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Joint-Scatterer Processing for Time-Series InSAR
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Abstract—The first-generation time-series synthetic aperture
radar interferometry (TSInSAR) technique persistent-scatterer
(PS) InSAR has been proven effective in ground deformation
measurement over areas with high reflectivity by taking advantage
of coregistered temporally coherent pointwise scatterers. In order
to increase the spatial density of measurement points and quality
of displacement time series over moderate reflectivity scenes, a
second-generation TSInSAR called SqueeSAR was developed to
extract displacement information from both PSs and distributed
scatterers, by taking into account their temporal coherence and
their spatial statistical behavior. In this paper, we propose a
new second-generation TSInSAR, which is referred to as joint-
scatterer (JS) InSAR, to measure the line-of-sight surface displace-
ment using the neighboring pixel stacks. A novel goodness-of-fit
testing approach is proposed to analyze the similarity between
two JS vectors based on time-series likelihood ratios. By taking
advantage of the proposed test, a new spatially adaptive filter is de-
veloped to estimate the covariance matrix. Based on the estimated
covariance matrix, the projection of the joint signal subspace onto
the corresponding joint noise subspace is applied to retrieve phase
history. With coherence information of neighboring pixel stacks,
JSInSAR is able to provide reliable geophysical parameters in the
presence of large coregistration errors. The effectiveness of the
proposed technique is verified with a time series of high-resolution
SAR data from the TerraSAR-X satellite.

Index Terms—Covariance matrix, goodness-of-fit test, joint
scatterers, likelihood ratios, persistent scatterers, SAR interfer-
ometry (InSAR), spatially adaptive filter, SqueeSAR, synthetic
aperture radar (SAR).

I. INTRODUCTION

SYNTHETIC aperture radar interferometry (InSAR) is a
remote sensing technique that offers the capability for

recovering fine-resolution topographic profiles and measuring
possible displacements of radar targets along the line of sight
(LOS). In the past two decades, significant progress has been
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made in the use of InSAR measurement and monitoring de-
formation of the Earth’s surface, including volcanic activity
[1]–[3], seismic-related events [4], [5], landslides [6], glacier
motion [7], [8], and urban subsidence [9]. The first successful
InSAR technique applied in detecting various surface deforma-
tion is referred to as differential InSAR (DInSAR) [7], [10],
which subtracts topographic contribution from the differen-
tial phase values of two SAR scenes collected at different
times over the same area of interest. However, DInSAR usu-
ally suffers from temporal and geometrical decorrelation due
to reflectivity changes and atmospheric effects due to time-
varying tropospheric and ionospheric conditions [7]. In order
to overcome these limitations, several techniques have been
proposed, such as persistent-scatterer (PS) InSAR (PSI) [11],
[12], differential SAR tomography [13], and a small baseline
subset (SBAS) technique [14]. The PSI only considers the PSs
to minimize the phase dispersions and the consequent loss
of coherence. Since the PSs are unaffected by temporal and
geometrical decorrelation, all combinations are employed in
the PSI method, even those that exceed the critical baseline.
However, the major drawback of PSI is the possible low spatial
density of measurement points due to the lack of dominant
scatterers in the radar target region of interest. The SBAS
method exploits an appropriate combination of differential
interferograms produced by SAR image pairs characterized
by a small orbital separation to limit the spatial decorrelation
effects. It has been successfully applied to investigate volcanic
and tectonic deformation [15], [16]. Although the applied small
baseline constrains the selected SAR image pairs, the density
of coherent pixels is typically not homogeneous in the scene,
and the spatially dense results are typically limited to mostly
in urban and rocky areas, where decoorrelation has a limited
impact [17]. In [18], a new algorithm that combines both PS and
SBAS approaches was proposed to maximize the spatial sam-
pling of usable signals. In order to increase the density of mea-
surement points in nonurban areas, the latest time-series InSAR
technique (TSInSAR) referred to as SqueeSAR was proposed
in 2011 [19] to extract deformation from both PSs and statis-
tically homogeneous distributed scatterers (DSs) by applying a
spatially adaptive filter and the maximum-likelihood technique.

Extracting deformation from DSs is extremely important in
some natural hazard applications. Taking a global assessment of
levee failure hazard for an example, the classic PSI technique
fails to provide qualified measurement points for the needs of
the health assessment framework since the majority of levees
in the world are covered by grass. In this paper, a novel DS
analysis technique, termed as joint-scatterer InSAR (JSInSAR),
is proposed to improve the temporal coherence of DSs by
jointly processing neighboring pixel stacks. The idea of JS
processing comes from [20], where the coherent information
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of neighboring pixel pairs was exploited to coregister auto-
matically two SAR images and estimate the corresponding
interferometric phase. One advantage of JS processing over
traditional single-scatterer processing lies in the capability of
accurate retrieval of interferometric phase even in the presence
of large coregistration errors. In other words, the proposed
JSInSAR technique does not strongly rely on the assumption
that a set of SAR images are properly coregistered on the same
master grid. Another advantage of JS processing is that it allows
for the combination of time series of statistically homogeneous
patches to get better temporal coherence in comparison with
SqueeSAR. The physical justification for the second advantage
is that a large set of pixels can be combined and incorporated to
increase the SNR since the patch-based filter can be considered
nonlocal. Such patch-based filters or estimators have been
popularly used in the InSAR community recently (e.g., see [21],
[22]). However, the selection of patches may be subject to the
topographic relief, which will be discussed later.

Prior to jointly processing neighboring pixel stacks, a test
statistic to analyze the similarity between two JS vectors is
required. Although many powerful goodness-of-fit testing ap-
proaches exist, including the Kullback–Leibler divergence, the
Kolmogorov–Smirnov (KS) test, the Anderson–Darling test,
and the generalized likelihood ratio (GLR) test, they fail to
discriminate between the different amplitude distributions since
the similarity analysis between two JS vectors is more than
1-D testing. In this paper, a new goodness-of-fit testing ap-
proach, termed as the time-series likelihood ratio (TSLR) test,
is proposed, which considers the maximum value of a set of
likelihood ratios from time-series patch pairs as a measure of
misfit. Based on the proposed test, a new spatially adaptive
filter, referred to as the JS filter, is developed to identify the
statistically homogeneous joint data vectors and estimate the
corresponding covariance matrix.

Using the estimated covariance matrix, the joint subspace
projection (JSP) that is an extension of the original one in [20]
is exploited to retrieve the optimal interferometric-phase time
series. An example of JSP applied in TSInSAR can be found in
[23]. The principle of JSP is based on the projection of the joint
signal subspace onto the corresponding joint noise subspace by
making use of the coherent information of neighboring pixel
stacks. Similar to the framework of SqueeSAR, the original data
set can be preprocessed by applying the proposed filter and the
JSP algorithm, and both PSs and DSs can be simultaneously
processed by the standard PSI technique. Therefore, the pro-
posed JSInSAR is completed without the need of significant
changes to the classic PSI processing chain.

This paper is organized as follows. Section II introduces
the concept of JS vector and pixel stack. Section III proposes
a novel goodness-of-fit test, analyzes the similarity based on
different amplitude distributions, and then develops the corre-
sponding adaptive filter. Section IV presents the JSP algorithm
applied to the case of TSInSAR and analyzes its robustness with
respect to coregistration errors. The procedure of the proposed
JSInSAR is described in the end of Section IV. In Section V,
the performance of JSInSAR, including the increased spatial
density, quality improvement, and the robustness relative to
coregistration errors are analyzed and validated by using 42

Fig. 1. Formulation of JS vector with a window of 3 × 3.

TerraSAR-X high-resolution data acquired from New Orleans,
LA, USA. Section VI concludes this paper.

