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Passive Synthetic Aperture Radar Imaging
using Low-Rank Matrix Recovery Methods
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Abstract—We present a novel image formation method for pas-
sive synthetic aperture radar (SAR) imaging. The method is an
alternative to widely used Time Difference of Arrival (TDOA) or
correlation-based backprojection method. These methods work
under the assumption that the scene is composed of a single or a
few widely separated point targets. The new method overcomes
this limitation and can reconstruct heterogeneous scenes with
extended targets.

We assume that the scene of interest is illuminated by a
stationary transmitter of opportunity with known illumination
direction, but unknown location. We consider two airborne
receivers and correlate the fast-time bistatic measurements at
each slow-time. This correlation process maps the tensor product
of the scene reflectivity with itself to the correlated measure-
ments. Since this tensor product is a rank-one positive semi-
definite operator, the image formation lends itself to low-rank
matrix recovery techniques. Taking into account additive noise
in bistatic measurements, we formulate the estimation of the
rank-one operator as a convex optimization with rank constrain.
We present a gradient-descent based iterative reconstruction
algorithm and analyze its computational complexity. Extensive
numerical simulations show that the new method is superior to
correlation-based backprojection in reconstructing extended and
distributed targets with better geometric fidelity, sharper edges
and better noise suppression.

Index Terms—Passive imaging, passive radar, passive synthetic
aperture radar, low-rank matrix recovery.

I. INTRODUCTION

A. Motivation

In recent years, the growing availability of radio frequency
sources of opportunity, such as radio, television and cell phone
transmission stations, have lead to an increasing interest in
passive radar applications [1]–[4], [4]–[8]. Removing the need
to have a dedicated transmitter, passive radar systems offer
many advantages such as stealth, simplicity and lowered cost.

Time or Frequency Difference of Arrival (TDOA/FDOA)
or correlation-based backprojection is a widely used passive
imaging and detection method [5], [6], [9]–[20]. These meth-
ods correlate two or more measurements obtained at different
locations and matched filters the result based on time or
frequency difference of arrival. TDOA is used to locate a
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target/emitter and FDOA is used to estimate the radial velocity
of a moving target. Although this approach is computationally
efficient and straightforward to implement, it has major draw-
backs: (1) It works under the assumption that the medium
contains a single point target. This assumption can be relaxed
in a statistical setting to include a few widely separated point
targets [9], [11]–[13]. However, for two or more relatively
close targets, this method produces spurious peaks that are
called ghost targets. (2) TDOA/FDOA cannot detect/image
densely distributed multiple point targets or extended targets.
In this paper, we develop an alternative to TDOA based passive
imaging based on low-rank matrix recovery. The new method
overcomes the limitations of the TDOA or correlation-based
approach and exhibits superior performance in reconstructing
realistic SAR targets.

B. Related Work

Another widely used approach in passive imaging is based
on bistatic time-of-flight measurements [21]–[29]. This ap-
proach requires knowledge of transmitter locations and trans-
mitted waveforms and “reference receivers” with a direct line-
of-sight to transmitters of opportunity. Within this framework,
a variety of passive SAR imaging applications have been stud-
ied [30]–[37]. In [33] experimental results are presented using
Envisat-1 satellite as an illuminator of opportunity, imagery is
formed using a method based on CLEAN processing [27].
To improve resolution, the use of the TerraSAR-X satellite as
an illuminator of opportunity is studied in [30]. Sources of
opportunity that are relatively wideband, such as DVB-T and
WiMAX, are of particular interest in passive radar. An analysis
of DVB-T signal structure and different processing schemes
have been studied in [8], [38]–[40]. WiMAX signals and
associated image reconstruction methods have been studied in
[1], [41], [42]. Doppler based backprojection methods using
ultra-narrowband waveforms of opportunity have been studied
in [15], [43]–[45].

Low-rank matrix recovery (LRMR) is the theory of rank
minimization, analogous to compressive sensing [46], [47].
LRMR offers superior performance and theoretical guarantees
in solving an inverse problem in which the rank of the matrix
of interest is low [48], [49]. The LRMR theory is closely
related to the theory matrix completion [50], [51]. The LRMR
techniques have previously been applied to imaging problems
in [52]–[56]. In [57] a convex LRMR method was presented
to reconstruct images using correlated or interferometric mea-
surements. In [52], [53] LRMR techniques have been applied
to intensity-only imaging. In [54] an imaging problem in
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which the number of antennas is larger than the number of
targets resulting in a low rank model have been considered;
and matrix completion methods have been used to decrease
the number of required measurements. More generally, [55],
[56] have presented a theory pertaining to the robustness of
using interferometric measurements and the required number
of measurements within convex optimization framework.

LRMR methods have been used as preprocessing techniques
in SAR imaging. In [58] matrix completion has been used
to estimate missing slow-time samples and the approach was
shown to be superior to compressive sensing in improving the
cross-range resolution. Similarly, in [59] LRMR was paired
with robust principle component analysis to improve SAR
cross-range resolution by interpolating the raw SAR data.

C. Overview and Advantages of Our Work

In this paper, we present a novel alternative to TDOA
based backprojection imaging for passive SAR. We consider
a stationary transmitter with known illumination direction, but
unknown location and two airborne receivers deployed on the
same or different platforms. We correlate fast-time measure-
ments obtained at different slow-times. This correlation results
in a linear forward model that maps a positive semi-definite
rank one operator to correlated measurements. The positive
semi-definite rank one structure of the operator results from
taking the Kronecker product of the scene reflectivity with
itself. We call this Kronecker product, the Kronecker scene and
pose the image reconstruction as a rank minimization problem
within a constrained convex optimization framework. Taking
into account additive noise, we extend the rank-minimization
based image formation to a statistical setting. We use a
splitting method and address the resulting convex optimization
problems using a projected gradient descent procedure with
an acceleration [60]–[62]. We determine the scene reflectivity
from the eigenvector of the estimated Kronecker scene corre-
sponding to its maximum eigenvector.

