixed

position as the velocity-space hitchhiker iso-Doppler contours.
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Fig. 4. Intersection of the position space iso-range and iso-Doppler curves for flat topography. The green circles are the two receiving antennas,

with their velocity vectors shown as arrows.

The position space iso-range contours in (32), as described in Section III-C, are the intersections of warped

hyperboloids with the ground topography.

The imaging operator reconstructs visible edges at the intersection of hitchhiker iso-range and iso-Doppler

contours. Since one of the solutions of (27) and (28) is x = x′ for vx = vh, we conclude that the imaging

operator puts the visible edges at the right location in the image. However, (27) and (28) may have additional

solutions, resulting in artifacts in the reconstructed image. Some of these artifacts may be prevented by choosing

an appropriate support for Aij (illumination pattern) and appropriate flight trajectories for receivers. Figure 4

shows the intersection of the position space iso-range and iso-Doppler contours for particular antenna locations and

antenna velocities indicated by solid dots and arrows. The figure suggests that in order to eliminate artifacts and

ambiguities, the two receivers have to look at the same side of the scene with respect to the conjugate axis of the

warped hyperbolas.

D. Determination of the FBP Filter

In the previous subsection, we showed that the imaging operator can reconstruct a position image of a scatterer at

the correct location and orientation irrespective of the choice of the filter Qij , as long as the hypothesized velocity

of a scatter is equal to its true velocity. In this section, we derive the filter such that the strength or contrast of the

scatterer is also determined correctly. To do so, we choose the filter Qij such that the PSF of the imaging operator

for each pair of receivers is approximately the Dirac delta function under the assumption that the hypothesized

velocity vh equals the true velocity vx:

L
(vh,vh)
ij (x,x′) ≈ δ(x− x′)

=

∫
ei(x−x

′)·ξ dξ.
(37)

To obtain the desired PSF given in (37) we make a Taylor series approximation of the phase around the point
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x = x′:

Φ
(vh,vh)
ij (ω, s,x′,x) ≈

(x− x′) ω
c0
∇x[−Rij(x, s)−Bij(x,vh, s)]|x=x′ .

(38)

Let

Ξij(s,x
′,vh) = ∇x[−Rij(x, s)−Bij(x,vh, s)]|x=x′ (39)

and

ξij =
ω

c0
Ξij(s,x

′,vh). (40)

We now make the change of variables

(ω, s)→ ξij =
ω

c0
Ξij(s,x

′,vh) (41)

in the PSF to obtain

L
(vh,vh)
ij (x,x′) =

∫
Ωij

ei(x−x
′)·ξijAij(ξij ,x

′,vh)

Qvhij (ξij ,x
′)η(ξij ,x

′,vh) dξij (42)

where η is the determinant of the Jacobian that comes from the change of variables in (41)

η(ξij ,x
′,vh) =

∣∣∣∣∂(ω, s)

∂ξij

∣∣∣∣ , (43)

and

Ωij = {ξij : ξij =
ω

c0
Ξij(s,x

′,vh), Aij(ξij ,x
′,vh) 6= 0}. (44)

In (42), for notational convenience, we redefine

Aij(ξij ,x
′,vh) = Aij(ω(ξij), s(ξij),x

′,vh) (45)

Qvhij (ξij ,x
′) = Qvhij (ω(ξij), s(ξij),x

′). (46)

We refer to the set Ωij as the data collection manifold at x′. Clearly, the vector ξij can be interpreted as the

Fourier vector that contributes to the reconstruction of a pixel at x′. The set Ωij and the vector ξij describes many

of the properties of the reconstructed image as will be discussed in Part 2.