II. SIGNAL MODEL

In this paper, the boldface, boldface italics, and Roman
lowercase letters are used to denote matrix, vector, and scalar
variables, respectively.

Given a stack of N single-look complex (SLC) SAR images,
which is assumed properly coregistered, the joint data vector
ux can be formulated as

ux(m) =

[
x

(
m− k1 × k2 − 1

2

)T

, . . . ,x(m)T ,

. . . , x

(
m+

k1 × k2 − 1

2

)T
]T

(1)

where superscript T denotes vector transpose; k1 and k2 are the
sizes of a window and assumed to be odd numbers; x(i), i ∈
[m−(k1×k2−1)/2 m+(k1×k2−1)/2], is referred to as a
pixel stack (corresponding to the same ground resolution cell),
i.e., x(i)=[x1(i), . . . , xN (i)] with xj(i), 1≤j≤N , denoting
the ith pixel in jth SLC; and x(m) is the desired pixel stack
whose phase vector needs to be retrieved. To better understand
the concept of JSs, an example to formulate the joint data vector
is shown in Fig. 1, where a 3 × 3 window centered at the blue
circle contains nine pixels in each image, and the blue circles
represent the desired pixel stack. Let k′=(k1×k2−1)/2. Joint
data vector ux can be written as [24]

ux(m)
=a(φm−k′ , . . . , φm, . . . , φm+k′)�us(m)+uw(m) (2)

a(φm−k′ , . . . , φm, . . . , φm+k′)

=
[
aT (φm−k′), . . . ,aT (φm), . . . ,aT (φm+k′)

]T
(3)

where � denotes the Hadamard product, a(φm−k′) = · · · =
a(φm)= · · ·=a(φm+k′)=exp(jφm) with φm=[ϑ1, ϑ2, . . . ,
ϑN ] is called the spatial steering vector of the pixel stack x(m),
φm is the interferometric phase to be estimated, us(m) is the
complex reflectivity vector, and uw(m) is the additive noise as-
sumed mutually independent spatially white complex Gaussian
distributed with zero mean and varianceσ2

uw. In (1), the complex
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joint data vector can be modeled as a joint zero-mean complex
circular Gaussian random vector under the Gaussian scattering
assumption based on the central limit theorem [25]. Denoting
by ua(φm) = a(φm−k′ , . . . , φm, . . . , φm+k′), the correspond-
ing covariance matrix Cux(m) is given by

Cux(m) =E
{
ux(m)uxH(m)

}
=ua(φm)uaH(φm)�Rus(m) + σ2

uwI. (4)

where superscript H denotes vector conjugate transpose,
Rus(m) is the correlation coefficient matrix that only contains
the signal components and is written as

Rus(m)=

⎡
⎢⎢⎣
Rs(m−k′) 0 · · · 0

0 Rs(m−k′+1)
...

. . .
0 Rs(m+k′)

⎤
⎥⎥⎦

with

Rs(m) =

⎡
⎢⎣
r11(m) · · · r1N (m)

. . .
rN1(m) · · · rNN (m)

⎤
⎥⎦

and rij(m) denotes the correlation coefficient of the pixel pair
m between SLCs i and j.

Using the signal model of joint pixel stacks and the corre-
sponding covariance matrix, a new adaptive filter and a phase
history retrieval algorithm used in JSInSAR will be introduced
in the following.

III. SPATIALLY ADAPTIVE FILTERING

In practice, the actual covariance matrix in (4) is not known.
The most classic and simplest estimator of a covariance matrix
is the sample covariance matrix obtained from a sample of the
independent and identically distributed (i.i.d.) or statistically
homogeneous joint data vectors. The goal of this section is to
determine which of the JS vectors presents a similar statistical
behavior for each desired pixel stack and to get an estimated
covariance matrix. A new goodness-of-fit approach, termed as
the TSLR test, is proposed to analyze the similarity between
two JS vectors and a new adaptive filter, which is referred to as
JS filter, is then developed to estimate the covariance matrix.

A. Patch Similarity Criteria

As shown in Fig. 1, the joint data vector ux(m) is a stack
of N patches, and each patch is a collection of k1 × k2 ob-
servations (complex pixel values). We reformulate ux(m) as a
k1 × k2 ×N 3-D matrix, i.e.,

ux(m) = [x1(m), . . . ,xN (m)] (5)

where xi(m) denotes a patch centered at the mth pixel in the
ith SLC. Given two data matrices ux(m1) and ux(m2), the
two joint data vectors centered at m1 and m2 are statistically
homogeneous if the null hypothesis that the two matrices are
drawn from the same probability distribution function (pdf)
is accepted under a certain similarity criterion. From (5), we
can see that the similarity analysis between two JS vectors is

a multidimensional goodness-of-fit test. For the 1-D case, the
most widely used in SAR is the two-sample KS test [26], [27],
which considers simply the maximum distance between the
cumulative distribution functions (cdfs) as a measure of misfit.
However, this type of test and its variants fail to work in higher
dimensions since the corresponding straightforward extensions
to more than one dimension are not distribution free and no
universal significance levels can be established [28]. It is noted
from (5) that the similarity between two patches coming from
their respective joint data vectors should be detected prior to
judging if ux(m1) and ux(m2) are statistically homogeneous.
In the remainder of this paper, we denote the pdf by p(·), and
m in (5) will be ignored for ease of readability.

Let us consider two noisy patches denoted by x1, j and x2, j

from the same SLC j. The pair of noisy patches (x1, j , x2, j) is
similar when x1, j and x2, j are the realizations of independent
random variables following the same parametric distribution
of the common parameter Θ12. The evaluation of similarity
between noisy patches can be then rephrased as the following
hypothesis test:

H0 : Θ1 =Θ2 ≡ Θ12 (6)
H1 : Θ1 �=Θ2. (7)

A similarity criterion can be defined as a mapping from a
pair of noisy patches (x1, j , x2, j) to a real value. According
to the Neyman–Pearson theorem, the optimal criterion is the
likelihood ratio test written as [29]

Λ(j)(x1, j , x2, j) =
p(x1, j , x2, j ; Θ12, H0)

p(x1, j , x2, j ; Θ1, Θ2, H1)
. (8)

Since the test Λ(j)(x1, j , x2, j) is used to detect dissimilarity,
the smaller the value for Λ(j)(x1, j ,x2, j), the more similar x1, j

and x2, j are considered to be. Apart from the likelihood ratio
test, other patch similarity criteria in the light of dissimilarity
detection, such as Euclidean distance and Gaussian kernel and
joint likelihood criteria and mutual information kernel, were
reviewed in [29], and will not be introduced here.

B. TSLR Test

Using the patch similarity criteria Λ(j)(x1, j , x2, j) defined
in (8), we can evaluate if the two JS vectors ux1 and ux2

are statistically homogeneous. Here, a novel goodness-of-fit
testing approach, which is referred to as the TSLR test statistic,
is proposed to analyze the similarity between two JS vectors.
Borrowing the idea of the two-sample KS test, we define the
maximum patch dissimilarity as a measure of misfit for the
TSLR test. Therefore, we have the following definition.

Definition 1: Let ux1 and ux2 be two time-series samples
of mutually independent k1 × k2-dimensional random vari-
ables following the same parametric Z distribution of common
parameters Θ12. Assuming x1, j and x2, j are two random
variables from ux1 and ux2 in the SLC j, respectively, the
hypothesis test for evaluating the patch similarity between x1, j

and x2, j is shown in (6), and the parametric likelihood ratio is
denoted in (8). The TSLR test statistic is defined as

DT = sup
∣∣∣−2 logΛ(j)(x1, j ,x2, j)

∣∣∣ , j = 1, . . . , N. (9)
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Fig. 2. Selection of best distribution using KS test. (a) SLC TerraSAR_X stripmap data over New Orleans. (b) Fitting results with k1 = k2 = 9, “1,” “2,” “3,”
and “4” represent Rayleigh, lognormal, Weibull, and K distributions, respectively, and “0” denotes the region of noninterest. The red dot in (a) and black circle in
(b) denote the pixel at (297, 192).