The TDOA based backprojection relies on the assumption
that the scene to be recovered is a collection of small number
of point targets. It implicitly assumes that the scene reflectivity
corresponds to the diagonal elements of the Kronecker scene.
For this assumption to hold, all but one of the diagonal
elements of the Kronecker scene must be zero. In such a case,
the SAR scene must be composed of a point target. The new
method allows us to recover extended targets and image a
wider variety of realistic scenes.

Extensive numerical simulations verify the superiority of the
new method over TDOA in reconstructing extended and dense
distributed targets with better geometric fidelity, background
noise suppression and robustness with respect to additive
noise and phase errors. Furthermore, under the far-field and
small scene assumptions, the new method does not require the
knowledge of transmitter locations and transmitted waveforms.

While we specifically consider passive SAR imaging of
stationary scenes, the method can be extended to include
passive imaging of moving scenes, Doppler based imaging
and passive multi-static imaging using stationary antennas [6],
[11]–[13], [19], [43].

Fig. 1. A typical imaging scenario consisting of two receivers γ1(s) and γ2(s)
flying arbitrary trajectories. The transmitter is stationary and illuminating the
scene of interest.

D. Organization of the Paper

The rest of the paper is organized as follows: in Section II,
we develop the forward model. In Section III, we present our
image reconstruction method and algorithm for the noiseless
and noisy measurements. In Section IV, we analyse the
computational complexity of the algorithm. In Section V, we
present numerical simulations to demonstrate its performance.
Section VI concludes our paper.

II. MODEL FOR CORRELATED MEASUREMENTS

We assume that there are two airborne receivers flying over
a scene of interest. These receivers may either be deployed on
the same platform or on different platforms. A typical imaging
geometry is depicted in Figure (1). Let γi(s) ∈ R3, i =
1, 2, s ∈ S := [sa, sb] be the flight trajectory of i-th receiver,
where s represents the slow-time.1 Let ω be the frequency
variable corresponding to fast-time. Let x = (x, ψ(x)) ∈ R3

denote the surface of the earth, where x = (x1, x2) and
ψ : R2 → R is a known ground topography. Let ρ̃ : R2 → R
be the ground reflectivity.

A. Received Signal Model

We assume that the electromagnetic waves are propagating
in free-space. Under the start-stop and Born approximations,
the fast-time temporal Fourier transform of the received signal
at the i-th receiver due to a transmitter located at y, can be
modelled as [9], [63]

fi(ω, s) ≈ Li[ρ̃](ω, s) :=

∫
ei2πωri(s,x,y)/c0

×Ai(ω, s,x,y)ρ̃(x)dx, i = 1, 2
(1)

where
ri(s,x,y) = |y − x|+ |x− γi(s)|, (2)

1In the context of passive radar imaging, slow-time, s, corresponds to the
data processing window. Fast-time corresponds to the time scale within one
data processing window.
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Ai(ω, s,x) =
ω2JRi

(ω, s,x)JT (ω, s,x)

(4π)2|γi(s)− x||x− y|
. (3)

In (3), JRi
and JT represent the receiver and transmitter

antenna beam patterns, which are the Fourier transform of
the effective current density on the antennas and can include
arbitrary waveforms. Additionally, this term contains the geo-
metric spreading factors representing a loss in energy resulting
from electromagnetic wave propagation. We assume that Ai is
a slowly varying function of ω as described in [63] and that
the signal is bandlimited such that ω ∈ Ω := [ωa, ωb].

B. Forward model

For each slow-time s, we correlate the received signals in
fast-time and obtain the following:

dij(ω, s) = fi(ω, s)f
∗
j (ω, s), i, j = 1, 2 i 6= j (4)

where f∗ denotes the complex conjugate of f . Substituting
(1) into (4), we obtain

dij(ω, s) =

∫
ei2π ω

c0
rij(s,x,x′,y)Ai(ω, s,x,y)A∗j (ω, s,x

′,y)

× ρ̃(x)ρ̃∗(x′)dxdx′, i, j = 1, 2 i 6= j
(5)

where rij(s,x,x
′,y) = ri(s,x,y)) − rj(s,x

′,y), is the
difference of the bistatic ranges from each receiver. Using
the small-scene and far-field assumptions, we approximate the
transmitter-to-scene distance using a Taylor series expansion
around the points x,x′ = 0,

|y − x| ≈ |y|+ ŷ · x
|y − x′| ≈ |y|+ ŷ · x′,

(6)

where ŷ denotes the unit vector in the direction of y, i.e., the
direction in which the transmitter is illuminating. Then, rij
can be expressed as follows:

rij(s,x,x
′, ŷ) = |x−γi(s)|−|x′−γj(s)|+ ŷ ·(x−x′). (7)

Note that under the small-scene and far-field assumptions,
the range difference rij no longer depends on the transmitter
locations.