Since we desire our filter to make the PSF an approximate Dirac delta function, the optimal filter becomes

Qvhij (ξij ,x
′,vh) =

χΩA
∗
ij(ξij ,x

′,vh)

η(ξij ,x′,vh)|Aij(ξij ,x′,vh)|2

=
χΩA

∗
ij(ξij ,x

′,vh)

|Aij(ξij ,x′,vh)|2
|ω|
c20

× |Ξij,1Ξ̇ij,2 − Ξij,2Ξ̇ij,1|,

(47)

where χΩ is a smooth cut-off function to prevent division by zero and Ξij = [Ξij,1,Ξij,2].
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The direction of the ξij vector is defined by the vector Ξij which is given by

Ξij(s,x
′,vh)

=−Dψ(x′) · [ ̂(x′ − γi(s))− ̂(x′ − γj(s))]

−
Dψ(x′) · v⊥h,is+ ∂2

x′ψ(x′) · vh(ψ(x′)− γ3
i (s))s

|x′ − γi(s)|

+
Dψ(x′) · v⊥h,js+ ∂2

x′ψ(x′) · vh(ψ(x′)− γ3
j (s))s

|x′ − γj(s)|
,

(48)

where

Dψ(x′) =

1 0 ∂ψ(x′)/∂x′1

0 1 ∂ψ(x′)/∂x′2

 (49)

∂2
x′ =

 ∂2/∂x′
2
1 ∂2/∂x′1x

′
2

∂2/∂x′2x
′
1 ∂2/∂x′

2
2

 , (50)

and the matrix Dψ(x′) projects a 3D vector onto the tangent plane of the ground topography, and the ∂2
x′ matrix

is the Hessian operator. The derivation for the Ξij vector can be found in Appendix B.

In the case of flat topography (ψ(x′) = 0), (48) reduces to

Ξij(s,x
′,vh) = Ξij,1(s,x′,vh) + Ξij,2(s,x′,vh) (51)

where

Ξij,1(s,x′,vh) = Dψ(x′) · [ ̂(x′ − γj(s))− ̂(x′ − γi(s))] (52)

Ξij,2(s,x′,vh) =
Dψ(x′) · v⊥h,js
|x′ − γj(s)|

−
Dψ(x′) · v⊥h,is
|x′ − γi(s)|

. (53)

The first component is a function of the antenna locations and imaging geometry. This term remains the same as

in the stationary case derived in our work [6]. The second term is due to the movement of the targets.

The filter Ξij(s,x
′,vh) depends on Aij and therefore both RT (ω,x) and the transmitter-related geometric

spreading term. When this information is unavailable, we can assume a uniform prior on RT , corresponding to

a white noise model for the ambient electromagnetic signal, and we can approximate the geometric spreading up

to the radius of the imaging region of interest assuming the transmitter lies outside of this region. Since we are

performing the imaging coherently, i.e. by matching the phase of the forward operator with the imaging operator,

which does not include any of the terms above, the Jacobian resulting from the change of variables in the phase

(41) plays a more significant role in obtaining the correct strengths of the scatterers than the other terms involved

in the filter. In addition, the scatterers will also be correctly positioned in the reconstruction image, since this is a

function only of the phase matching procedure.

E. Velocity Estimation

To estimate the velocities of targets, we reconstruct a series of radiance images, each using a fixed hypothesized

velocity for a range of velocities. Images that are reconstructed with an incorrect hypothesized velocity have smeared
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targets, while the image with the correct velocity will have a focused target. We present an analysis of the degree

and nature of smearing in reconstructed images due to incorrect velocity in Part 2 of this sequence of papers.

There are a variety of metrics to measure the degree of focus in SAR images [44]–[51]. See [50] for a review

of these metrics. We chose Shannon entropy as a measure of focus for each reconstructed image. Entropy provides

distinct benefits for SAR, which includes being a sensitive measure of image focus quality, having a smooth

dependence on autofocus parameters, and requiring no specific target or clutter model [48]. In general, one may

choose to compute the image entropy over an energy-weighted version of the image as

gvh(x′) = w(x′)r̂vh(x′), (54)

where w(x′) is a two-dimensional weighting function as described in [49]. To use the original image, w(x′) can

simply be set to 1 for all x′. To use a patch of the original image, w(x′) can be set to 1 on the patch and zero

outside. For various other choices of “energy” weighting, see [50].

We measure the degree of focus of each image, and we presume the images with the highest focus yield the

correct velocity estimates. For a given radiance image reconstructed using the hypothesized velocity vh, its entropy

is defined as

En(vh) = −
∫
p(gvh(x′)) log[p(gvh(x′))]dx′, (55)

where p is the probability density function or the normalized histogram of the image in the discrete case. As the

error between true and hypothesized velocity of moving targets increases, the smearing artifacts increase, resulting

in higher computed entropy values. Thus, the local minima of En correspond to the estimated target velocities.