From Definition 1, we see that the TSLR test is based on a
measure of the maximum log-likelihood ratio statistic and can
be regarded as an extension of [29], which first proposed the
use of a likelihood ratio test to define similarity. In practice,
knowledge of parameters Θ1, Θ2, and Θ12 is unavailable. We
usually replace them by their maximum-likelihood estimates
(MLEs) so that the corresponding TSLR test based on the GLR
Λ

(j)
G is written as

DT = sup
∣∣∣−2 logΛ

(j)
G (x1, j , x2, j)

∣∣∣
= sup

∣∣∣∣∣−2 log

[
p(x1, j ; Θ̂12)p(x2, j ; Θ̂12)

p(x1, j ; Θ̂1)p(x2, j ; Θ̂2)

]∣∣∣∣∣ . (10)

It has been evaluated in [29] that the patch criterion based on
Λ

(j)
G is the most powerful since it is easy to implement and

has good theoretical guarantees on the constant false-alarm rate
and the uniformly most powerful invariance. In most situations,
the exact distribution of DT is not known. However, using a
large sample theory, we can construct the asymptotic pdf for
the TSLR test. More precisely, we have the following.

Theorem 1: Let ω0 be a d-dimensional parameter space and
Θ1 ∈ ω0, Θ2 ∈ ω0. Under the smoothness condition on the Z
distribution, as k1 × k2 → ∞, the pdf of the TSLR test statistic
defined in (9) converges to

pDT
(t; d) = NPχ2(t; d)N−1pχ2(t; d) (11)

where Pχ2(t; d) and pχ2(t; d) are the cdf and the pdf of the chi-
squared distribution with d degrees of freedom, respectively.

Proof: UnderH0 andH1 in (6) andΘ1∈ω0 andΘ2∈ω0,
we have

H0 :Θ12∈ω0 versus H1 : (Θ1, Θ2)∈Ω0−(ω0, ω0) (12)

where ω0 and Ω0 have d and 2d free parameters, respec-
tively. Using Wilks’s theorem in [30], the (generalized) log-
likelihood ratio statistic −2 logΛ(j) has an approximate
chi-squared distribution with d degrees of freedom, so that
we have N i.i.d. chi-squared random variables: −2 logΛ(1)

(x1,1,x2,1), . . . ,−2 logΛ(N)(x1,N , x2,N ). The distribution
of DT is then written as

P (DT ≤ t)=P
(
−2 logΛ(1)(x1,1, x2,1)≤ t, . . . ,

−2 logΛ(N)(x1,N , x2,N )≤ t
)

=Pχ2(t; d)N (13)

and the corresponding pdf is given in Theorem 1.
Under Theorem 1, the null hypothesis that two JS vectors are

homogeneous is rejected at a given significance level α if DT >
Cα, where threshold Cα is found from P (DT ≤ Cα) = 1− α
with α = 1− Pχ2(t; d)N .

C. Similarity Analysis

Since the calculation of (generalized) log-likelihood ratios in
the TSLR test depends on the types of distributions of SAR
terrain clutter, it is necessary to determine which distribution
fits the data best. There are various statistical distributions used
to characterize the temporal and spatial amplitude distributions
of SAR clutter, including Rayleigh, Weibull, lognormal, and
K distribution. The classical Rayleigh distribution model for
the amplitude of scatterers agrees reasonably well with obser-
vations of homogeneous regions with coarse spatial resolution
[31]. Lognormal and Weibull distributions are good statistical
representations of clutter in the case of a small-resolution cell
or heterogeneous terrain, whereas the K distribution is highly
suitable for modeling the terrain composed of a mixture of
locally homogeneous patches [32]. We exploit a one-sample KS
test to choose an appropriate distribution, i.e.,

DKS = sup |Pk1×k2
(x)− P (x)| (14)

wherePk1×k2
(x) is the cumulative amplitude distribution of scat-

terers in a SAR patch, and P (x) is the pdf whose parameters can
be obtained by the MLE technique. When the distribution that
fits the data best is chosen, the TSLR test statistic DT can be set
up using the log-likelihood ratios developed in the Appendix.
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Fig. 3. CDF comparison for a pixel at (297, 192), “blue,” “black,” “green,” “red,” and “yellow” represent empirical, Rayleigh, lognormal, Weibull, and K cdfs,
respectively. (a) k1 = k2 = 9. (b) k1 = k2 = 3.

An experiment on selecting the best distribution was con-
ducted using a time series of TerraSAR-X SLC images over
New Orleans. The size of the patch is set to k1 = k2 = 9. The
empirical cdf was calculated and compared with theoretical
Rayleigh, lognormal, Weibull, and K distributions whose pdfs
are assumed time invariant. Fig. 3(a) shows the comparison
result for a pixel located at the (297, 192) cell in the scene
shown in Fig. 2(a). It is shown in Fig. 3(a) that the Rayleigh
distribution fits the empirical measure worse than the last
three distributions, which is probably due to a high spatial
resolution in TerraSAR data. The values of the KS statistic
for the last three distributions are 0.102, 0.059, and 0.081,
respectively, indicating the Weibull distribution fits the scatterer
best. Fig. 2(b) shows fitting results for the whole scene. Using
a prior distribution in Fig. 2(b), the TSLR test can be carried
out to choose homogeneous joint data vectors. It should be
noted that the distribution fitting depends on the size of patch.
Take the same pixel at (297, 192) for example. The fitting
result is shown in Fig. 3(b), where the size of patch is set
to k1 = k2 = 3. The corresponding values of the KS statistic
are 0.303, 0.127, 0.158, and 0.209, respectively, indicating the
lognormal distribution is the best choice for the pixel. Normally,
the variation of types of distributions from pixel to pixel will
be increased as the number of samples reduces. However, the
difference of values of the KS statistic associated with the best
and the second best distributions may be close, as shown in
Fig. 3. Therefore, one can define the similar distributions whose
statistic values are close when the size of patch is small. Given
a certain search window, the procedure of similarity analysis
includes two steps: 1) performing distribution fitting using the
KS test from one of the SAR images and then selecting the
patches that have the same distributions in the case of big size
or that have similar distributions in the case of small size; and
2) carrying out the TSLR test for the selected patch stacks using
the full data set. As shown in these two steps, the similarity
analysis between two joint data vectors is a 2-D procedure
since the first step is performed in the spatial dimension and
the second step in the temporal dimension.