We define
R := ρ̃⊗ ρ̃∗ (8)

where ⊗ denotes the Kronecker or tensor product. Thus, R is
a rank-one, positive semi-definite operator with kernel

ρ(x,x′) = ρ̃(x)× ρ̃∗(x′). (9)

We refer to ρ as the Kronecker scene. (9) shows that the
unknown scene reflectivity ρ̃ is contained within the rank-one,
positive semi-definite operator R whose kernel is ρ. In fact,
ρ̃ is the eigenvector of R.2 Using the phase term (7) and (8),
(9), we approximate (5) as follows:

dij(ω, s) ≈Fij [R](ω, s)

:=

∫
ei2πωrij(s,x′,x,ŷ)/c0Aij(ω, s,x,x

′,y)

× ρ(x,x′)dxdx′ i, j = 1, 2 i 6= j

(10)

2Note that (9) is also known as outer-product of two vectors in signal
processing.

where

rij(s,x,x
′, ŷ) = |x−γi(s)|−|x′−γj(s)|+ŷ ·(x′−x), (11)

Aij(ω, s,x,x
′) =

ω4JRi(ω, s,x)JRj (ω, s,x′)

(4π)4|γi(s)− x||γj(s)− x′|

× CT (ω, s,x,x′)

|x− y||x′ − y|
.

(12)

CT (ω, s,x,x′) in (12) is a function related to the transmitted
antenna beam pattern. If antenna beam pattern is known or
can be approximated, CT (ω, s,x,x′) = JT (ω,x)J∗T (ω,x′).
If antenna beam pattern is unknown, but its covariance
can be estimated, we can replace CT with CT (x,x′) =
E[JT (ω,x)J∗T (ω,x′)] and redefine dij as E[dij ] where E
denotes the expectation operator. If such information is not
available, CT can be set to CT ≡ 1, corresponding to a non-
informative prior on transmitter antenna beam pattern.

We refer to Fij as the forward operator. Note that Fij ≈
LiL†j , where L†j is the L2-adjoint of Lj . Assuming a certain
decay condition on Aij , Fij becomes a Fourier integral
operator (FIO). FIOs can be computed efficiently with the
computational complexity of fast backprojection algorithms as
described in [64].

Our objective is to recover R or the Kronecker scene ρ from
dij using the forward model Fij . Note that the mapping from
ρ̃ to dij given in (5) is nonlinear. However,

dij = Fij [R] (13)

is linear. Note that once R is recovered, the scene reflectivity
ρ̃ can be obtained as the eigenvector of R.

III. IMAGE FORMATION

A. Problem Formulation in Optimization Framework

The TDOA-based backprojection methods assume that the
scene reflectivity satisfies the condition

ρ(x,x′) = ρ̃(x)δ(x− x′). (14)

This condition can be satisfied by an ideal point target. It can
also be enforced statistically to a scene with a small number
of point targets that are widely separated [9], [11]–[13], [43].
However, most SAR scenes have extended targets and complex
geometric structures. Therefore, TDOA-based backprojection
cannot produce an image of a typical SAR scene with good
geometric fidelity.

In this paper, our objective is to form an image of ρ̃ using the
model (10). Since ρ : R2×R2 → R is the kernel of the rank-
one positive semi-definite operator R, the image formation
problem lends itself to low-rank matrix recovery techniques
[53], [55], [56].

Low-rank matrix recovery techniques have been developed
as a generalization of matrix completion techniques [50], [51];
the difference being the constraint used. Rank minimization is
a non-convex, NP-hard optimization problem. Typically, the
nuclear norm is used as a convex relaxation for rank minimiza-
tion [65], [66]. Furthermore, the nuclear norm minimization
problem can be cast as a semi-definite program, and solved
efficiently.
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1) Noise-free Measurement Case: Let σi(R) be the singu-
lar values of R defined in (8).

Then the nuclear norm of R (also known as the trace norm)
is given by

||R||∗ =
∑
i

|σi(R)| . (15)

However, since in our problem R is positive semi-definite,
the singular values are also the eigenvalues, so the nuclear
norm reduces to the trace of R. Thus, we redefine (15) as

||R||∗ :=

∫
ρ(x,x)dx =

∫
|ρ̃(x)|2 dx. (16)

In the case of noiseless measurements we formulate the
image reconstruction as the following optimization problem:

minimize ||R||∗
subject to Fij [R] = dij

R � 0, ρ(x,x′) ≥ 0

(17)

where R � 0 denotes that R is positive semi-definite.
2) Noisy Measurement Case: If the measurements are cor-

rupted by noise, the received signal model at the i-th receiver
becomes

di(ω, s) = Li[ρ̃](ω, s) + ni(ω, s), i = 1, 2 (18)

where Li is the bistatic forward operator, (1) and ni, are the
noise processes. We assume that ni(ω, s) are zero-mean and
statistically independent processes for i 6= j, and for all ω, s.3

Let

Ci(ω, s;ω
′, s′) = E[ni(ω, s)n

∗
i (ω
′, s′)], i = 1, 2. (19)

The correlation of the received measurements, (4), with the
addition of noise results in

dij(ω, s) = Fij [R](ω, s) + ñij(ω, s) i, j = 1, 2 i 6= j
(20)

where

ñij(ω, s) =Li[ρ̃](ω, s)n∗j (ω, s) + Lj [ρ̃]∗(ω, s)ni(ω, s)

+ ni(ω, s)n
∗
j (ω, s) i, j = 1, 2 i 6= j.