If the number of moving targets in the scene is known prior to velocity estimation, then this number of minimum

entropy images can simply be chosen from the image stack. If this quantity is unknown, however, then a criterion,

such as constant false alarm rate, can be used to determine the number of moving targets in the scene [57]. The

images reconstructed with the hypothesized velocities corresponding to the lowest entropy values then each display

a focused (or nearly focused, considering the effects of noise and clutter) target moving with that particular velocity.

V. COMPUTATIONAL COMPLEXITY ANALYSIS

This section describes the algorithmic implementation of our method and analyze its computational complexity.

Our image reconstruction formula for a hypothesized velocity is presented in (22). After performing the dτ

integration, the formula becomes

r̂vh(x′) =
∑
i,j

∫
e−iω[−Rij(x′,s)/c0−Bij(x′,vh,s)/c0]

×Dij(s, ω)Qvhij (ω, s,x′) dωds

(56)

where Dij(s, ω) is the Fourier transform of dij(s, τ) in the τ direction. Furthermore, the filter Qij can be

decomposed as

Qvhij (ω, s,x′) = Qvh,1ij (s,x′)Qvh,2ij (ω, s,x′)|ω| (57)
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where

Qvh,1ij (s,x′) = |Ξij,1Ξ̇ij,2 − Ξij,2Ξ̇ij,1| (58)

Qvh,2ij (ω, s,x′) =
χΩA

∗
ij(ω, s,x

′,vh)

|Aij(ω, s,x′,vh)|2c20
. (59)

Here, the |ω| factor is the well-known ramp filter from the tomography literature, the Qvh,1ij filter compensates for

the change of variables, and the Qvh,2ij filter reverses the effects of the amplitude factor, which includes the beam

pattern, waveform, and geometric spreading factors.

Assuming O(N) samples in both fast-time and slow-time and a scene sampled at O(N ×N) points, the image

reconstruction procedure for a hypothesized velocity vh can be implemented as follows:

1) Correlating each pair of receiver data in fast-time: The received signals for each pair of antennas are cross-

correlated using (6) at each slow-time s. Therefore, for all s, the computational complexity of this step is

O(N2).

2) Computing the Fourier transform in fast-time: For each s the Fourier transform of dij(s, τ) can be computed

in O(N logN) computations, so for all s, this step has a computational complexity of O(N2 logN). Note

that if FFT-based cross-correlation is used in Step 1, these first two steps can be combined.

3) Ramp filtering: Let

D̃ij(s, ω) = |ω|Dij(s, ω). (60)

For each s, this filtering can be computed in O(N) computations, making the computational complexity of

this step O(N2).

4) Filtering with Qvh,2ij : Let

D̃
ij,Q

vh,2

ij
(s, ω,x′) = D̃ij(s, ω)Qvh,2ij (ω, s,x′). (61)

For each s and x′, this filtering can be performed in O(N) computations, so the computational complexity

of this step is O(N4) in general. If Qvh,2ij is independent of x′ however, this step reduces to O(N2).

5) Backprojection: Let

r̂
ij,Q

vh,2

ij
(x′, s) =

∫
e−iω[−Rij(x′,s)/c0−Bij(x′,vh,s)/c0] (62)

×D̃
ij,Q

vh,2

ij
(s, ω,x′) dω. (63)

For each s and x′, (63) can be computed in O(N) computations. Thus, for all s and x′, the computational

complexity of this step is O(N4).

6) Partial image formation: We form the partial image using

r̂vhij (x′) =

∫
Qvh,1ij (s,x′,vh)r̂

ij,Q
vh,2

ij
(x′, s) ds. (64)

For each point x′ this integral can be computed in O(N), so the computational complexity of this step is

O(N3).
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7) Complete image formation: We form our final image via

r̂vh(x′) =
∑
i,j

r̂vhij (x′). (65)

Assuming the number of receiver pairs is much less than N , the overall computational complexity of complete

image formation is equal to the highest computational complexity of each of the steps. Therefore, the overall

complexity for image formation is O(N4). Note that for the case of a large number of receiver pairs, the

complexity of this step will scale linearly with the number of receiver pairs.