D. JS Filtering

Here, a new spatially adaptive filter, the JS filter, is proposed
for JSInSAR. Spatially adaptive filtering aimed at reducing
noise while preserving details is popularly used in speckle
removal and interferogram filtering, as well as the covariance
matrix estimation. Three key elements of spatially adaptive
processing include: 1) the definition of a statistical test capable
of choosing homogeneous pixels; 2) the calculation of weights
assigned to the selected pixels; and 3) the determination of the
searching area. Most existing spatially adaptive filters cannot be
directly applied to the case of TSInSAR due to the lack of ap-
propriate statistical tests for a stack of SAR data. In SqueeSAR,
a spatially adaptive filter based on two-sample KS tests, which
is referred to as DespecKS, was developed to process multitem-
poral SAR data sets. Different from DespecKS, the JS filtering
exploits the TSLR test to select homogeneous patches and is
not subject to the assumption of good coregistration. Moreover,
we can introduce the weights to estimate the covariance matrix.
The weight assigned to the homogeneous joint data vector
ux(l) is defined as

ξ(l) = e−
DT (l)

Cα (15)

where DT (l) denotes the TSLR test applied to ux(l) centered
at the lth pixel. The form of ξ(l) is similar to the weight of
polarimetric SAR speckle filtering developed in [22]. The more
similarity between two joint data vectors, the smaller DT (l) is
and the bigger contribution ux(l) have to the joint covariance
matrix. With calculated weights, the joint covariance matrix
Cux(m) in (4) can be estimated by

Ĉux(m) =
1∑|Δ|

l=1 ξ(l)

∑
l∈Δ

ξ(l)ux(l)uxH(l) (16)

where Δ is the set of homogeneous joint data vectors, and
ξ(l) = 1 when l = m. The basic procedure of the JS filtering
is described in Algorithm 1, and a corresponding illustra-
tion is provided in Fig. 4. The selection of the size of the
patch (k1, k2) and the search window in Algorithm 1 can be
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Fig. 4. JS filtering.

discussed using the Reed–Mallett–Brennan (RMB) rule [33].
Given k1, k2, and the number of SLCs N , the dimension of
the joint covariance matrix is k1 × k2 ×N . According to the
RMB rule, the cardinality of the set Δ that |Δ| > 2(k1 × k2 ×
N)− 1 would make the estimation loss within 3 dB. Therefore,
one possible criterion is that the size of the search area is
large enough to make sure that the number of homogeneous
joint pixel vectors satisfies the RMB rule. Due to this criterion,
the JS filtering is a nonlocal technique since the search area
is not restricted to local neighboring pixels. The selected type
of search area, which may be rectangular windows, directional
windows, or spatially connected components, is subject to the
topographic relief. For instance, one can select a rectangular
window as the search window for locally flat terrains and a
directional window for steep terrains. Given the size of the
search window and N , the size and type of patches can be
properly selected. For example, for small N , the patch may be
set to 3 × 3, whereas for large N , the patch can be constituted
by three neighboring pixels in range and two neighboring
pixels in azimuth. In addition, the selection of the size of the
patch is related to the preservation of image details. It was
investigated in [22] that, with the increase in size, textures and
linear structures are better preserved, whereas the single-pixel
point targets are blurred. To overcome the information loss of
pointwise permanent scatterers, it is necessary to set threshold
Chjv for |Δ| prior to retrieval of the joint covariance matrix. It
is difficult to define a universal criterion for the threshold Chjv

as it is dependent on the spatial resolution of the SAR data.
However, since Chjv is mainly used to preserve PSs, we can set
this threshold according to the value of |Δ| for some typical
permanent targets, such as buildings in the sites of interest.
For example, if the average number of homogeneous joint data
vectors for some pointwise targets is 30, we can set Chjv = 30.

Algorithm 1 JS Filtering of the TSLR Test

procedure:
• define a search window and the size of patch k1, k2;
• given a significance level α, calculate the test threshold Cα

according to Theorem 1;
• set a certain threshold Chjv for the number of homoge-

neous joint data vectors;
• for each joint data vector ux(m) of image stacks do

Fig. 5. Number of SHPs identified by the TSLR test.

· empty the set of homogeneous joint data vector Δ
· choose an appropriate distribution using (14)
· for each joint data vector ux(l) in the search window as

shown in Fig. 4 do
· apply TSLR test to calculate DT using (10).
· if DT > Cα

· discard the joint pixel stack ux(l)
· else
· add ux(l) to Δ and compute the weight ξ(l) using (15)
· end if
· end for
· if |Δ| > Chjv , estimate the covariance matrix Ĉux(m)

using (16)
· end for
end procedure

To demonstrate the effectiveness of the proposed filter, 42
SLC TerraSAR-X Stripmap data over New Orleans are used.
Since we are not interested in the canal at the site shown in
Fig. 2(a), a mask is added for this experiment. The JS filter is
compared with a 7 × 7 boxcar filter and a filter based on the
KS test. For the JS filter, the search window is set to be 15 ×
15 pixels, and the patch is a 3 × 3 window. Since the Rayleigh
distribution is simple and has the similar fitting performance
compared with more complex distributions when using a 3 × 3
patch, the distribution for the JS filter here is set to be Rayleigh.
The number of statistically homogenous patches (SHPs) identi-
fied by the TSLR test is shown in Fig. 5. In Fig. 5, one can see
that the number of SHPs on the grass-covered sides of the levee
near the canal is much higher than that on the concrete top of the
levee, which indicates that some grass scatterers might become
a PS. The original single-look image and its filtered versions
using the boxcar filter, the filter based on the KS test, and
the JS filter are shown in Figs. 2(a) and 6(a)–(c), respectively.
Compared with the original image, although the speckle noise
in Fig. 6(a) is reduced by using boxcar filtering, several details
are missing due to blurring. Fig. 6(b) is the result using the
filter based on the KS test with a 5 × 5 window, which shows
good performance of edge and PS preserving; however, some
details in the building area may be somewhat overly enhanced,
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Fig. 6. Comparison of filtering algorithms using (a) 7 × 7 boxcar filter, (b) filter based on the KS test, and (c) JS filter.

and some details in statistically homogeneous areas, such as the
grass-covered levees, may be somewhat noisy. This is because
the single-pixel-based KS test does not make full use of simi-
larity from neighboring pixels. Fig. 6(c) is the result using the
proposed JS filter, where the details, including edges, linear, and
curved features, and pointwise scatterers are well preserved,
and the speckle is remarkably reduced. In Fig. 6(c), the grass-
covered levee is more smooth than that in Fig. 6(b) since the
patch-based TSLR test makes use of more details from local
neighboring pixels. The comparisons in Fig. 6 indicate that the
JS filter is applicable for statistically homogeneous areas.

IV. JSInSAR

A. Joint Subspace Projection

Prior to extracting geophysical parameters of interest using
multiinterferogram-based techniques, a key stage of the second-
generation TSInSAR is the estimation of the optimal wrapped
interferometric phases from the estimated covariance matrix.
The widely used methods to retrieve a set of phases are based
on the MLE, including the phase linking algorithm in [34] and
phase triangulation algorithm in [19]. The estimation technique
exploited here is referred to as JSP, which was originally

proposed in [20] to retrieve the interferometric phase of an SLC
pair. We extend JSP to the case of TSInSAR. The principle of
JSP is based on projection of the joint signal subspace onto the
corresponding joint noise subspace. Let us eigendecompose the
estimated joint covariance matrix as

Ĉux(m) = EsΓsE
H
s +EwΓwE

H
w (17)

with

Γs =diag
[
λ(1), λ(2), . . . , λ(K)

]
Γw =diag

[
λ(K+1), λ(K+2), . . . , λ(k1×k2×N)

]
Es =

[
β(1)
xuc, β

(2)
xuc, . . . , β

(K)
xuc

]
Ew =

[
β(K+1)
wuc , β(K+2)

wuc , . . . , β(k1×k2×N)
wuc

]
where the eigenvalues in Γs and Γw are in descending order,
and λ(K) 
 λ(K+1). Eigenvectors β

(l)
wuc(l = K + 1, . . . , k1 ×

k2 ×N) corresponding to the smaller eigenvalues λ(l)(l =
K + 1, . . . , k1 × k2 ×N) span the joint noise subspace, i.e.,

Nuc = span
{
β(K+1)
wuc , β(K+2)

wuc , . . . , β(k1×k2×N)
wuc

}
(18)
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whereas the larger eigenvectors β
(k)
xuc(k = 1, 2, . . . ,K) corre-

sponding to the principle eigenvalues λ(k)(k = 1, 2, . . . , K)
span the joint signal subspace, i.e.,