(21)

Since ni and nj are zero-mean, so is ñij for all ω and s.
Under the assumptions of statistical independence of ni and
nj for i 6= j for all ω, s, the covariance function Cij of ñij
can be expressed as follows:

Cij(ω, s;ω
′, s′) = Fi[R](ω, s;ω′, s′)Cj(ω, s;ω

′, s′)

+ Fj [R](ω, s;ω′, s′)Ci(ω, s;ω
′, s′)

+ Ci(ω, s;ω
′, s′)Cj(ω, s;ω

′, s′)

i, j = 1, 2 i 6= j

(22)

where Fi := LiL†i , i = 1, 2. Since, we assume that
ni(ω, s) is zero-mean and statistically independent in ω, s,
and i 6= j, Ci(ω, s;ω′, s′) = 0 and Cj(ω, s;ω

′, s′) =
0 for (ω, s) 6= (ω′, s′) and thus Cij(ω, s;ω

′, s′) = 0
for (ω, s) 6= (ω′, s′). Then, under the assumption that
Ai(ω,x,y) and Aj(ω,x,y) are approximately constant,

3We note that this assumption is satisfied if ni(t, s) are wide-sense
stationary in fast-time t and statistically independent in slow-time and for
i 6= j.

Fi[R](ω, s;ω, s) and Fj [R](ω, s;ω, s) are approximately pro-

portional to
∣∣∣ ˆ̃ρ(ω(γ̂i(s) + ŷ))

∣∣∣2 and
∣∣∣ ˆ̃ρ(ω(γ̂j(s) + ŷ))

∣∣∣2 re-

spectively where ˆ̃ρ is the Fourier transform of ρ̃ and γ̂(s) is
the unit vector in the direction of γ(s). For more details see
Appendix A.

Let C be an integral operator with the kernel Cij defined
by (22). We assume that C is invertible and denote its inverse
by C−1. Thus C is positive definite and induces the norm

||f ||2C−1 = 〈C−1f, f〉L2 :=

∫
(Ω×S)2

C−1
ij (ω, s;ω′, s′)f(ω′, s′)

× f∗(ω, s)dω′ds′dωds
(23)

where C−1
ij is the kernel of C−1.

Then, in the presence of noise, we can modify (17) by
replacing the constraint with a weighted L2-norm, bounded
by a threshold ε > 0. Using the inverse of the covariance
function serves as a whitening filter. This is also known as
the generalized least squares criterion [67]. Thus, we state the
image formation as the following optimization problem:

minimize ||R||∗
subject to ||Fij [R]− dij ||2C−1 < ε

R � 0, ρ(x,x′) ≥ 0.

(24)

B. Optimization Method for Image Reconstruction

In order to solve the optimization problems (17) and (24),
we use an approach similar to one described in [53], [55]. We
reformulate (17) and (24) as

minimize g(ρ) =
1

2
||Fij [R]− dij ||2Q + λ||R||∗

subject to R � 0, ρ(x,x′) ≥ 0
(25)

where λ > 0 is the regularization parameter and Q is equal
to the identity operator for the noise-free case and to C−1 for
the noisy case.

For the noisy case, this formulation is equivalent to the
original problem with the proper choice of regularization
parameter λ that is related to ε. For the noise-free case, (17)
can be solved via semi-definite programming after discretizing
the problem. However, semi-definite programming does not
scale well with respect to the number of dimensions. Hence,
we solve (17) approximately using (25). This approach has
the advantage of computational efficiency at the expense of
a trade-off between the trace minimization and constraint
satisfaction.

We solve (25) using an algorithm based on Nesterov
gradient-based iterative approach [55], [56], [60]. First, we
discretize and vectorize the Kronecker scene ρ and data dij to
form vectors ρ and d, respectively. In the discrete setting we
represent the linear integral operators Fij , Q, K as matrices
by discretizing their kernels. These matrices are denoted by
F, Q and K, respectively. The matrix F is formed, such that,
when multiplied by ρ, the correlated data vector d results.
For noiseless measurements Q is the identity matrix and the
inverse of the covariance matrix in the noisy case. Appendix A
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describes in more detail the form that Q takes for noisy case.
Then, g̃, the discrete approximation of g, becomes

g̃(ρ) =
1

2
(Fρ− d)HQ(Fρ− d) + λTr(mat(ρ)), (26)

where mat(ρ) converts ρ into a matrix corresponding to the
operator R. Tr denotes the trace operator. The algorithm is
initialized using an image obtained by backprojecting the cor-
related data using the following filtered-backprojection (FBP)
operator:

p(z, z′) := K[d](z, z′) =

∫
e−i2πωrij(s,z′z,ŷ)Bij(ω,z, z

′,y)

× d(ω, s)dωds,
(27)

where the filter, Bij is of the form [68]

Bij(ω, s, z, z
′,y) ∝

A∗ij(ω,z, z
′,y)

|Aij(ω,z, z′,y)|
. (28)

The operator K is related to the L2-adjoint of Fij . We outline
the initialization and iteration steps of the algorithm as follows:

1) Initialization: The iteration starts with the p0 recon-
structed by the FBP operator given in (27), p0 = Kd,
where K is the discretized FBP operator. The initial
Kronecker image is then given by ρ0 = p0.

2) Iteration: The k-th update of the Kronecker scene is
given by

ρ̂k = vec [P (mat(pk−1 − αk∇g̃(pk−1)))] (29)

where {αk} is the step sequence, vec vectorizes its
matrix argument, and

P(A) =
∑
k

max (λk, 0)uk ⊗ u∗k. (30)

In (30), uk’s are the eigenvectors of A and λk are the
corresponding eigenvalues of A4 Note that by (26),

∇g̃(z) = FHQ(Fz− d) + λvec(I) (31)

where I is the identity matrix. From the equation above,
we see that ∇g̃ involves the adjoint of the forward oper-
ator Fij , which, in our implementation is approximated
by the filtered-backprojection operator, K given in (27).