8) Entropy calculation: Compute En(vh) by calculating the entropy for each image in the stack with the formula

En(vh) = −
∑
x′

p(r̂vh(x′)) log[p(r̂vh(x′))]. (66)

The computational complexity of the entropy calculation will be O(N2) for each of the histogram calculation,

logarithm computation, and summation, yielding a complexity of O(N2) for the overall step.

The computational complexity of the full image formation procedure will be that of the step with the highest

complexity, which in the above form is dominated by the filtering and backprojection steps of O(N4). The

backprojection method described above is a Fourier-based technique. This can instead be implemented efficiently by

using fast backprojection algorithms [58]–[60] or fast Fourier integral operator computation methods [52], [61], [62].

For example, with the fast Fourier integral operator computation method presented in [52], the filtered backprojection

step can be performed with a computational complexity of O(N2 logN).

This image formation processes is repeated for each hypothesized velocity, and the images with the lowest

entropy values are then chosen. Assuming O(M) hypothesized velocities, the full image reconstruction and velocity

estimation procedure will have a computational complexity of O(MN4), or of O(MN2 logN) if the fast Fourier

integral operator algorithm mentioned above is used. However, if we assume that M � N , the full image

reconstruction and velocity computational complexity reduces to the complexity of the single image formation

procedure.

VI. NUMERICAL SIMULATIONS

A. Simulation Setup

This section describes the numerical simulations that were performed in order to demonstrate the algorithm and

its performance. In Part 2 of this paper we perform simulations to demonstrate properties relating to resolution

and position error. We simulate a moving scene of size 512× 512 meters that is discretized into 128× 128 pixels,

so that each pixel represents 4 square meters. The receiving antennas move in a circular aperture at a tangential

velocity of 261 m/s. The circular aperture has a radius of 1.5 km, an altitude of 1 km, and is discretized into 2048

equally spaced samples.

Note that the assumption of targets having linear motion while the antennas are traversing a circular aperture

may not be valid. However, this particular configuration was chosen so that velocity estimation-related effects can

be deconvolved from potential limited-aperture artifacts.
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The transmitter is a stationary tower located outside the circular flight trajectory at a distance of about 2.1 km

from the center of the scene. The transmitter is using a rectangular pulse with an effective bandwidth of about 8

MHz. This is similar to the higher bandwidths used by sources of opportunity such as DVB-T and WiMax [1]. A

graphical illustration of this setup is shown in Figure 5.

The velocities of the targets were varied to demonstrate the performance of the algorithm. The moving targets

were simulated with speeds in the range of about 10 to 30 m/s, which is aligned with a range of normal vehicle

speeds. For the hypothesized velocity, the speeds of the moving targets were assumed to be between 0 and 45 m/s.

Therefore, the two-dimensional hypothesized velocity was varied from -45 to 45 m/s in each dimension with a step

size of 2.25 m/s.

The data was generated by stepping through each slow-time and summing the signals scattered from each moving

target in the scene. The velocity estimation and image reconstruction steps were then performed as described in

Section V. Note that the image reconstruction and velocity estimation procedure is based on the forward model,

which is only an approximation to the method by which the data is collected. Additionally, as described in Section

IV-D, we used an uninformative prior for the second-order statistics of the antenna beam patterns as well as constant

geometric spreading factors in the image reconstruction.

B. Single Moving Target

The first simulation of our method shows a basic test case of a single target moving at a slower velocity of about

9 m/s towards the right. The scene at the initial time of s = 0 is shown in Figure 6. We refer to this setup as

Scene 1. Figure 6 also shows the reconstructed image when a hypothesized velocity of zero is used. This incorrect

velocity assumption produces a smeared target in the reconstructed image, since echoes are received from multiple

locations across the scene over the length of the aperture. Figure 7 shows a part of the entropy image over the

range of hypothesized velocities from -20 m/s to 20 m/s. The minimum point in this entropy image corresponds

to the true velocity. Finally, the image is reconstructed using the estimated true velocity, obtained from finding the

minimum entropy point in the entropy image. This image is shown on the right in Figure 7, and displays the ideal

result of perfect reconstruction with no error.