Suc = span
{
β(1)
xuc, β

(2)
xuc, . . . , β

(K)
xuc

}
(19)

It is shown in (4) that Ĉux(m) can be expressed as a function of

the joint correlation function matrix R̂ux. By eigendecompos-
ing R̂ux, an alternative form of Ĉux(m) is written as

Ĉux(m) =ua(φm)uaH(φm)� R̂ux+ σ̂uw
2I

=ua(φm)uaH(φm)�ErΓrE
H
r + σ̂uw

2I (20)

with

Γr = diag
[
λ̃(1), λ̃(2), . . . , λ̃(K)

]
Er =

[
β(1)
xur, β

(2)
xur, . . . , β

(K)
xur

]
. (21)

The noise power is often estimated by

σ̂2
uw =

1

k1 × k2 ×N −K

k1×k2×N∑
l=K+1

λ(l). (22)

As shown in (20), the same joint signal subspace based on
the principle eigenvectors β

(k)
xuc(k = 1, 2, . . . , K) of Ĉux(m)

can be spanned by the Hadamard product of ua(φm) and
eigenvectors in Er, i.e.,

Suc = span
{
ua(φm)� β(1)

xur,ua(φm)

�β(2)
xur, . . . ,ua(φm)� β(K)

xur

}
(23)

Due to the self-adjoint property of Ĉux(m), the noise sub-
space spanned by eigenvectors in Ew, as shown in (18), is
orthogonal to the signal subspace shown in (23). Therefore, one
can estimate the interferometric-phase vector φm by projecting
the joint signal subspace onto the joint noise subspace, as
follows:

Jc =

K∑
k=1

k1×k2×N∑
l=K+1

(
ua(φm)� β(k)

xur

)H

×β(l)
wucβ

(l)H
wuc

(
ua(φm)� β(k)

xur

)
(24)

which is defined as the cost function to retrieve the optimal
phase vector. Using in [20, Eq. (B.1)], we can rewrite the cost
function of (24) as

Jc = uaH(φm)
(
ErE

H
r �EwE

H
w

)
ua(φm). (25)

To calculate the eigenvectors in Er for the cost function
Jc, one can eigendecompose an estimate of the joint correla-
tion function matrix that can be approximated as the absolute
value of (Ĉux(m) − σ̂2

uwI). It is noted that the computational
complexity of minimization of Jc is too high due to the large
dimension of the joint data vector. Under the assumption that

pixel stacks in the search window have an identical spatial
steering vector, the cost function Jc can be simplified. Let

A = ErE
H
r �EwE

H
w . (26)

It can be easily proved that A is a Hermitian matrix with the
dimension k1 × k2 ×N . Then

J ′
c = aH(φm)

(
k1×k2∑
l1=1

k1×k2∑
l2=1

Al1l2

)
a(φm) (27)

where Al1l2 are N×N submatrices of (ErE
H
r �EwE

H
w ). It

is indicated in (27) that, from a computational point of view,
the main difference of our approach based on multidimensional
testing and other TSInSAR based on 1-D testing lies in the
calculation of the covariance matrix as the Hermitian matrix A
can be reduced to the sum of normal matrices prior to solving
the minimization problem. Since the minimization of J ′

c is an
unconstrained quadratic optimization, one possible solution is
to use a quasi-Newton method as in SqueeSAR, such as the
Broyden–Fletcher–Goldfarb–Shanno method. Another option
is to iteratively minimize J ′

c with respect to each phase using
the following closed form:

ϑ̂(q)
n =∠

⎧⎨
⎩

N∑
i�=n

{
k1×k2∑
l1=1

k1×k2∑
l2=1

Al1l2

}
ip

exp
(
jϑ̂

(q−1)
i

)⎫⎬
⎭ (28)

where q is the iteration step, and the operator ∠{·} indicates
the phase of the element. The idea of an efficient algorithm
using (28) comes from the phase linking algorithm in [34].
The starting point of iteration was assumed as the phase of the
vector minimizing the quadratic form J ′

c under the constraint
a(0)(φm) = 1. It is proven by the phase linking algorithm in
[34] that such an iteration algorithm based on (28) is very
effective when the joint covariance matrix is approximately
known or accurately estimated.

Since some interferograms will have large temporal or spa-
tial baselines, conventional InSAR coregistration methods may
not be able to remove such high decorrelation. In StaMPS
software from Delft [18], [35], a network method based on
weighted least squares estimation was developed to perform
the SAR scene coregistration in multiinterferogram time-series
scenarios. However, if using JSP, one can still achieve the
desired accuracy and the corresponding coherence even based
on the conventional coregistration methods. In the following,
we discuss the robustness of JSP with respect to coregistration
errors. Suppose N − 1 SLCs are accurately coregistered and
the last one has a coregistration error of one pixel. The pixel
stacks in the joint data vector with a window of 3 × 3 shown in
Fig. 1 is classified as the coherent pixel stacks ([4−1, . . . , 4−k,
. . . , 4−N ], [5−1, . . . , 5−k, . . . , 5−N ], [6−1, . . . , 6−k, . . . ,
6−N ], [7−1, . . . , 7−k, . . . , 7−N ], [8−1, . . . , 8−k, . . . , 8−
N ], and [9−1, . . . , 9−k, . . . , 9−N ]) and the noncoherent
pixel stacks ([1−1, . . . , 1−k, . . . , 1−N−1, 10−N ], [2−1,
. . . , 2−k, . . . , 2−N−1, 11−N ], and [3−1, . . . , 3−k, . . . , 3−
N−1, 12−N ]). The joint correlation function matrix Rux(5)
can be decomposed into three terms, i.e.,

Rux(5) = R1(5) +R2(5) +R3(5) (29)
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where

R1(5) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Rx(4) 0 · · · 0
0 Rx(5) · · · 0
...

. . . · · · 0

0
... Rx(9) 0

0
...

...
. . .

0 · · · · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

R2(5) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . . · · · 0
Rx(1) · · · 0

0 0 · · · 0
0 · · · Rx(2) 0
0 0 · · · 0
0 · · · 0 Rx(3) 0
0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

R3(5) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . . · · · 0
... σ2

x(10) · · · 0

0 0
. . . 0

0 · · · σ2
x(11) 0

0 0
. . . 0

0 · · · 0 σ2
x(12)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

are the joint correlation function matrices of the coherent pixel
stacks, coherent pixel substacks, and noncoherent pixels, re-
spectively. Rx(4), . . . , Rx(9) in R1(5) are N ×N correlation
matrices; Rx(1), Rx(2), and Rx(3) in R2(5) are (N − 1)×
(N − 1) correlation matrices; and σ2

x(10), σ
2
x(11), and σ2

x(12)
in R3(5) are echo powers of the pixels. Using (29), Cux(5) can
be eigendecomposed into

Cux(5)=ua(φ5)ua
H(φ5)� (R1(5) +R2(5) +R3(5))

+ σ2
uwI

=ua(φ5)ua
H(φ5)� (R1(5) +R2(5)) +R3(5)

+ σ2
uwI

=ua(φ5)ua
H(φ5)�Er1Γr1E

H
r1 +Er2Γr2E

H
r2

+EwΓwE
H
w (30)

where

Γr1 =diag
[
λ̃(1) + σ2

uw, λ̃(2) + σ2
uw, . . . , λ̃(9) + σ2

uw

]
Er1 =

[
β(1)
xur, β

(2)
xur, . . . , β

(9)
xur

]
Γr2 =diag

[
λ̃(10) + σ2

uw, λ̃(11) + σ2
uw, λ̃(12) + σ2

uw

]
Er2 =

[
β(10)
xur , β

(11)
xur , β

(12)
xur

]
Γw =diag

[
σ2
uw, . . . , σ2

uw

]
,

Ew =
[
β(1)
wuc, β

(2)
wuc, . . . , β

(9N−12)
wuc

]
. (31)