The iteration in (29) is a projected gradient descent. The
iteration moves in the direction of the gradient of (26) and
projects the result onto the positive semi-definite cone, enforc-
ing the positive definiteness constraint. We now summarize the
algorithm as outlined above in Algorithm 1

Note that the sequences {θ}n, {β}n are sequences that
accelerate the convergence [56], [61].

IV. COMPUTATIONAL COMPLEXITY

Assuming there are O(N) samples in both the fast- and
slow-time variables, and the scene is sampled according to
O(N ×N), the computational complexity of the main loop of
Algorithm 1 breaks down as follows:

4P is the projects a matrix onto its positive semi-definite cone.

Algorithm 1
Input: p0, d, λ, {αk}

1: ρ̂0 ← p0, θ0 ← 1, k ← 1
2: repeat
3: ρ̂k ← vec [P (mat(pk−1 − αk∇g̃(pk−1)))]

4: θk ← 2
Ä
1 +
»

1 + 4/θ2
k−1

ä−1

5: βk ← θk(θ−1
k−1 − 1)

6: pk ← ρ̂k + βk(ρ̂k − ρ̂k−1)
7: k ← k + 1
8: until stopping criteria is met

1) Correlate received measurements (4): This can be car-
ried out in the frequency domain; The Fourier transform
in fast-time can be carried out using FFT requiring
O(N logN) operations, for each slow-time. For all slow
time samples s, the total computational complexity of
this step is O(N2 logN).

2) Form initial image ρ̂ using filtered-backprojection: We
form an initial image based on (27) using the filter Bij
to compensate for the known amplitude terms. One can
carry out this operation using backprojection method.
Since the Kronecker scene, ρ is O(N2×N2), the oper-
ation takes O(N8) operations. If the fast backprojection
algorithm is used, the computational complexity of this
step can be reduced to O(N4 logN) [69].

3) Calculate ∇g, the gradient of the objective functional g:
The first step of the Algorithm 1 is a gradient descent
procedure and requires the calculation of ∇g̃(pk). The
computational complexity of this step is dominated by
the forward-projection of pk using (10) and the back-
projection of the residual. Calculation of the forward
projection requires a multiplication of O(N2 × N4)
matrix by O(N4) vector, which results in O(N6) op-
erations. This can be improved using the fast FIO
compuptation algorithm of Candes et. al. in [64] which
reduces the computational complexity to O(N5 logN).
This is followed by the backprojection step, which, as
mentioned in the second step of the algorithm, requires
O(N4 logN) operations using fast backprojection algo-
rithm. Thus, this step has the computational complexity
of O(N5 logN) if fast FIO and fast backprojection
algorithms are used.

4) Projection onto semi-definite cone (30): This step re-
quires eigendecomposition of the current Kronecker
image estimate, ρ̂k. The computational complexity of
the eigenvalue decomposition of O(N2×N2) matrix is
O(N6).

5) Update ρ̂: This step involves a few arithmetic operations
and scalar multiplication, making the computational
complexity of this step negligible.

6) Image formation: Repeat Steps 3 through 5 until con-
vergence or a maximum number of iterations is reached.
Form the final image by keeping the largest eigen-
value/eigenvector of ρ̂.

Thus, the main loop has the computational complexity of
O(N6) if fast backprojection and fast FIO algorithms are
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utilized. Otherwise, the complexity of each iteration may be
as much as O(N8). Without further analysis on the conver-
gence behavior of the algorithm - which is outside the scope
of the present work - we cannot make conclusions on the
convergence rate. However, we note that we have observed,
experimentally, that the algorithm tends to converge rather
quickly as compared to the dimensions of the Kronecker scene,
N2; typically in the order of 10s of iterations, even when N
is significantly large.

Compared to the computational complexity of the traditional
TDOA backprojection under incoherent field approximation -
which may be as low as O(N2 logN) using fast backprojec-
tion algorithms - there is a cost of increased computational
complexity to gain the accuracy of reconstructing complex
extended targets provided by the new algorithm. It should be
noted, however, that the majority of the calculations within
each iteration can be naturally parallelized. For instance, in
the forward- and backprojection steps, one can compute each
s sample in parallel as the computations are independent of
each other.

V. NUMERICAL SIMULATIONS

To demonstrate the performance of our new imaging
method, we perform extensive numerical simulations. We
conduct several sets of experiments involving point targets and
extended targets and compare the performance of our method
with that of TDOA backprojection. Additionally, we numeri-
cally investigate the robustness of our method to additive noise
and phase errors resulting from incorrect transmitter location
information.

We consider a scenario with two receivers on a cir-
cular trajectory looking down on a square scene with a
single stationary transmitter located away from the scene.
The receivers traverse the same circular trajectory γ(s) =
(10 cos(s), 10 sin(s), 6)km, in tandem separated by π/4 radi-
ans. The transmitter is stationary and located at (15, 15, 3)km.
Figure 2 illustrates this scenario. We assume that the transmit-
ted waveform has a center frequency of 760MHz with 8MHz
bandwidth. We set JT and JR to 1, and generate the data, dij
by correlating the bistatic measurements simulated based on
(1). We synthesized 128 slow-time samples along the circular
trajectory, and 64 fast-times samples at each slow-time.

We assume the topography is flat and the scene is [0, 400]×
[0, 400]m2 discretized into 16 × 16 pixels. Note that this
requires recovering a Kronecker scene of 256×256, with sig-
nificantly larger unknowns than the 16× 16 scene reflectivity.

We form images by solving (25) using the iteration in
Algorithm 1.