The second simulation uses a single moving target in the same starting location as the first simulation and moving

towards the bottom right of the image with a much greater velocity of about [18.1, 18.1] m/s. In this situation,

additional receivers were added to limit the amount of time necessary to collect the required data. We refer to this

setup as Scene 2. Figure 8 on the left shows the plot of the entropy for hypothesized velocities of -50 m/s to 50

m/s in each direction of velocity. This plot shows a clear minimum entropy point at the true velocity of [18.1, 18.1]

m/s. The reconstructed image is shown on the right side of this figure, which shows similar results to the first case.

C. Multiple Moving Targets

The third simulation demonstrates the algorithm’s performance for a scene with multiple targets. The original

scene for this simulation is shown on the left in Figure 9. There are two moving targets, one in the top left moving
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to the right at a velocity of 9 m/s and one in the bottom right moving towards the top left of the image traveling

at about 12.8 m/s. In addition, there are two stationary targets; one is located just to the top right of the center

of the scene and the other in the bottom left. We refer to this setup Scene 3. Figure 9 on the right shows the

entropy for Scene 3. The three minimum points on the surface correspond to the true velocity of each of the two

moving targets as well as the zero velocity. Figure 10 shows two of the reconstructed images corresponding to the

velocity of the first target and the zero velocity, respectively. Figure 11 on the left shows the third hypothesized

velocity reconstruction, which corresponds to the second moving target in the bottom right of the image. Accurate

position reconstruction is obtained; however, with the multiple target case, we can see artifacts in each of the images

resulting from the blurring of the incorrect targets. The method still reconstructs the true target at a much higher

strength than the artifacts, however. Figure 11 on the right shows the cross-section of the horizontal row of the

image containing the true target located in the bottom right corner. Here we can see that the amplitude of the target

is much larger than the rest of the scene. To compare with the amplitude of a blurring artifact, a plot of the row

containing the top right stationary target is shown in Figure 12. The maximum amplitude shown here is just under

0.5, which is about half of the amplitude of the focused target. Note that weak targets could be masked by stronger

targets. However, for this to occur, the strong and weak targets must be close in position, and the smearing artifacts

of the strong target must be in the direction of the weaker target.

D. Multiple Moving Targets Embedded in Clutter

Finally, in the fourth simulation we investigate the effects of clutter on the performance of the algorithm. We

simulate a moving target in the top left of the scene moving towards the right at about 9 m/s. Clutter was added

to the scene by using a Rayleigh distribution for the clutter amplitude as described in [63]. Although neither the

forward model nor the image reconstruction method attempt to model or suppress clutter, we obtain acceptable

results with a high enough Signal-to-Clutter Ratio (SCR). To test the sensitivity of velocity estimation, the peak

SCR (the ratio between target strength and clutter strength) was varied from 0 to 36 dB with steps of 2 dB. A

plot of velocity root-mean-square error versus SCR is shown in Figure 13. This plot portrays accurate estimation

at higher SCR levels, but there is a decline in performance at around 18 dB. Until this point, we see a graceful

degradation of performance, indicating a degree of robustness of method with respect to clutter. Below this SCR

level, the clutter becomes too dominant for the algorithm to estimate the target velocity. The curve then flattens out

again because of the natural upper bound set by the velocity search grid, since we use a finite range of hypothesized

velocities.

VII. CONCLUSION

This paper presents a method for image reconstruction and velocity estimation of a scene with moving targets using

a network of passive receivers and non-cooperative sources of opportunity. Passive radar systems are an attractive

solution because of their inherent cost, simplicity, and stealth advantages. Systems that are free of transmitters

are cheaper to implement and harder to detect, which potentially increases the system’s longevity. In addition, the
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Fig. 5. Setup for the simulations. The receivers move in a circular trajectory with a radius of 11 km, while the transmitter is stationary outside

of the scene. The scene size is [256× 256] m.

Fig. 6. Original setup of Scene 1 on the left along with the reconstruction on the right under the assumption of zero velocity. There is one

moving target located in the upper left quadrant traveling towards the right at 1 m/s.