It is shown in (30) that ua(φ5)� β
(k)
xur (k = 1, 2, . . . , 9)

and β
(k)
xur(k = 10, 11, 12) span the joint signal subspace, and

β
(l)
wuc(l = 13, . . . , 9N − 12) span the joint noise subspace. The

dimension of the joint signal subspace is equal to 12, which is
increased by 3 in comparison with that in the case of accurate
coregistration due to the introduction of three noncoherent
pixels in R3(5). The projection of the joint signal subspace onto
the corresponding joint noise subspace is written as

min{Jc}=min
{
uaH(φ5)

(
Er1E

H
r1 �EwE

H
w

)
ua(φ5)

+
(
Er2E

H
r2 �EwE

H
w

)}
=min

{
uaH(φ5)

(
Er1E

H
r1 �EwE

H
w

)
ua(φ5)

}
. (32)

As noted from (32), the joint correlation function matrix R3(5)
of the noncoherent pixels has no contribution to retrieval of the
phase vector φ5. Since the noncoherent pixels in the joint data
vector have no effect on the estimation of φ5, it indicates that
our technique is robust with respect to coregistration errors.

B. Procedure of JSInSAR

In the framework of SqueeSAR, two procedures including
preprocessing and PSI are integrated to extract geophysical
parameters from both DSs and PSs. The benefit of such frame-
work is that it efficiently avoids the hybrid processing chain
where two or more algorithms may be applied to DSs and PSs
separately, which motivates us to exploit a similar processing
chain. The preprocessing in JSInSAR includes the JS filtering
and JSP. The procedure of JSInSAR is described as follows.

Step 1) Define the sizes of the search window and the patch for
each desired pixel m and set thresholds Cα, Chjv , and
the type of distribution used in the JS filter.

Step 2) Construct the joint data vector for each m and apply the
JS filter to estimate the joint covariance matrix Ĉux(m).

Step 3) Estimate joint signal and noise subspaces by eigende-
composing the joint covariance matrix and joint corre-
lation function matrix.

Step 4) Retrieve an optimal phase vector for the desired pixel
stack m by projecting the joint signal subspace onto the
joint noise subspace.

Step 5) Choose pixels whose temporal coherence is higher than
a certain threshold and substitute the original phase
values with their optimized ones.

Step 6) Process the updated SAR images using PSI technique
and retrieve geophysical parameters including elevation
and time-series displacement.

Since the PSI technique is used in the last step, the perfor-
mance assessment of JSInSAR such as the standard deviation
(std) of displacement measurements is similar with that in
PSI. The relation between the SNR of PSs or equivalent PSs
converted from DSs and the variance of displacement rate can
be expressed as [36]

σ2
v ≈

−2λ2 ln SNR
1+SNR

N(4πσT )2
(33)
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where the temporal baseline dispersion σ2
T is given by∑N

i=1(Ti − T )2/N . The difference of σ2
v in PSI and JSInSAR

is the calculation of SNR for PSs and the equivalent PSs.
Compared with the SNR of PSs, the SNR of equivalent PSs is
not only related to the size of scatterer and the sampling cell but
also related to the parameters of the JS filter such as the number
of neighboring pixels. As the number of neighboring pixels
increases, the phase noise is reduced, but the error of spatial
correlation may be included since an error in one pixel is highly
correlated with errors at its similar neighbors. It is difficult
to derive a calculating formula of the SNR for the equivalent
PSs with respect to the number of neighboring pixels since
we do not exactly know how the phase noise changes with the
size of a patch and how the process of combining information
from neighboring pixels affects the spatial correlation of errors.
Therefore, we still use the original temporal coherence defined
in PSI to extract the variance of displacement measurement,
i.e., [36]

σ2
v ≈ −2λ2 ln γ

N(4πσT )2
(34)

where γ is the temporal coherence of equivalent PSs in the
updated SAR image. Although we do not know how the spatial
correlation of errors change with the size of a patch, one can use
the following extended temporal coherence as defined in [19] to
assess the quality of the estimated phase vector and the effect
of spatial correlation from neighboring pixels

γjsp =
2

N2 −N
Re

N∑
n=1

N∑
k=n+1

exp(jϕnk) exp (−j(ϑn − ϑk)) .

(35)

C. Computational Complexity Analysis

The processing time of the proposed JSInSAR depends on
three parts: joint scattering filtering, JSP, and PSI technique. In
order to compare with other existing TSInSAR, such as, PSI
and SqueeSAR, we only need to analyze the computational
burden of the preprocessing (i.e., the first two parts). For a given
SAR image with height M1 and width M2 and a W1 ×W2

search window, assuming the calculation complexity of the
TSLR test, the joint covariance matrix and JSP are Tjt, Tjc,
and Tjsp, respectively, and the total time of the preprocess of
JSInSAR is around M1 ×M2 × [W1 ×W2 × (Tjt + Tjc) +
Tjsp]. Similarly, the computational burden of the individual-
pixel-based preprocess as in SqueeSAR is M1 ×M2 × [W1 ×
W2 × (Tot + Toc) + Tphe], where Tot, Toc, and Tphe denote
the calculation time of the 1-D test, the covariance matrix,
and the phase estimation. It is indicated in (27) that, from a
computational point of view, the main difference of JSP and
other phase estimation algorithms lies in the calculation of
the covariance matrix. In other words, if the joint covariance
matrix is decomposed into submatrices, Tjsp is close to Tphe

and Tjc ≈ k1 × k2 × Toc, where k1 and k2 are the size of the
patch. The main difference between Tjt and Tot is the time used
in the MLE of the parameters, as shown in the Appendix, which

TABLE I
TERRASAR-X ACQUISITION DATES, TIME INTERVALS,

AND PERPENDICULAR BASELINES

Fig. 7. Reflectivity image of the region of interest.

is proportional to the number of scatterers in each SAR patch,
i.e., k1 × k2. Therefore, the calculation complexity of prepro-
cessing in JSInSAR is approximately k1 × k2 times larger than
that preprocessing. In order to mitigate the processing time, a
mask for the region of interest is usually used to perform the
preprocess for JSInSAR.

V. EXPERIMENTAL RESULTS AND ANALYSIS

Forty-two TerraSAR-X Stripmap images over New Orleans
were acquired between March 2009 and August 2012 in the
descending orbit. TerraSAR works in X-band (9.6-GHz fre-
quency) and acquires high-quality high-resolution (1 m) SAR
images. The data set used is presented in Table I. All were
resampled and coregistered to the same master acquisition,
2010-07-21. Here, we selected two sections of the grass-
covered levee located at London Ave Canal as the experimental
scenes shown in Fig. 7.

In the experiment, the search window is set to be 21 ×
23 pixels, and the size of the patch is 3 × 3. A mask for the
grass-covered levee area is used to perform the preprocessing
in JSInSAR. The threshold for homogeneous joint data
vectors is set to be 5. Figs. 8 and 9 show the displacement-
rate maps of Site 1 using standard PSI and the proposed
JSInSAR. The number of measurement points identify by
PSI is 35, whereas the best DSs every 21 × 23 pixels to have
independent measurement points equivalent to PSs are 82
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Fig. 8. Displacement-rate image of Site 1 overlaid on Google map using PSI. A negative rate denotes subsidence along LOS. The size of each identified target is 1 m.