There are two tuning parameters in line 3 of Algorithm 1,
specifically, the regularization parameter λ and the step size
sequence {αk}. During our experiments we noticed that the
`2 norm of the image resulting from backprojection of the
residual may vary largely from one iteration to the next. In
order to minimize the rank and ensure that (24) is equivalent to
(25), the trace term in the objective function should dominate.
To deal with this variation, we use an adaptive value of λ, and
define it as

λk = 2.5 max {|KQk(Fρk − dk)|} , (32)

Fig. 2. Set up for simulations. The receivers traverse circular trajectory with
radius 10km, while the transmitter is stationary outside the scene. The scene
is size [400× 400]m.

where K is the matrix representation of the filtered-
backprojection operator (27). A constant step size, α = 1e6 is
used in all of our simulations.

A. Performance of TDOA and LRMR Methods for Point and
Extended Targets

We compare the performance of our LRMR imaging method
with that of TDOA backprojection [9] for two scenes, each
one consisting of extended or point targets shown in Figure
3. The extended target scene shown in Figure 3(a) consists
of two overlapping extended targets. Imaging this scene
requires reconstruction of three different reflectivity values,
specifically, 0.33 in the region [100, 250] × [175, 300]m2,
0.66 in [200, 300] × [75, 200]m2, and 1 in [200, 250] ×
[175, 200]m2. The distributed point target scene is shown
in Figure 3(b). It consists of 5 point targets with unit re-
flectivity located at: (250, 100)m, (100, 150)m, (200, 225)m,
(150, 300)m, (325, 350)m.

The images formed using our method are shown in Figures
3(c) and 3(d). The images formed by the TDOA backpro-
jection are shown in Figures 3(e) and 3(f). It is clear that
our method improves upon the TDOA backprojection method
drastically for both the extended and distributed point target
cases. Comparison of Figures 3(c) and 3(e) show that the
incoherent field assumption breaks down for extended targets
and TDOA backprojection attempts to reduce the extended
target to a point target. Similarly, for the distributed point
target case, LRMR produces an image with better background
suppression than that of TDOA backprojection. Our method
reconstructs targets at or close to the correct magnitude.
Additionally, in the TDOA backprojection images, targets are
difficult to distinguish from the background. In both cases we
see that our method produces images with better geometric
fidelity, sharper edges and superior background attenuation.

Since our new imaging method reconstructs the Kronecker
scene and extracts the scene reflectivity from the top eigen-
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(a) (b)

(c) (d)

(e) (f)

Fig. 3. (a) Original extended target scene. (b) Original point target scene. (c) Extended target scene reconstructed using low-rank matrix recovery methods.
(d) Point target scene reconstructed using low-rank matrix recovery methods. (e) The reconstructed extended scene image using TDOA backprojection. (f)
Reconstructed point target image using TDOA backprojection.

vector of the estimated Kronecker scene, we compare the
original and estimated Kronecker scenes for the extended
target case in Figure 4. The Kronecker image is estimated
after 15 iterations of Algorithm 1. A visual comparison of the
reconstructed image shows good agreement with the original

Kroneker scene.
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Fig. 4. The solution to (17) will be the Kronecker product of the reconstructed scene. (a) The original Kroneker product scene. (b) The reconstruction of
figure (a).

B. Robustness of LRMR Imaging wrt to Transmitter Location
Uncertainty

The knowledge of transmitter locations may be uncertain
for variety of reasons: in some cases, it may be unknown or
deviate from its true position. For example, a television station
with an elevated antenna can sway due to wind. This can result
in phase errors in the reconstruction process. In this subsection
we perform numerical simulations to evaluate the robustness
of our method with respect to errors in transmitter location.

We perturb y, the true location of the transmitter, with
ε. Specifically, we synthesize bistatic measurements based
on the true location of the transmitter y, but reconstruct
LRMR images using the unit vector direction corresponding
to y + ε = [y1 + ε1, y2 + ε2, y3 + ε3]. Each component of
ε is i.i.d. Gaussian with variance of 1 km, i.e. ε ∼ N (0, 1).
This scenario corresponds to the case, for example, when the
antenna sways from its known position. Next we assume that
ε has non-zero mean. This scenario corresponds to a case in
which the location of the transmitter is poorly estimated.

For these experiments we use the extended target scene
displayed in figure 5(a). All experiments in this subsection
use 9 iterations. The remaining parameters are kept the
same as in the previous subsection. The scene used for
these experiments consists of two regions that correspond
to [100, 325] × [100, 325]m2 with 0.5 reflectivity value and
[175, 175] × [225, 225]m2 with unit reflectivity; the scene
is displayed in Figure 5(a). Figure 5 displays the images
reconstructed for ε = 0 which corresponds to the the correct
transmitter location. The LRMR reconstruction is shown in
figure 5(b) and the TDOA backprojection image in figure
5(c). Once again, we see that the LRMR method reconstructs
complicated scenes consisting of extended targets with high
fidelity, whereas TDOA based backprojection clearly fails.

Figure 6 shows an image reconstructed using the LRMR
method for a single realization of ε centred at the true
transmitter location. This demonstrates that for a stationary
transmitter, variation of up to 1-2 km will have negligible
effect on the reconstructed image. Using 10 realizations of

ε we compute the mean square error (MSE) between the
LRMR reconstructed images and the true scene. We find the
error is negligible (approximately 0.00003), demonstrating the
robustness of our method with respect to phase error that can
result from movement of elevated antennas.