Fig. 7. The left figure shows the entropy associated with Scene 1 plotted as a function of hypothesized velocity. The minimum point (the darkest

pixel) is at the correct target velocity, that is [1, 0] m/s. The image reconstruction corresponding to this hypothesized velocity is shown on the

right.
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Fig. 8. The left figure shows the entropy associated with Scene 2 plotted as a function of the hypothesized velocity over the full range of

-50 m/s to 50 m/s in each direction. The minimum point is at [18.1, -18.1] m/s, the velocity of the moving target. The right figure shows the

reconstructed image for Scene 2 with the hypothesized velocity for set to the estimated velocity vector of [18.1, -18.1] from minimum entropy.

Fig. 9. Scene 3 is shown on the left. There are two moving targets, one located in the upper left quadrant moving towards the right at velocity

9 m/s and one in the lower right quadrant moving towards the top left at velocity of about 12.8 m/s. There are also two stationary targets, one

to the top right of the center of the scene and one in the bottom left. The right figure shows the entropy image associated with Scene 3. The

minimum points of the image correspond to the true velocity of each of the moving targets as well as the zero velocity.

Fig. 10. The reconstructed images for Scene 3 with the hypothesized velocity set to each of two of the three minimum points on the velocity

image, the [9, 0] and [0, 0] velocities, respectively. Each image shows the focused target corresponding to the hypothesized velocity.
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Fig. 11. The left figure shows the reconstruction for the third minimum point in the entropy image with a hypothesized velocity of [-9, 9] m/s.

Shown on the right is the horizontal cross-section of this reconstruction along the row containing the moving target. One can see here that the

target still stands out above the blurring artifacts from the other moving targets.

Fig. 12. A plot of the top right stationary target in the third reconstructed image, focused for the bottom right moving target. The maximum

amplitude shown here is just under 0.5, which is about half of the amplitude of the focused target.

Fig. 13. This plot shows the resulting RMSE for velocity estimation at various levels of SCRs. At higher SCR levels we still obtain accurate

velocity estimation with a steady decline in performance as SCR is reduced.
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problem of imaging moving targets is important to address, since targets of interest are often mobile, and without

special processing they appear smeared and unfocused in the reconstructed image.

This paper introduces a novel forward model and an FBP-type inversion method for passive imaging of a moving

scene. The forward model is based on the correlation of received signals from different receivers and includes a phase

term due to moving target displacement. We defined a backprojection operator and showed that if the true velocities

of targets are used, our backprojection operator focuses the targets in the reconstructed radiance images. We then

used a range of hypothesized velocities and reconstructed a stack of radiance images, each one corresponding to a

hypothesized velocity. We used entropy as a metric to measure the degree of focus in reconstructed images. The

minimum entropy analysis yields the velocity estimate for each target as well as its corresponding image.

Our method relies on repeated use of backprojection operator which can be implemented efficiently by using fast

backprojection algorithms or fast Fourier integral operator computation methods and by utilizing parallel processing

on graphics processing units.

We performed numerical simulations to demonstrate the viability of our method for single and multiple moving

target scenarios. While our method does not explicitly consider clutter, our simulation study shows that entropy is

a robust metric for estimating velocity at relatively low SCR levels. Additionally, since our image reconstruction

method is backprojection-based, the image formation method holds in the presence of additive measurement noise

under the assumption that the noise is uncorrelated from one receiver to another [64]. When the noise and clutter

are correlated, the results can be further improved by taking into account the statistics of the noise and clutter as

in [65].

In this work we assumed that all targets were isotropic scatterers. However, when a wide enough aperture angle

is used, this assumption is no longer valid, and one may wish to extend the model to account for anisotropic

scatterers. This can be done by creating small subapertures defined by a small error in the Fourier vector, so that

the isotropic assumption is valid for each subaperture. This technique is described in more detail in [66].

This technique is designed for imaging moving targets located on the ground, but the technique can be extended to

image airborne targets in a straightforward manner. In that case, however, the number of unknowns would increase,

both in position and velocity. As a result, the two-dimensional position-velocity ambiguities (as described in Part

2) would extend to three-dimensional ambiguities. Additionally, the computational complexity would significantly

increase.

In Part 2 [67], we analyze the performance of our method. We present position (radiance) and velocity resolution

analysis and introduce a theory to analyze and predict smearing artifacts in the reconstructed radiance images due

to incorrect velocity information.