Fig. 9. Displacement-rate image of Site 1 overlaid on Google map using JSInSAR. A negative rate denotes subsidence along LOS. The size of each identified
target is 1 m.
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Fig. 10. Displacement time series for (a) Point E in Fig. 8 and (b) Point F in Fig. 9.

Fig. 11. Displacement-rate image of Site 2 overlaid on Google map using
PSI. A negative rate denotes subsidence along LOS. The size of each identified
target is 1 m.

when using JSInSAR. This indicates that the spatial density
of measurement points is significantly increased by using
JSInSAR in comparison with PSI since the SNR of a part of the
DS is enhanced enough to exceed a certain coherence threshold
(0.85) using JS processing. The time series of displacement for
Points A and B by applying PSI and JSInSAR are shown in the
inserted pictures of Figs. 8 and 9, respectively. The standard
deviation of displacement of Points A and B are reduced from
1.4 to 0.92 and from 2.83 to 1.21 by using JSInSAR. Therefore,
the quality of the displacement time series can be improved
using the proposed technique. For better validation, the time
series for newly detected DS (Point F) with the red circle in
Fig. 9 and the surrounding detected PS (Point E) with the red
circle in Fig. 8 are shown in Fig. 10(a) and (b), respectively,
where the time series are almost consistent. This can be a good
indication of the feasibility of the proposed algorithm.

The displacement-rate map of Site 2 using PSI is shown in
Fig. 11, where one can see that plenty of measurement points
are detected on the concrete top of the levee, whereas no points

Fig. 12. Displacement-rate image of Site 2 overlaid on Google map using
JSInSAR. A negative rate denotes subsidence along LOS. The size of each
identified target is 1 m.

can be found on the two sides of the levee due to low reflectivity
and the low SNR of grass. By applying JS processing, one can
observe from Fig. 12 that a good number of measurement points
on the grass-covered sides are found due to the fact that the
numbers of patches centered at these points sharing the same
statistical behavior are large enough to make their coherence
exceed the threshold. The displacement time series for Points C
and D in Fig. 12 are shown in Fig. 13(a) and (b), respectively.
The numbers of SHPs for Points C and D are 238 and 87,
respectively. Comparing Fig. 13(a) with Fig. 13(b), one can see
that the standard deviation of the time-series displacement in
Fig. 13(a) is lower than that in Fig. 13(b) since the number of
SHPs for Point C is larger than that for Point D. A scatter plot
showing the RMS residual to the linear velocity fit versus the
number of SHP for all the JSs in Site 2 is shown in Fig. 14,
where we can see that the RMS residual generally declines as
the number of SHP increases. This indicates that combining
information from SHPs helps improve the SNR and makes the
results comparable to PS.
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Fig. 13. Displacement time series using JSInSAR for (a) Point C and (b) Point D.

Fig. 14. RMS residual varied with the number of SHP for all JSs in Site 2.

Although the density of measurement points is increased by
using JSInSAR as shown from the results in both Sites 1 and 2,
the estimated time-series results have variable spatial resolution
since a different number of SHPs are used for each desired
pixel. This is allowed in some cases such as homogeneous
grass-covered areas with small topographic relief. However, it
may cause the information loss, for example, the sharp variation
of deformation across faults in urban areas. To mitigate this
effect, directional windows for the selection of the patch and
search area in JS filtering are recommended to be used for the
terrains with sharp variation of height or deformation.

Next, another experiment was conducted to verify the robust-
ness of JSInSAR with respect to coregistration errors. A few
SLCs (2, 6, 8, 10, 11, 14, 19, 21, 23, 25, 27, 31, 32, 35, 37,
38, 39, 41 shown in Table I) are randomly selected and have
one-pixel coregistration errors with respective to the reference
SLC, and the remainder of SLCs are accurately coregistered.
Fig. 15(a) and (b) shows the interferograms in the case of
the accurate coregistration, and Fig. 15(c) and (d) show the

interferograms in the case of the one-pixel coregistration error.
Interferograms in Fig. 15(a), (c) and (b), (d) are obtained by
the conventional processing (i.e., direct subtraction of the slave
phase from the master phase) and JSP, respectively. Comparing
Fig. 15(a) and (b), one can observe that the phase noise is
suppressed significantly by JSP. When the coregistration error
reaches one pixel, the corresponding pixel pair is completely
decorrelated so that no interferometric fringes can be found
in Fig. 15(c). However, by using the proposed technique, one
can still find clear interferometric fringes in Fig. 15(d), which
indicates that our technique does not suffer from the large
coregistration error. Fig. 16 shows temporal coherence calcu-
lated using (35) for JSInSAR in the case of fine coregistration
and a one-pixel coregistration error. Comparing Fig. 16(a) with
(b), one can observe that the large coregistration error has
little effect on the temporal coherence. The average temporal
coherence in Fig. 16(a) and (b) are 0.64 and 0.61, respectively,
indicating that the proposed technique is robust even in the case
of a large coregistration error.

VI. CONCLUSION

In the paper, a new second-generation TSInSAR referred to
as JSInSAR is proposed by taking advantage of the coherence
information of neighboring pixel stacks. The key concepts,
including the TSLR test statistic, JS filtering, and extended JSP,
are developed and integrated in JSInSAR. In addition to the
increase in the spatial density of measurement points and the
quality improvement of the displacement time series, JSInSAR
is also able to provide reliable geophysical parameters in the
presence of large coregistration errors. However, as noted in the
procedure of the TSLR test, a prior distribution of SAR clutter
needs to be determined. In other words, the proposed JS filter
of TSLR testing is not distribution free. This will reduce the
computational efficiency. Furthermore, more GLRs need to be
developed for those distributions that are not included in the
Appendix.
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Fig. 15. Interferograms obtained by (a) conventional processing and (b) the proposed technique for the accurate coregistration in comparison with those obtained
by (c) conventional processing and (d) the proposed technique for coregistration error up to one pixel.

Fig. 16. Temporal coherence comparison between (a) accurate coregistration and (b) coregistration error up to one pixel.

APPENDIX

GLRS FOR SAR PATCH SIMILARITY USING RAYLEIGH,
LOGNORMAL, WEIBULL, AND THE K DISTRIBUTIONS

A) Rayleigh Distribution: Let k0 be the number of scatterers
in each SAR patch. Under the Gaussian scattering assumption
[25], the amplitudes of scatterers in two SAR patches x1 and
x2 follow Rayleigh distribution with parameter η, i.e., x1i ∼

pR(x; η1) and x2i ∼ pR(x; η2), i = 1, . . . , k0. The hypothesis
test for patch similarity can be described as H0 : η21 = η22 = η2

against H1 : η21 �= η22 . The GLR under Rayleigh distribution is
given by [37]

ΛR (x1,x2) =

(
η̂21
)k0
(
η̂22
)k0

(η̂2)2k0
(36)
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where η̂21 , η̂22 , and η̂2 are the MLEs and written as

η̂21=
1

k0

k0∑
i=1

x2
1i η̂22=

1

k0

k0∑
i=1

x2
2i η̂2=

η̂21+η̂22
2

. (37)

B) Lognormal Distribution: We assume that the amplitudes
of scatterers in two SAR patches x1 and x2 follow lognormal
distribution with parameters (μ, η), i.e., x1i∼pL(x;μ1, η1) and
x2i∼pL(x;μ2, η2), i=1, . . . , k0. The hypothesis test for patch
similarity can be described as H0 : η

2
1=η22=η2 against H1 :

η21 �=η22 . The joint likelihood function for the parameters
becomes

L(μ1, μ2, η1, η2) =

(
1

2πη1η2

)k0 1∏k0

i=1 x1ix2i

× exp

[
− 1

2η21

k0∑
i=1

(lnx1i − μ1)−
1

2η22

k0∑
i=1

(lnx2i − μ2)

]

(38)

and under H0, we obtain

L(μ1, μ2, η) =

(
1

2πη2

)k0 1∏k0

i=1 x1ix2i

× exp

[
− 1

2η2

(
k0∑
i=1

(lnx1i − μ1) +

k0∑
i=1

(lnx2i − μ2)

)]
.