We consider next phase error resulting from incorrect
knowledge of the transmitter location. To investigate the effect
of incorrect antenna location we consider 25 locations forming
a grid over the region [5, 5, 3] × [25, 25, 3]km2, spaced 5km
apart, along the (x1, x2) plane. The true location and erroneous
locations of the transmitter are shown in Figure 7(a). Using
5 realizations of ε for each location, we form a surface plot
of MSE, shown in Figure 7(b). It is apparent from the figure
that there is local minima in the locations of y where the
illumination direction remains constant.

C. Robustness of LRMR and TDOA based Imaging wrt Addi-
tive Noise

We consider the extended target and the distributed point
target scenes described in subsection V-A and shown in Figure
3(a) and 3(b). To simulate noisy data, we first generate noise-
free signal using (1) and next add white noise at different
signal-to-noise ratios (SNR). We then correlate the noisy
measurements to form (20). We formed the LRMR and
TDOA backprojection images at SNR values ranging from
0dB to 10dB. The mean square error for each SNR value was
calculated out of ten realizations of noise.

In the case of the extended target scene, reconstructed
LRMR images are shown in Figure 8 at two different SNR
levels based on a single realization of additive noise. For
TDOA backprojection, the reconstructed image in the noise-
free case is of unacceptable quality (see Figure 3(e)), in the
presence of noise the resolution degrades even further. Figure
9 shows an image formed using TDOA backprojection for
a single realization of noise, the addition of noise further
degrades the foreground-to-background ratio. Realizations for
an SNR level of 4dB and 0dB are shown in figures 9(a) and
9(b), respectively. The LRMR image formed using a single
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Fig. 7. The transmitter locations y and the resulting MSE between the LRMR images reconstructed with true transmitter direction and erroneous directions.
(a) The imaging configuration and transmitter locations used. The gray dot indicates the true y, while the black dots indicate the erroneous locations we
consider. (b) A plot of the MSE error, measurement points correspond to those in Figure (a).

realization of noise at SNR value of 4dB, is shown in Figure
8(a). The reconstructed image for this level of noise still
posses good geometric fidelity, the only negative effect of
noise appears in greater variation in pixel intensity, specifically
in the objects of interest. At the SNR level of 0dB, the
reconstructed image exhibits noticeable deterioration, however,
some structural information about the edges is still present, as
seen in Figure 8(b).

Figures 10 and 11 show the MSE versus SNR for the
extended and distributed point target scenes, respectively. For
both scenes, we see that the TDOA backprojection results in
a significantly larger MSE than that of the new method. The
MSE of our method increases at a faster rate for SNR levels
of 3dB and lower, however, it still remains significantly lower
than that of TDOA backprojection. For 0dB SNR level, we
see that our method improves over TDOA backprojection by
6dB and at 10dB SNR level the improvement is 12dB for the
extended and 8dB for the distributed point target cases.

VI. CONCLUSION

We present a new method that overcomes many of the
limitations of the TDOA based backprojection for passive SAR
imaging. TDOA based reconstruction is ideal for point targets.
For multiple point targets, it results in spurious ghost targets.
Furthermore, it fails to reconstruct extended targets with
acceptable image quality. The new method can reconstruct
heterogenous scenes and extended targets with good geometric
fidelity and sharp edges. Furthermore, it does not require the
locations of transmitters of opportunity and exhibit robustness
with respect to phase errors.

Our image formation method is based on the observation
that the correlation of bistatic measurements results in a
forward model that maps an unknown positive semi-definite,
rank-one operator to correlated measurements. This allows us
to formulate the image formation in the low-rank matrix recov-
ery framework. The scene reflectivity is simply the eigenvector
of the unknown positive semi-definite, rank-one operator,

which we refer to as the Kronecker scene or image. We
take into account additive noise in bistatic measurements and
formulate the image reconstruction as a convex optimization
problem with a constrain on the rank of the Kronecker image.
We present an algorithm to address the convex optimization
problem based on Nesterov gradient-based iteration. We obtain
the scene reflectivity as the eigenvector of the estimated
Kronecker image. We analyze the computational complexity
of the iterative algorithm. The analysis shows that the new
algorithm has a higher computational complexity than that
of TDOA based backprojection. However, the structure of
the algorithm is amenable to parallel implementation. The
reconstruction method is non-linear and hence, does not lend
itself to a straightforward resolution analysis. We leave the
task of analyzing the resolution of the method for the future.

Extensive numerical simulations show that the new method
is superior to TDOA for the extended targets and distributed
point targets. In this work, we specifically considered passive
SAR imaging of a stationary scene. However, the method can
be extended to include passive imaging of moving scenes,
Doppler based imaging and passive multi-static imaging using
stationary and moving antennas [6], [11]–[13], [19], [43], [70].
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APPENDIX

In this appendix, we derive an expression for Cij under
the zero-mean and statistical independence assumptions as
outlined in Section III. Under these assumptions,

Cij(ω, s;ω
′, s′) = [Fi[R](ω, s;ω′, s′)Cj(ω, s;ω

′, s′)

+ Fj [R](ω, s;ω′, s′)Ci(ω, s;ω
′, s′)

+ Ci(ω, s;ω
′, s′)Cj(ω, s;ω

′, s′)]

× δ(ω − ω′)δ(s− s′) i, j = 1, 2 i 6= j.
(33)

and Cij(ω, s;ω′, s′) = 0 for (ω, s) 6= (ω′, s′). Now,

Fi[R](ω, s;ω, s) =

∫
ei2π ω

c0
ri,i(s,x,x

′,y)Ai(ω, s,x,y)