APPENDIX A

DERIVATION OF THE ISO-DOPPLER CONTOURS

The iso-Doppler contours are represented by the set of points (x,v) that statisfy

∂sRij(x, s) + ∂sBij(x,v, s) = CD, (67)
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where CD is a constant.

Differentiating the Rij(x, s) and Bij(x,v, s) terms with respect to s yields

̂(x− γi(s)) · (v − γ̇i(s))− ̂(x− γj(s)) · (v − γ̇j(s))

− γ̇i(s)s

|x− γi(s)|
·
[
v − ̂(x− γi(s))( ̂(x− γi(s)) · v)

]
+

γ̇j(s)s

|x− γj(s)|
·
[
v − ̂(x− γj(s))( ̂(x− γj(s)) · v)

]
.

(68)

We then define the v⊥ vectors as

v⊥i = v − ̂(x− γi(s))[ ̂(x− γi(s)) · v] (69)

v⊥j = v − ̂(x− γj(s))[ ̂(x− γj(s)) · v] (70)

and substitute into the derivative computed in (68) to obtain

CD = ̂(x− γi(s)) · (v − γ̇i(s))− ̂(x− γj(s)) · (v − γ̇j(s))

− γ̇i(s)s

|x− γi(s)|
· v⊥i +

γ̇j(s)s

|x− γj(s)|
· v⊥j .

(71)

APPENDIX B

DERIVATION OF THE Ξij VECTOR

To derive the Ξij vector, we let

Ξij(s,x
′,v) = ∇x[−Rij(x, s)−Bij(x,v, s)]|x=x′ . (72)

The gradient of the first term is equivalent to the result in [6] and is found to be

∇xRij(x, s) = ∇x[|x− γi(s)| − |x− γj(s)|]

= Dψ[ ̂(x− γi(s))− ̂(x− γj(s))]
(73)

where

Dψ =

1 0 ∂ψ(x)/∂x1

0 1 ∂ψ(x)/∂x2

 (74)

The gradient of the second term containing the moving target motion is found by computing the gradient of each

term:

∇x[ ̂(x− γi(s)) · vs] = ∇x
[

(x− γi(s)) · vs
|x− γi(s)|

]
=
∇x[(x− γi(s)) · vs]−∇x|x− γi(s)|[(x− γi(s)) · vs]

|x− γi(s)|2

=
∇x[(x− γi(s)) · vs]−Dψ ̂(x− γi(s))[(x− γi(s)) · vs]

|x− γi(s)|2

(75)
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Note that the velocity vector is of the form

v = [v1, v2,∇xψ(x) · v], (76)

so we can find the gradient of the first term in (75) as

∇x[(x− γi(s)) · vs] = ∇x[(x1 − γ1
i (s))v1 + (x2 − γ2

i (s))v2

+ (x3 − γ3
i (s))∇xψ(x) · v]s

=

v1 + ∂x1
ψ(x)v3s

v2 + ∂x2
ψ(x)v3s


+

 ∂2

∂2
x1

∂2

∂x1∂x2

∂2

∂x1
∂x2

∂2

∂2
x2

ψ(x) ·

v1

v2

 · (ψ(x)− γ3
i (s))]s

= Dψvs+ ∂2
xψ(x) · v(ψ(x)− γ3

i (s))s,

(77)

where

∂2
x′ =

 ∂2/∂x′
2
1 ∂2/∂x′1x

′
2

∂2/∂x′2x
′
1 ∂2/∂x′

2
2

 . (78)

Plugging this result back into (75), we obtain the final form of the Ξij vector after normalizing with the range,

substituting in the v⊥i , repeating the steps with the j receiver, and finally substituting x′ for x:

Ξij(s,x
′,v) = −Dψ · [ ̂(x′ − γi(s))− ̂(x′ − γj(s))]

− Dψ · v⊥i s+ ∂2
x′ψ(x′) · v(ψ(x′)− γ3

i (s))s

|x′ − γi(s)|

+
Dψ · v⊥j s+ ∂2

x′ψ(x′) · v(ψ(x′)− γ3
j (s))s

|x′ − γj(s)|

(79)
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