(39)

For the lognormal distribution, the MLEs of parameters are
given by

μ̂1=
1

k0

k0∑
i=1

lnx1i μ̂2=
1

k0

k0∑
i=1

lnx2i (40)

η̂21=
1

k0

k0∑
i=1

(lnx1i − μ̂1)
2 η̂22=

1

k0

k0∑
i=1

(lnx2i − μ̂2)
2. (41)

By substituting (40) into (39) and taking the partial derivative
of the likelihood with respect to η and setting it equal to zero,
we obtain the MLE of η as follows:

η̂2 =
η̂21 + η̂22

2
. (42)

Therefore, the GLR becomes

ΛL (x1,x2) =

(
η̂21
)k0/2 (η̂22)k0/2

(η̂2)k0
. (43)

C) Weibull Distribution: When the amplitudes of scatterers
in two SAR patches x1 and x2 follow Weibull distribution
with parameters (μ, η), i.e., x1i∼pW (x;μ1, η1) and x2i ∼
pW (x;μ2, η2), i=1, . . . , k0. The hypothesis test for patch sim-
ilarity can be described as H0 : η21=η22=η2 against H1 : η21 �=
η22 . The joint likelihood function for the parameters becomes

L(μ1, μ2, η1, η2) =

(
μ1μ2

η1η2

)k0

(
k0∏
i=1

x1i

)μ1−1

×
(

k0∏
i=1

x2i

)μ2−1

exp

[
− 1

η1

k0∑
i=1

xμ1

1i − 1

η2

k0∑
i=1

xμ2

2i

]
. (44)

Under the hypothesis η21 = η22 = η2, we have

L(μ1, μ2, η) =

(
μ1μ2

η2

)k0

(
k0∏
i=1

x1i

)μ1−1( k0∏
i=1

x2i

)μ2−1

× exp

[
−1

η

(
k0∑
i=1

xμ1

1i +

k0∑
i=1

xμ2

2i

)]
. (45)

The MLEs of parameters μ1 and μ2 are obtained from the
following [38]:⎧⎪⎪⎨

⎪⎪⎩

∑k0

i=1
x
μ̂1
1i

ln(x1i)∑k0

i=1
x
μ̂1
1i

− 1
μ̂1

=

∑k0

i=1
ln(x1i)

k0∑k0

i=1
x
μ̂2
2i

ln(x2i)∑k0

i=1
x
μ̂2
2i

− 1
μ̂2

=

∑k0

i=1
ln(x2i)

k0

(46)

and the MLEs of η1 and η2 are given by

η̂1 =
1

k0

k0∑
i=1

xμ̂1

1i ; η̂2 =
1

k0

k0∑
i=1

xμ̂2

2i . (47)

Taking the partial derivative of the likelihood with respect to η,
we get the MLE of η for Weibull distribution as follows:

η̂2 =
η̂21 + η̂22

2
. (48)

The GLR under Weibull distribution is then given by

ΛW (x1,x2) =
(η̂1)

k0(η̂2)
k0

(η̂)2k0
. (49)

D) K Distribution: The K distribution provides a promis-
ing model for SAR amplitude statistics due to its reasonable
justification in terms of physical scattering processes [31]. The
pdf of K distribution with the shape parameter μ and scale
parameter η is expressed as

pK(x; μ, η) =
2

ηΓ(μ+ 1)

(
x

2η

)μ+1

Kμ

(
x

η

)
(50)

where Γ(·) is the standard gamma function, and Kμ(·) is the
modified Bessel function of order μ > −1. When the ampli-
tudes of scatterers in two SAR patches x1 and x2 follow K
distribution with parameters (μ, η), i.e., x1i ∼ pK(x; μ1, η1)
and x2i ∼ pK(x; μ2, η2), i = 1, . . . , k0, we wish to test the
hypothesis H0 : η21 = η22 = η2 with the equal shape parameters
against H1 : η21 �= η22 . The joint likelihood function of the K
distribution based on two SAR patches is given by

L(μ1, μ2, η1, η2) =

[
2

η1Γ(μ1 + 1)

]k0
[

2

η2Γ(μ2 + 1)

]k0

×
(∏k0

i=1 x1i

2k0ηk0
1

)μ1+1(∏k0

i=1 x2i

2k0ηk0
2

)μ2+1

×
k0∏
i=1

Kμ1

(
x1i

η1

) k0∏
i=1

Kμ2

(
x2i

η2

)
(51)
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ΛK(x1,x2) =

[
η̂1η̂2Γ(μ̂1 + 1)Γ(μ̂2 + 1)

η̂2Γ(μ̂+ 1)2

]k0

×
exp

{
(Ψ(μ̂+ 1)− γ) (μ̂+ 0.5)k0 − 4k0Γ(1.5)Γ(μ̂+1.5)

Γ(μ̂+1)

}
exp

{
(Ψ(μ̂1 + 1)− γ)

(
μ̂1

2 + 1
4

)
k0 + (Ψ(μ̂2 + 1)− γ)

(
μ̂2

2 + 1
4

)
k0 − 2k0Γ(1.5)

[
Γ(μ̂1+1.5)
Γ(μ̂1+1) + Γ(μ̂2+1.5)

Γ(μ̂2+1)

]} (58)

and under the hypothesis η21 = η22 = η2 and μ1 = μ2 = μ, we
have

L(μ, η) =

[
2

ηΓ(μ+ 1)

]2k0

(∏k0

i=1 x1i

2k0ηk0

)μ+1

×
(∏k0

i=1 x2i

2k0ηk0

)μ+1 k0∏
i=1

Kμ

(
x1i

η

) k0∏
i=1

Kμ

(
x2i

η

)
. (52)

For K distribution, the MLEs of scale parameters are given
by [39]

η̂j =
1

2
exp

[
γ −Ψ(μ̂j + 1)

2
+

1

k0

k0∑
i=1

ln(xji)

]
, j = 1, 2

(53)

where γ = 0.5772 is Euler’s constant, and Ψ(·) is the digamma
function. Using a relation between the estimate of the shape
parameter and the estimate of the scalar parameters [39]

η̂kj =
1

2

[
Γ(μ̂j + 1)

Γ(0.5k + 1)Γ(μ̂j + 1 + 0.5k)

1

k0

k0∑
i=1

xk
ji

]
,

j = 1, 2 (54)

we can estimate the shape parameter μ̂j that was found in [39].
For the parameters of likelihood function in (52), similarly,
we have

η̂ =
1

2
exp

[
γ −Ψ(μ̂+ 1)

2
+

1

2k0

k0∑
i=1

(ln(x1i) + ln(x2i))

]

(55)

η̂k =
1

2

[
Γ(μ̂+ 1)

Γ(0.5k + 1)Γ(μ̂+ 1 + 0.5k)

1

2k0

k0∑
i=1

(
xk
1i + xk

2i

)]
.

(56)

The estimate of μ̂ can be obtained by combining (55) and (56).
It is noted that it is difficult to derive a closed-form expression
for GLR in the presence of the modified Bessel function of
the second kind in joint likelihood functions. Here, a well-
approximated Kμ(·) is used for a large argument [40], i.e.,

Kμ

(
x

η

)
≈
√

πη

2x
e(−

x
η ), x 
 η (57)

By taking the first-order moment of the K distribution, i.e., k =
1, and substituting (53)–(57) into (51) and (52), we have (58),
shown at the top of the page.
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