×A∗i (ω, s,x′,y)ρ̃(x)ρ̃∗(x′)dxdx′
(34)

where

rii(s,x,x
′, ŷ) = |x−γi(s)|−|x′−γi(s)|+ŷ ·(x−x′). (35)

We exploit the small-scene and far-field assumptions on |x−
γi(s)| and |x′ − γi(s)| to approximate rii as

rii(s,x,x
′, ŷ) = (γ̂i(s) + ŷ) · (x− x′). (36)

If we make the assumption that Ai(ω, s,x,y) ≈ λi, where λi
is a constant, then using (36), (34) becomes

Fi[R](ω, s;ω, s) = |λi|2
∫

ei2π ω
c0

(γ̂i(s)+ŷ)·(x−x′) (37)

ρ̃(x)ρ̃∗(x′)dxdx′ (38)

= |λi|2
∫

ei2π ω
c0

(γ̂i(s)+ŷ)·xρ̃(x)dx (39)

×
∫

e−i2π ω
c0

(γ̂i(s)+ŷ)·x′ ρ̃∗(x′)dx′

(40)

= |λi|2
∣∣∣∣∫ ei2π ω

c0
(γ̂i(s)+ŷ)·xρ̃(x)dx

∣∣∣∣2 (41)

= |λi|2
∣∣∣ ˆ̃ρ(ω(γ̂i(s) + ŷ))

∣∣∣2 . (42)

The ˆ̃ρ denotes the Fourier transform of ρ̃.
Using (42),

||f ||2C−1 =

∫
α(ω, s) |f(ω, s)|2 dωds (43)

α(ω, s) =
1

a(ω, s) + b(ω, s) + c(ω, s)
(44)

a(ω, s) = |λi|2 σ2
j (ω, s)

∣∣∣ ˆ̃ρ(ω(γ̂i(s) + ŷ))
∣∣∣2 (45)

b(ω, s) = |λj |2 σ2
i (ω, s)

∣∣∣ ˆ̃ρ(ω(γ̂j(s) + ŷ))
∣∣∣2 (46)

c(ω, s) = σ2
i (ω, s)σ2

j (ω, s) (47)

where σ2
i (ω, s) = Ci(ω, s;ω, s) and σ2

j (ω, s) = Cj(ω, s;ω, s)

Thus, solving (24) requires prior knowledge of ˆ̃ρ. If nothing

is known about ˆ̃ρ, we make the assumption that ˆ̃ρ has a flat
spectrum, say equal to 1. In other words, we weigh each
Fourier component equally.

A. Optimization under i.i.d. stationary assumption and unin-
formative ˆ̃ρ

Assume now that the noise at each receiver is i.i.d. station-
ary process, i.e. Ci(ω, s;ω′, s′) = σ2

i δ(ω − ω′)δ(s − s′). In
such a case, and under uninformative flat ˆ̃ρ, (43) becomes

||f ||2C−1 = β||f ||2L2 (48)

where
β =

1

σ2
j |λi|

2
+ σ2

i |λj |
2

+ σ2
i σ

2
j

. (49)

Thus, in the objective functional (26), we can set Q = I
and rescale λ so that the new regularization parameter is
λ̃ = λ/β. This implies that under white noise and flat ˆ̃ρ,
the optimization procedure as described in Section III is the
same as for noiseless case, with noise level only affecting the
choice of λ.

Eric Mason Eric Mason received his B.sc in Electri-
cal Engineering from Manhattan College in Bronx,
NY, in 2012. He is currently pursuing a Ph.D in
Electrical Engineering at Rensselaer Polytechnic In-
stitute in Troy, NY. His research interests are in pas-
sive radar imaging and applications of compressed
sensing and low-rank matrix recovery in radar signal
processing.

Il-Young Son Il-Young Son received his B.Sc and
M.Sc degrees in Electrical and Electronics Engineer-
ing from Rensselaer Polytechnic Institute in Troy,
NY. His M.Sc. thesis was on Diffuse Optical Tomog-
raphy and Functional NIR imaging. He is currently
a Ph.D. candidate in Electrical Engineering at Rens-
selaer Polytechnic Institute in Troy, New York. His
research interest is in passive radar imaging, radar
polarimetry, application of low-rank matrix and ten-
sor recovery and compressive sensing techniques in
radar.

Birsen Yazıcı Birsen Yazıcı received BS degrees
in Electrical Engineering and Mathematics in 1988
from Bogazici University, Istanbul Turkey and MS
and Ph.D. degrees in Mathematics and Electrical En-
gineering both from Purdue University, W. Lafayette
IN, in 1990 and 1994, respectively. From September
1994 until 2000, she was a research engineer at
General Electric Company Global Research Center,
Schenectady NY. During her tenure in industry,
she worked on radar, transportation, industrial and
medical imaging systems. From 2001 to June 2003,

she was an assistant professor at Drexel University, Electrical and Computer
Engineering Department. In Fall 2003, she joined Rensselaer Polytechnic
Institute where she is currently a full professor in the Department of Electrical,
Computer and Systems Engineering and in the Department of Biomedical
Engineering.

Prof. Yazıcı’s research interests span the areas of statistical signal process-
ing, inverse problems in imaging, image reconstruction, biomedical optics,
radar and X-ray imaging. She served as an associate editor for the IEEE
Transactions on Image Processing from 2008 to 2012, and for SIAM Journal
on Imaging Science from 2010-2014. She currently serves as an associate
editor for IEEE Transactions on Geosciences and Remote Sensing. She is the
recipient of the Rensselaer Polytechnic Institute 2007 and 2013 School of
Engineering Research Excellence Awards. She holds 11 US patents.


